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+*)379:#/$9 ; <3.3( ; +*-*2( .3317,+*%4 %1(=#(%$9 >* ?,.$,13;*++3(
;1('9 $ <3'3:&/ #$,2,@ 3A1*+,-(++3@ ;(2,-,+B '*.$,'*2&+3 #7*2,%&
; A31,>3+%*2&+3' +*<1*;2(+,, 3% ,$)37+3A3 $3$%39+,9 , 3$%*+3;,%& 6

C .*-($%;( 3=D(.%* #<1*;2(+,9 1*$$'3%1,' %(2(5 .#6 "#$%& 7*+3 E
m F '*$$* %(2(5 ., G
t∗ F ;1('9 7;,5(+,9 G
F ∗ F <1(7(2&+*9 ;(2,-,+* #$,2,@ 6

C;(7(' <(1('(++B( E
z(t) F <3235(+,( %(2(5 ., ; '3'(+% ;1('(+, t 3%+3$,%(2&+3 ,$)37+3A3 <3H

235(+,9 0+*-*2* .3317,+*%8 G
u(t) F #$,2,( 4 <1,2*A*('3( . %(2(5 .( ; '3'(+%

t
6

I3A2*$+3 >*.3+# J&/%3+* 4 7;,5(+,( %(2(5 ., 3<,$B;*(%$9 #1*;+(+,('

mz̈(t) = u(t), t ∈ T = [0, t∗[.
0K6K8

"3 #$23;,/ 4 ; +*-*2&+B@ '3'(+%
t = 0

%(2(5 .* <3.3,%$9 ; +*-*2( .331H
7,+*% E

z(0) = 0, ż(0) = 0.
0K6L8

"1,2*A*('B( . %(2(5 .( #$,2,9 3A1*+,-(+B E

−F ∗ ≤ u(t) ≤ F ∗, t ∈ T.
0K6M 8

C .3+(-+B@ '3'(+%
t = t∗

%(2(5.* 7325+* 3$%*+3;,%&$9 E

ż(t∗) = 0.
0K6N 8

O*-($%;3 #<1*;2(+,9 =#7(' 3P(+,;*%& <3 ;(2,-,+( #7*2(+,9 %(2(5 ., 3%
+*-*2* .3317,+*% ; .3+(-+B@ '3'(+% ;1('(+, E

J(u) = z(t∗) → max.
0K6Q8

R*7*-* 0K6K8S 0K6Q8 3%+3$,%$9 . .2*$$# 2,+(@+B) 3<%,',>*P,3++B) >*H
7 *- 4 %6. 6 (( 3A1*+,-(+,9 , .1,%(1,@ .*-($%;* 2,+(@+B 6 C 3%2,-,( 3% >*7*- 4

T



1*$$'3%1(++B) ; $<(P.#1$*) ��<%,',>*P,9 2,+(@+B) $%*%,-($.,) '37(H
2(@� , ��<%,',>*P,9 2,+(@+B) 7,$.1(%+B) 7,+*',-($.,) '37(2(@ �4 +(,>H
;($%+B( z(t) 4 u(t) 4 t ∈ T

4 ; >*7*-( 0K6K8S 0K6Q8 9;29/%$9 +( .3+(-+3'(1+BH
', ;(.%31*', 4 * ?#+.P,9', 4 %6( 6 �2('(+%*', =($.3+(-+3'(1+3A3 ?#+.P,3H
+*2&+3A3 <13$%1*+$%;* 6 I<(P,?,-+B , +(.3%31B( (( 3A1*+,-(+,9 F 0K6K8 4
0K6L8 4 0K6N 8 F 3+, ,'(/% 7,??(1(+P,*2&+#/ ?31'#6 R*7*-, <373=+3A3 ;,H
7 * +*>B;*/% >*7*-*', 3<%,'*2&+3A3 #<1*;2(+,9 +(<1(1B;+B', 7,+*',H
-($.,', $,$%('*', 6

C;(7(' 3=3>+*-(+,9 E x1 = z
4
x2 = ż

6 �3A7* #1*;+(+,( 0K6K8 '35+3
<(1(<,$*%& ; ;,7( $,$%('B E







ẋ1(t) = x2(t),

ẋ2(t) = 1

m
u(t), t ∈ T ;

+*-*2&+B( #$23;,9 0K6L8 ; ;,7( E






x1(0) = 0,

x2(0) = 0;

#$23;,( +* <1*;B@ .3+(P %1*(.%31,, 0K6N 8 0%(1',+*2&+3( #$23;,(8 E

x2(t
∗) = 0.

C;(7(' ;(.%31+3H'*%1,-+B( 3=3>+*-(+,9 E

c = (1; 0), A =

(

0 1
0 0

)

, b =

(

0;
1

m

)

, x0 = (0; 0), g = (0; 1),

x(t) = (x1(t), x2(t)).
�3A7* >*7*-# 0K6K8S 0K6Q8 '35 +3 <(1(<,$*%& ; ;,7(

J(u) = c
′

x(t∗) → max,
ẋ(t) = Ax(t) + bu(t), t ∈ T = [0, t∗[,

x(0) = x0, g
′

x(t∗) = 0,
−F ∗ ≤ u(t) ≤ F ∗, t ∈ T.

0K6� 8

R*7*-# 0K6� 8 +*>B;*/% 2,+(@+3@ %(1',+*2&+3@ >*7*-(@ 3<%,'*2&+3A3
#<1*;2(+,9 +(<1(1B;+3@ 7,+*',-($.3@ $,$%('3@ 6
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y(t) = Hx(t), t ∈ T,
0L 6�8

A7( H F m×n
H'*%1,P* <*1*'(%13; ;B)37+3A3 #$%13@$%;* 4 rankH = m ≤ n

6
I,$%('* 0L 6K8 4 0L 6L8 +*>B;*(%$9 #<1*;29('3@ +* 3%1(>.( T <3 ;B)37#

0L 6�8 4 ($2, 729 2/=3A3
m
H;(.%31* g +*@7(%$9 %*.3( #<1*;2(+,( u(t) 4 t∈T 4

-%3 $33%;(%$%;#/:*9 ('# %1*(.%31,9 x(t) 4 t∈T 4 $,$%('B 0L 6K8 4 0L 6L8 <3135 H
7*(% ;B)37+3@ $,A+*2 0L 6�8 4 <1,+,'*/:,@ ; .3+(-+B@ '3'(+%

t∗ >+*-(+,(
y(t∗)=Hx(t∗)=g
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l
�
‖l‖ = 1
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# ����

l
′

HF(t∗, t)b 6≡ 0, t ∈ T.
0L 6$ 8

% �������	����� � & ��� �������� 073.*>*%(2&$%;3 3% <13%,;+3A3 8 6
"#$%& $,$%('* 0L 6K8 4 0L 6L8 #<1*;29('* +* 3%1(>.( T <3 ;B)37# 0L 6�8 4 +3 <1,
+(.3%313'

l∗
4
‖l∗‖ = 1

4

l
′

∗HF(t∗, t)b ≡ 0, t ∈ T.
0L 6' 8

"3$.32&.#
‖l∗‖ = 1

4 %3
∃ g∗ ∈ Rm

%*.3@ 4 -%3

l
′

∗(g∗ −HF(t∗, 0)x0) 6= 0.
0L 6K( 8

"3$.32&.# $,$%('* #<1*;29('* 4 %3 $#:($%;#(% #<1*;2(+,( u∗(t)
4
t ∈ T

4
<(1(;379:(( %1*(.%31,/ $,$%('B 0L 6K8 4 0L 6L8 ,> +*-*2&+3A3 $3$%39+,9 x0+* '+3A33=1*>,( Hx = g∗

E
Hx(t∗) = g∗

6 )$<32&>#9 ?31'#2# O3* , 0L 6�8 4
<3$2(7+(( 1*;(+$%;3 >*<,* (' ; ;,7(

HF(t∗, 0)x0 +
t∗∫

0

HF(t∗, t)bu∗(t) dt = g∗.
0L 6KK8

+'+35,' 1*;(+$%;3 0L 6KK8 +*
l∗
E

l
′

∗HF(t∗, 0)x0 +
t∗∫

0

l
′

∗HF(t∗, t)b
︸ ︷︷ ︸

≡0

u∗(t) dt = l
′

∗g∗,

+3 ,> 0L 6K( 8 $2(7#(%4 -%3 l ′∗HF(t∗, 0)x0 6= l
′

∗g∗
6 "32#-(++3( <13%,;31(-,(

73.*>B;*(% +(;3>'35+3$%& %357($%;* 0L 6'8 6
% ������������ � ,*$$'3%1,' #<1*;2(+,9 ;,7*

u(t) = µ
′

HF(t∗, t)b, t ∈ T,
0L 6KL8
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µ ∈ Rm
6 )$<32&>#9 ?31'#2# O3*, 0L 6�8 4 #$23;,( #<1*;29('3$%, +* %*.,)

#<1*;2(+,9) <1,+,'*(% ;,7 E

HF(t∗, 0)x0 +
t∗∫

0

HF(t∗, t)bµ
′

HF(t∗, t)b dt = g.
0L 6KM8

C;(7(' m×m
H'*%1,P#

K =
t∗∫

0

HF(t∗, t)bb
′

F
′

(t∗, t)H
′

dt
0L 6KN 8

, ;(.%31
g̃ = g −HF(t∗, 0)x0.

0L 6KQ8
)> 0L 6KM8S 0L 6KQ8 $2(7#(%4 -%3 729 #<1*;29('3$%, 73$%*%3-+3 4 -%3=B #1*;H
+(+,(

Kµ = g̃
0L 6K� 8

=B23 1*>1(* ,'3 3%+3$,%(2&+3
µ <1, 2/=B)

g̃
6

)%*. 4 <#$%& ;B<32+9(%$9 #$23;,( 0L 6$ 8 6 �3A7* '*%1,P*
K

0L 6KN 8 F +(H
;B1357(++*9 6 � (@$%;,%(2&+3 4 ($2, <1(7<3235,%& <13%,;+3( 4 %3 <1, +(.3H
%313'

l∗ ∈ Rm
4
‖l∗‖ = 1

4 =#7(' ,'(%&

l
′

∗K = 0
,

l
′

∗Kl∗ = 0.

+'+35,' 0L 6KN 8 $2(;* , $<1*;* +*
l∗
E

0 = l
′

∗Kl∗ =
t∗∫

0

l
′

∗HF(t∗, t)bb
′

F
′

(t∗, t)H
′

l∗ dt =
t∗∫

0

(

l
′

∗HF(t∗, t)b
)2

dt.

I2(73;*%(2&+3 4 l ′∗HF(t∗, t)b ≡ 0
4
t ∈ T

4 -%3 <13%,;31(-,% #$23;,/ 0L 6$8 6
C $,2# +(;B1357(++3$%, '*%1,PB

K
#1*;+(+,( 0L 6K�8 '35+3 1*>1(H

*,%& 3%+3$,%(2&+3
µ <1, 2/=B)

g̃
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{u, T��} F 3<31+3( #<1*;2(+,( 6 "37$-,%*(' <3 +('# ;(.%31 <3H
%(+P,*23; y 0L 6NN 8 4 .3%1*(.%31,/

ψ(t)
4
t ∈ T

0L 6N K8 , .3#<1*;2(+,( ∆(t)
4

t ∈ T
0L 6NL86
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∆(t) ≥ 0
�� �

u(t) = f∗; ∆(t) ≤ 0
�� �

u(t) = f ∗;
∆(t) = 0

�� �
f∗ < u(t) < f ∗, t ∈ T,

0L 6NQ8
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I33%+3* (+,9 0L 6NQ8 ; %(1',+*) .3%1*(.%31,,
ψ(t)

4
t ∈ T

4 <1,+,'*/%
;,7

ψ
′

(t)b ≥ 0 <1, u(t) = f∗; ψ
′

(t)b ≤ 0 <1, u(t) = f ∗;

ψ
′

(t)b = 0 <1, f∗ < u(t) < f ∗, t ∈ T,

0L 6QN 8

%6( 6 #<1*;2(+,( u(t) 4 t ∈ T
4 #73;2(%;319(% �.$%1('*2&+3'# #$23;,/

ψ
′

(t)bu(t) = min
f∗≤u≤f∗

ψ
′

(t)bu, t ∈ T.
0L 6QQ8

� 3=*;,' . 3=(,' -*$%9' 0L 6QQ8 ?#+.P,/
ψ

′

Ax(t)
4
t ∈ T

4 , ;;(7('
?#+.P,/

H(x, ψ, u) = ψ
′

(Ax+ bu) ,
+*>B;*('#/ A*',2&%3+,*+3' >*7*-, 6 �3A7* ,> 0L 6QQ8 <32#-,'

H(x(t), ψ(t), u(t)) = min
f∗≤u≤f∗

H(x(t), ψ(t), u), t ∈ T.
0L 6Q� 8

�%3 <3>;329(% .1,%(1,@ 3<%,'*2&+3$%, $?31'#2,13;*%& .*. 3<31+B@
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"(1('(++B( 3<31+3@ >*7*-, 3=3>+*-,' -(1(> zj

4
j ∈ K

6 ,*>3=D(' ,)
+* 7;( A1#<<B F <(1('(++B( %,<* #<1*;2(+,9 0%,<* u8 E zj

4
j ∈ Ku

0�%,
<(1('(++B( $33%;(%$%;#/% %(' #-*$%.*' 4 729 .3%31B) +(% #;(1(++3$%, ;
+*<1*;2(+,, ,>'(+(+,9 #<1*;2(+,9 8 4 , <(1('(++B( %,<* * *A* 0%,<* θ8 E zj

4
j ∈ Kθ

G
Ku ⋃Kθ = K

6 O*573@ <(1('(++3@ zj

4
j ∈ K

4 =#7(% $33%;(%$%;3;*%&
3%1(>3. Tj = [τ∗j, τ

∗
j ) ⊂ T

6
"(1('(++B( %,<* u <3$2( 1(* (+,9 3<31+3@ >*7*-, ,'(/% $'B$2 >+*H

-(+,9 +3;3A3 #<1*;2(+,9 +*
Tj

4
j ∈ Ku

E

u(t) = zj, t ∈ Tj, j ∈ Ku.
0L 6�Q8

"3�%3'# <19'B( 3A1*+,-(+,9 729 +,) <(1()379% ,> ,$)37+3@ >*7*-, E

f∗ ≤ zj ≤ f ∗, j ∈ Ku.

"(1('(++B( %,<* θ ,'(/% $'B$2 * *A* ;732& ;B=1*++3A3 +*<1*;2(+,9 E

u(t) = u(t) + zj (ω(t) − u(t)) , t ∈ Tj, j ∈ Kθ.
0L 6�� 8

"1,
zj = 1

#<1*;2(+,( u(t) = ω(t)
4 <1, zj = 0

,'(('
u(t) = u(t)

6 "3�%3'#
+*

zj

4
j ∈ Kθ

4 '35 +3 +*235 ,%& $2(7#/:,( <19'B( 3A1*+,-(+,9 E

0 ≤ zj ≤ 1, j ∈ Kθ.

J3 '35+3 <1(7#$'3%1(%& , 7;,5(+,( ; 3=1*%+3' +*<1*;2(+,, 4 %6( 6 3%1,P*H
%(2&+B( >+*-(+,9 729 <(1('(++B) E

z∗j ≤ zj ≤ 1, j ∈ Kθ.
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.#<+3$%& 3=1*:(+,@ . 3=D(.%# 3<%,',>*P,, $ ;)37+3@ ,+?31'*P,(@ 4 +*

.3%31#/ 3=D(.% 3%;(-*(% ;B)37+3@ ,+?31'*P,(@ 6 C $;3/ 3-(1(7& 4 <3$2(7H
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, %67 6

�2A31,%' 3<%,',>*P,, +*>B;*(%$9 .3+(-+B' 4 ($2, 729 <3$%13(+,9 1(H
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C1('9 <32#-(+,9 3%;(%* +* >*<13$ 4 .32,-($%;3 9-((. <*'9%, 729 >*<,H
$, -,$(2 ; .3+(-+B) *2A31,%'*) '35(% >*;,$(%& 3% %1(=#('3@ %3-+3$%,
3.3+-*%(2&+3A3 1(>#2&%*%* 4 +3 .32,-($%;3 3=1*:(+,@ , .32,-($%;3 >*<3H
',+*('B) -,$(2 7325+B =B%& 1*;+3'(1+3 3A1*+,-(++B', 6

"1, 3<%,',>*P,, $235 +B) 3=D(.%3; 0+*<1,'(1 4 7,+*',-($.,) $,$%(' 8
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