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ɿʘʜʘʥʠʷ ʢ ʧʨʘʢʪʠʯʝʩʢʠʤ ʟʘʥʷʪʠʷʤ 

 

ʈʘʟʜʝʣ 1 ʏʠʩʣʦʚʳʝ ʤʥʦʞʝʩʪʚʘ 

 

ʊʝʤʘ 1 ʄʥʦʞʝʩʪʚʘ 

1 ʂʘʢʠʝ ʵʣʝʤʝʥʪʳ ʤʥʦʞʝʩʪʚʘ  
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;8;4,32;40{ ----=A  

ʷʚʣʷʶʪʩʷ ʥʘʪʫʨʘʣʴʥʳʤʠ ʯʠʩʣʘʤʠ, ʮʝʣʳʤʠ ʯʠʩʣʘʤʠ, ʜʨʦʙʥʳʤʠ, 

ʨʘʮʠʦʥʘʣʴʥʳʤʠ ʯʠʩʣʘʤʠ, ʦʪʨʠʮʘʪʝʣʴʥʳʤʠ ʯʠʩʣʘʤʠ, 

ʥʝʦʪʨʠʮʘʪʝʣʥɹʳʤʠ ʯʠʩʣʘʤʠ? 

2 ʉʦʩʪʘʚʴʪʝ ʧʦʜʤʥʦʞʝʩʪʚʘ ʤʥʦʞʝʩʪʚʘ  

}24;12;10;9;5;2;
5

1
;0;9;22;

3

1
23;24{ ----=B , 

ʵʣʝʤʝʥʪʘʤʠ ʢʦʪʦʨʳʭ ʷʚʣʷʶʪʩʷ , , ʥʝʯʝʪʥʳʝ, ʯʝʪʥʳʝ ʯʠʩʣʘ, 

ʦʪʨʠʮʘʪʝʣʴʥʳʝ ʯʠʩʣʘ, ʯʠʩʣʘ ʢʨʘʪʥʳʝ 4.  

3 ʂʘʢʠʝ ʠʟ ʩʣʝʜʫʶʱʠʭ ʫʪʚʝʨʞʜʝʥʠʡ Ë , Ë , Ë , 

Ë  ʩʧʨʘʚʝʜʣʠʚʳ? 

4 ʋʢʘʞʠʪʝ ʧʫʩʪʳʝ ʤʥʦʞʝʩʪʚʘ ʩʨʝʜʠ: 

ʘ) ʤʥʦʞʝʩʪʚʦ ʮʝʣʳʭ ʢʦʨʥʝʡ ʫʨʘʚʥʝʥʠʷ 016
2

=-x ; 

ʙ) ʤʥʦʞʝʩʪʚʦ ʮʝʣʳʭ ʢʦʨʥʝʡ ʫʨʘʚʥʝʥʠʷ 016
2

=+x ; 

ʚ) ʤʥʦʞʝʩʪʚʦ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ, ʤʝʥʴʰʠʭ 1. 

5 ʅʘʡʜʠʪʝ ʧʝʨʝʩʝʯʝʥʠʝ, ʦʙʲʝʜʠʥʝʥʠʝ, ʨʘʟʥʦʩʪʴ ʤʥʦʞʝʩʪʚ ʠʟ 

ʫʧʨʘʞʥʝʥʠʷ 1 ʠ 2. 

6 ʅʘʡʜʠʪʝ ʧʝʨʝʩʝʯʝʥʠʝ, ʦʙʲʝʜʠʥʝʥʠʝ, ʨʘʟʥʦʩʪʴ ʤʥʦʞʝʩʪʚ  
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7 ɼʦʢʘʟʘʪʴ, ʯʪʦ 3  ï ʠʨʨʘʮʠʦʥʘʣʴʥʦʝ ʯʠʩʣʦ. 

8 ɼʦʢʘʞʠʪʝ, ʯʪʦ ʣʶʙʫʶ ʧʝʨʠʦʜʠʯʝʩʢʫʶ ʜʝʩʷʪʠʯʥʫʶ ʜʨʦʙʴ, ʥʝ 

ʠʤʝʶʱʫʶ ʮʠʬʨʳ 9 ʚ ʧʝʨʠʦʜʝ, ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʢʘʢ ʨʝʟʫʣʴʪʘʪ 

ʜʝʣʝʥʠʷ ʜʚʫʭ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ. 

9 ɼʦʢʘʟʘʪʴ, ʯʪʦ () ()07,096,0 = . 

 

 



 

 167 

 

ʇʨʠʤʝʨ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ʅʘʡʜʠʪʝ ʧʝʨʝʩʝʯʝʥʠʝ, ʦʙʲʝʜʠʥʝʥʠʝ, ʨʘʟʥʦʩʪʴ ʤʥʦʞʝʩʪʚ 
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2 ɼʦʢʘʟʘʪʴ, ʯʪʦ 2  ï ʠʨʨʘʮʠʦʥʘʣʴʥʦʝ ʯʠʩʣʦ. 

ʈʝʰʝʥʠʝ. ɼʦʢʘʟʳʚʘʝʤ ʤʝʪʦʜʦʤ ʦʪ ʧʨʦʪʠʚʥʦʛʦ. ɼʦʧʫʩʪʠʤ, 

ʯʪʦ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ ʨʘʮʠʦʥʘʣʴʥʦʝ ʯʠʩʣʦ 
n

m
 (ʥʝʩʦʢʨʘʪʠʤʘʷ 

ʜʨʦʙʴ), ʢʚʘʜʨʘʪ ʢʦʪʦʨʦʛʦ ʨʘʚʝʥ 2. ʊʦʛʜʘ 2

2

=ö
÷

õ
æ
ç

å

n

m
 ʠʣʠ 22

2nm = . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʯʠʩʣʦ 
2

m  ʝʩʪʴ ʯʝʪʥʦʝ ʯʠʩʣʦ. ʆʪʩʶʜʘ ʠ m ʝʩʪʴ 

ʯʝʪʥʦʝ ʯʠʩʣʦ. ɽʩʣʠ m ï ʯʝʪʥʦʝ, ʪʦ ʦʥʦ ʧʨʝʜʩʪʘʚʠʤʦ ʚ ʚʠʜʝ 

km 2= . ʊʦʛʜʘ ʠʤʝʝʤ 22
2kn = . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

2
n  ʝʩʪʴ ʯʝʪʥʦʝ 

ʯʠʩʣʦ, ʪʦʛʜʘ ʠ n  ï ʯʝʪʥʦʝ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʠʩʣʘ m ʠ n  ʷʚʣʷʶʪʩʷ 

ʯʝʪʥʳʤʠ. ʇʦʵʪʦʤʫ ʜʨʦʙʴ 
n

m
 ʩʦʢʨʘʪʠʤʘ, ʯʪʦ ʧʨʦʪʠʚʦʨʝʯʠʪ 

ʧʨʝʜʧʦʣʦʞʝʥʠʶ. ɼʦʧʫʱʝʥʠʝ ʥʝ ʚʝʨʥʦ, ʪ.ʝ. ʥʝ ʩʫʱʝʩʪʚʫʝʪ 

ʨʘʮʠʦʥʘʣʴʥʦʛʦ ʯʠʩʣʘ, ʢʚʘʜʨʘʪ ʢʦʪʦʨʦʛʦ ʨʘʚʝʥ 2, ʘ, ʟʥʘʯʠʪ, 2  ï 

ʠʨʨʘʮʠʦʥʘʣʥɹʦʝ ʯʠʩʣʦ, 241421356,12= . 

3 ɼʦʢʘʟʘʪʴ, ʯʪʦ () ()05,094,0 = . 

ʈʝʰʝʥʠʝ. ʇʫʩʪʴ ()94,0=x .  

ʊʦʛʜʘ () () 45949,4910100 =-=- xx . 
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ʊʝʤʘ 2 ɻʨʘʥʠ ʯʠʩʣʦʚʳʭ ʤʥʦʞʝʩʪʚ 

1 ʄʝʪʦʜʦʤ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʠʥʜʫʢʮʠʠ ʜʦʢʘʞʠʪʝ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ 

nÍ  ʩʧʨʘʚʝʜʣʠʚʦ ʨʘʚʝʥʩʪʚʦ 

( )( )
6

121
321

2222 ++
=++++

nnn
n2 . 

2 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ nÍ  ʠ ʜʣʷ ʣʶʙʦʛʦ 1->x  

ʩʧʨʘʚʝʜʣʠʚʦ ʥʝʨʘʚʝʥʩʪʚʦ ɹʝʨʥʫʣʣʠ: 

( ) nxx
n
+²+ 11 . 

3 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʜʣʷ ʣʶʙʳʭ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʯʠʩʝʣ 
nyyy 2,, 21

, 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ ʫʩʣʦʚʠʶ 121 =ÖÖÖ nyyy 2 , ʠʤʝʝʪ ʤʝʩʪʦ 

ʥʝʨʘʚʝʥʩʪʚʦ: nyyy n²++ 221
. 

4 ɼʦʢʘʟʘʪʴ ʥʝʨʘʚʝʥʩʪʚʦ ʜʣʷ nÍ , 2²n  
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1
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+
+

+ nnn
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5 ɼʦʢʘʞʠʪʝ, ʯʪʦ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ ʯʠʩʝʣ ʚʠʜʘ 
n

m
, ʛʜʝ ,n mÍ  ʠ 

nï ʯʝʪʥʦʝ, ʥʝ ʠʤʝʝʪ ʥʘʠʤʝʥʴʰʝʛʦ ʵʣʝʤʝʥʪʘ. ʅʘʡʜʠʪʝ ʪʦʯʥʫʶ 

ʥʠʞʥʶʶ ʛʨʘʥʴ ʤʥʦʞʝʩʪʚʘ. 

6 ʇʫʩʪʴ Aï ʤʥʦʞʝʩʪʚʦ ʯʠʩʝʣ, ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʭ ʧʦ ʟʥʘʢʫ 

ʯʠʩʝʣ ʠʟ ʤʥʦʞʝʩʪʚʘ B. ɼʦʢʘʞʠʪʝ, ʯʪʦ  

BA infsup -= , BA supinf -= . 

 

ʇʨʠʤʝʨ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ʄʝʪʦʜʦʤ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʠʥʜʫʢʮʠʠ ʜʦʢʘʞʠʪʝ, ʯʪʦ ʜʣʷ ʣʙʁʦʛʦ 

nÍ  1
2
-

¢
n

n . 

ʈʝʰʝʥʠʝ. ʇʨʠ 1=n  ʥʝʨʘʚʝʥʩʪʚʦ ʚʝʨʥʦ ʪ.ʢ. 11¢ . 

ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʥʝʨʘʚʝʥʩʪʚʦ ʚʝʨʥʦ ʜʣʷ 
1

: 2
k

k k
-

Í ¢ . 

ʅʝʨʘʚʝʥʩʪʚʦ ʚʝʨʥʦ ʜʣʷ ( )1+k , ʪʘʢ ʢʘʢ 

12222
1

+²Ö²Ö=
-

kk
kk . 

ʇʦʩʣʝʜʥʝʝ ʥʝʨʘʚʝʥʩʪʚʦ ʩʣʝʜʫʝʪ ʠʟ ʦʯʝʚʠʜʥʦʛʦ ʥʝʨʘʚʝʥʩʪʚʘ: 

( ) 01
2
²-k . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʝʨʘʚʝʥʩʪʚʦ 1
2
-

¢
n

n  ʚʝʨʥʦ n" Í . 

2 ʄʝʪʦʜʦʤ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʠʥʜʫʢʮʠʠ ʜʦʢʘʞʠʪʝ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ 

nÍ  ʩʧʨʘʚʝʜʣʠʚʦ ʨʘʚʝʥʩʪʚʦ 
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( )
2

1
321

+
=++++

nn
n2 . 

ʈʝʰʝʥʠʝ. ʇʨʠ 1=n  ʨʘʚʝʥʩʪʚʦ ʦʯʝʚʠʜʥʦ.  

ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʦʥʦ ʚʝʨʥʦ ʜʣʷ ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ k :  

2

)1(
321

+
=++++

kk
k2 . 

ʇʨʦʚʝʨʠʤ ʚʝʨʥʦʩʪʴ ʫʪʚʝʨʞʜʝʥʠʷ ʜʣʷ ʩʣʝʜʫʶʱʝʛʦ ʥʘʪʫʨʘʣʥɹʦʛʦ 

ʯʠʩʣʘ )1( +k : 
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÷
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2
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÷
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kkk
k  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʫʪʚʝʨʞʜʝʥʠʝ ʚʝʨʥʦ ʜʣʷ ʣʶʙʦʛʦ nÍ . 

3 ʅʘʡʪʠ ʪʦʯʥʫʶ ʚʝʨʭʥʶʶ ʛʨʘʥʴ ʠʥʪʝʨʚʘʣʘ ( )1,0 . 

ʈʝʰʝʥʠʝ. ʊʘʢ ʢʘʢ ʜʣʷ ʣʶʙʦʛʦ ( )1;0Íx Ý 1<x , ʪʦ ʯʠʩʣʦ 1 

ʷʚʣʷʝʪʩʷ ʚʝʨʭʥʝʡ ʛʨʘʥʴʶ. ʇʦʢʘʞʝʤ, ʯʪʦ ʵʪʦ ʪʦʯʥʘʷ ʚʝʨʭʥʷʷ ʛʨʘʥʴ, 

ʪ.ʝ. ʜʣʷ ʣʶʙʦʛʦ 1<x $ ( )1,0Ía : xa> . 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ 0¢x , ʪʦ ( ) xaa >Í" :1;0 . ɽʩʣʠ 0>x , ʪʦ 

ʥʘ ʠʥʪʝʛʨʘʣʝ ( )1;x  ʩʫɦʝʩʪʚʫʝʪ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ a : 1<<ax , 

ʪ.ʝ. xa> .  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʯʠʩʣʘ 1 ʚʳʧʦʣʥʝʥʳ ʦʙʘ ʫʩʣʦʚʠʷ 

ʦʧʨʝʜʝʣʝʥʠʷ ʪʦʯʥʦʡ ʛʨʘʥʠ ( )11;0sup =  ( )( )( )1;01;0sup Î . 

4 ʅʘʡʪʠ ʪʦʯʥʳʝ ʛʨʘʥʠ ʤʥʦʞʝʩʪʚʘ ʚʩʝʭ ʧʨʘʚʠʣʴʥʳʭ 

ʨʘʮʠʦʥʘʣʥɹʳʭ ʜʨʦʙʝʡ 
n

m
 ʠ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʥʝ ʠʤʝʝʪ 

ʥʘʠʤʝʥʴh ʝʛʦ ʠ ʥʘʠʙʦʣʴʰʝʛʦ ʵʣʝʤʝʥʪʦʚ. 

ʈʝʰʝʥʠʝ. ʐʘʛ 1. ʇʫʩʪʴ , ,
m

X m n m n
n

ë û
= Í <ì ü
í ý

. ʊʘʢ ʢʘʢ 

0>
n

m
, ,m n" Í , ʪʦ 0ï ʥʠʞʥʷʷ ʛʨʘʥʴ ʤʥʦʞʝʩʪʚʘ X . ɹʦʣʝʝ ʪʦʛʦ, 

0>"x , ʪʘʢ ʢʘʢ, ʝʩʣʠ 1²x , ʪʦ 
2

1
=a  ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʩʣʦʚʠʶ 

xa< . ɽʩʣʠ 10 <<x , ʪʦ ʯʠʩʣʦ x  ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ 



 

 170 

ʙʝʩʢʦʥʝʯʥʦʡ ʜʝʩʷʪʠʯʥʦʡ ʜʨʦʙʠ: 22 kxxxx 21,,0= , ʧʨʠʯʝʤ 

0: ¸$ nn xx . 

ʈʘʮʠʦʥʘʣʴʥʦʝ ʯʠʩʣʦ ( )1,,,,0 121 -= - nn xxxxa 2  ʫʜʦʚʣʝʪʚʦʨʷʝʪ 

ʫʩʣʦʚʠʶ 10 <<< xa , ʪ.ʝ. ʷʚʣʷʝʪʩʷ ʧʨʘʚʠʣʴʥʦʡ ʨʘʮʠʦʥʘʣʴʥʦʡ 

ʜʨʦʙʴʶ ʠ x<0 . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʣʷ ʯʠʩʣʘ 0  ʚʳʧʦʣʥʝʥʦ 

ʦʧʨʝʜʝʣʝʥʠʝ ʪʦʯʥʦʡ, ʥʠʞʥʝʡ ʛʨʘʥʠ: 0inf =X . ʇʨʠ ʵʪʦʤ 

XXÎinf , ʪʘʢ ʢʘʢ X
n
Î

0
, 0ï ʥʝ ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ ʠ ʧʦʵʪʦʤʫ 

ʤʥʦʞʝʩʪʚʦ ʥʝ ʠʤʝʝʪ ʥʘʠʤʝʥʴʰʝʛʦ ʵʣʝʤʝʥʪʘ. 

ʐʘʛ 2. ʊʘʢ ʢʘʢ X  ʩʦʜʝʨʞʠʪ ʪʦʣʴʢʦ ʧʨʘʚʠʣʴʥʳʝ ʜʨʦʙʠ, ʪʦ 

1<
n

m
, ʪʦ ʯʠʩʣʦ 1 ï ʚʝʨʭʥʷʷ ʛʨʘʥʴ ʤʥʦʞʝʩʪʚʘ X . ɹʦʣʝʝ ʪʦʛʦ, 

1<"x  $ X
n

m
Í : x

n

m
> . ɼʝʡʩʪʚʠʪʝʣʴʥʦ, $ ʨʘʮʠʦʥʘʣʴʥʦʝ ʯʠʩʣʦ 

n

m
x =1 : 11<<xx . ɿʥʘʯʠʪ, Xx Í1

 ʠ ʜʣʷ ʯʠʩʣʘ 1 ʚʳʧʦʣʥʝʥʳ ʦʙʘ 

ʫʩʣʦʚʠʷ ʦʧʨʝʜʝʣʝʥʠʷ ʪʦʯʥʦʡ ʚʝʨʭʥʝʡ ʛʨʘʥʠ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

1sup =X . ʅʦ XXÎsup , ʪ.ʢ. 1=
n

m
 ʧʨʠ nm= , ʯʪʦ ʧʨʦʪʠʚʦʨʝʯʠʪ 

ʦʧʨʝʜʝʣʝʥʠʶ ʧʨʘʚʠʣʴʥʦʡ ʜʨʦʙʠ. ʇʦʵʪʦʤʫ ʤʥʦʞʝʩʪʚʦ X  ʥʝ ʠʤʝʝʪ 

ʥʘʠʙʦʣʴh ʝʛʦ ʵʣʝʤʝʥʪʘ. 

 

ʊʝʤʘ 3 ʄʥʦʞʝʩʪʚʦ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ 

1 ʅʘʡʪʠ 21 zz + ; 
21 zz - ; 

21 zz Ö , 
1 2

z z  ʜʣʷ 
1z  ʠ 2z : 

ʘ) iz 321 += ; iz 532 -= ;   ʚ) iz +=21
; iz 212 -= ; 

ʙ) iz 251 -= ; iz 322 += ;   ʛ) 
i

i
z

--

+-
=

1

1
1 ; iz 22= . 

2 ɺʳʯʠʩʣʠʪʴ: 

ʘ) 
i

1
;  ʙ) 

i

i

+

-

1

1
;  ʚ) 

i31

2

-
;  ʛ) 

i

i

21

2

+

--
. 

3 ʇʨʝʜʩʪʘʚʠʪʴ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʠ ʧʦʢʘʟʘʪʝʣʴʥʦʡ ʬʦʨʤʘʭ ʠ 

ʠʟʦʙʨʘʟʠʪʴ ʯʠʩʣʘ ʥʘ ʧʣʦʩʢʦʩʪʠ  ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ: 

ʘ) iz 3= ;    ʛ) iz 33--= ; 

ʙ) 2-=z ;    ʜ) iz 21+-= ; 

ʚ) iz -=1 ;    ʝ) 1z= . 
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4 ʀʟʦʙʨʘʟʠʪʴ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ  ʩʣʝʜʫʶʱʠʝ 

ʤʥʦʞʝʩʪʚʘ: 

ʘ) { }Re Imz z zÍ = ;     ʛ) { }1 4z z iÍ - - ¢C ;  

ʙ) { }Re 0z zÍ > ;      ʜ) 
1

1
1

z
z

z

ë û-
Í ¢ì ü

+í ý
;  

ʚ) arg
4

z z
pë û

Í =ì ü
í ý

;     ʝ) { }0 Im 1z zÍ ¢ ¢ . 

5 ɺʳʯʠʩʣʠʪʴ: 

ʘ) ( )331 i+ ;  ʚ) ( )10
1 i+- ;  ʜ) ( )25

22 i+ ; 

ʙ) ( )100
1 i- ;   ʛ) 

24

2

3

2

1

ö
ö

÷

õ

æ
æ

ç

å
-i ; ʝ) ( )

3
3 4i+ . 

6 ʅʘʡʪʠ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ: 

ʘ) 
2

1 i-
;   ʙ) 3 i- ;  ʚ) 4 16 ;   ʛ) 3 1 i+- . 

7 ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ:  

( )( )( )( ) iiiyxiix 652123 +=+-++- . 

8 ʈʝʰʠʪʴ ʫʨʘʚʥʝʥʠʝ: 
2

zz= . 

 

ʇʨʠʤʝʨ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ɼʘʥʳ ʜʚʘ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʣʘ iz -=11
; iz 322 +-= . ʅʘʡʪʠ 

21 zz + ; 
21 zz - ; 

21 zz Ö , 
2

1

z

z
. 

ʈʝʰʝʥʠʝ. ʀʩʧʦʣʴʟʫʷ ʧʨʘʚʠʣʘ ʩʫʤʤʳ, ʨʘʟʥʦʩʪʠ, ʫʤʥʦʞʝʥʠʷ ʠ 

ʜʝʣʝʥʠʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ, ʧʦʣʫʯʠʤ: 

( )( )( ) ( ) iiiizz 21132132121 +-=-+-=+-+-=+ , 

( )( ) iiiiizz 4332132121 -=-+-=+---=- , 

( )( ) =-++-=+-Ö-=Ö
2

21 3322321 iiiiizz  

iii 513322 +=+++-= , 

( )( )
( )( )

=
+

--+-
=

--Ö+-

--Ö-
=

Ö

Ö
=

94

3322

3232

321

22

21

2

1 ii

ii

ii

zz

zz

z

z
 

13

1

13

5

13

5
i

i
--=

--
= . 
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2 ʇʨʝʜʩʪʘʚʠʪʴ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ iz +-= 1 , 4-=z , iz=  ʚ 

ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʠ ʧʦʢʘʟʘʪʝʣʴʥʦʡ ʬʦʨʤʘʭ. 

ʈʝʰʝʥʠʝ. ʇʨʠ ʨʝʰʝʥʠʠ ʠʩʧʦʣʴʟʫʝʤ ʦʧʨʝʜʝʣʝʥʠʷ ʤʦʜʫʣʷ ʠ 

ʘʨʛʫʤʝʥʪʘ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ. 

ɼʣʷ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ iz +-= 1  ʠʤʝʝʤ 1-=x ; 1=y . ʊʦʛʜʘ 

ʤʦʜʫʣʴ ʨʘʚʝʥ 

( ) 211
2222
=+-=+== yxzr . 

ʊʘʢ ʢʘʢ  

2

2

2

1
cos

22
-=

-
=

+
=

yx

x
j , 

2

2

2

1
sin

22
==

+
=

yx

y
j ,  

ʪʦ ʘʨʛʫʤʝʥʪ kz p
p

2
4

3
Arg += , Ík . 

ʆʪʩʶʜʘ ʛʣʘʚʥʦʝ ʟʥʘʯʝʥʠʝ ʘʨʛʫʤʝʥʪʘ 
4

3
arg

p
j==z . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʯʠʩʣʦ iz +-= 1  ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ 

ʟʘʧʠʰʝʪʩʷ ʚ ʚʠʜʝ  

ö
÷

õ
æ
ç

å
+=

4

3
sin

4

3
cos2

pp
iz , 

ʘ ʚ ʧʦʢʘʟʘʪʝʣʴʥʦʡ ï 42

p
i

ez= . 

ɸʥʘʣʦʛʠʯʥʦ ʜʣʷ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ 4-=z  ʠʤʝʝʤ: 

4-=x ; 0=y  Ý  4=r , pj==zarg ; Ý   

( ) ppp i
iz e4sincos4 =+= . 

ɼʣʷ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ iz=  ʠʤʝʝʤ 0=x ; 1=y  ʠ  

1=r , 
2

arg
p

j==z  Ý  2

2
sin

2
cos

p
pp i

eiz =+= . 

3 ɺʳʯʠʩʣʠʪʴ ( )10

22 i+-   

ʈʝʰʝʥʠʝ. ʇʨʝʜʩʪʘʚʠʤ 22 iz +-=  ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ 

ʬʦʨʤʝ. ʊʘʢ ʢʘʢ 2-=x ; 2=y , ʪʦ  

2422
22

==+=+= yxr ,  

2

2
cos

22

-
=

+
=

yx

x
j , 

2

2
sin

22
=

+
=

yx

y
j  Ý  

4

3
arg

p
j==z . 
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ʊʦʛʜʘ 
3 3

2 cos sin
4 4

z i
p på õ

= +æ ö
ç ÷

. 

ʇʦʜʩʪʘʚʣʷʷ ʚ ʬʦʨʤʫʣʫ ( )jj ninrz
nn

sincos += , ʧʦʣʫʯʠʤ: 

=ö
÷

õ
æ
ç

å
+=ö

÷

õ
æ
ç

å Ö
+

Ö
= pppp

2

15
sin

2

15
cos2

4

103
sin

4

103
cos2

101010
iiz  

=öö
÷

õ
ææ
ç

å
ö
÷

õ
æ
ç

å
++ö

÷

õ
æ
ç

å
+=

2
7sin

2
7cos2

10 p
p

p
p i  

( ) iii
101010

202
2

sin
2

cos2 -=-=öö
÷

õ
ææ
ç

å
ö
÷

õ
æ
ç

å
++ö

÷

õ
æ
ç

å
+=

p
p

p
p . 

4 ʅʘʡʪʠ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 5 1 i-  ʠ ʠʟʦʙʨʘʟʠʪʴ ʠʭ ʚ 

ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ . 

ʈʝʰʝʥʠʝ. ɼʣʷ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ 5 1z i= - ʠʤʝʝʤ:  

2r = ; 
4

arg
p
-=z , Ý  10 2 cos sin

4 4
z i

p på õå õ å õ
= - + -æ öæ ö æ ö

ç ÷ ç ÷ç ÷
. 

ʇʦ ʬʦʨʤʫʣʝ ʄʫʘʚʨʘ ʧʦʣʫʯʠʤ: 

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å
+-

+

+-

=-
5

2
4sin

5

2
4cos21 105

k

i

k

i

p
p

p
p

 4,3,2,1,0=k . 

ʇʨʠ 0=k  ʠʤʝʝʤ ö
÷

õ
æ
ç

å
-=-=

20
sin

20
cos21 105

0

pp
iiz ,  

ʧʨʠ 1=k  ʠʤʝʝʤ ö
÷

õ
æ
ç

å
+=-=

20

7
sin

20

7
cos21 105

1

pp
iiz , 

ʧʨʠ 2=k  ʠʤʝʝʤ ö
÷

õ
æ
ç

å
+=-=

4

3
sin

4

3
cos21 105

2

pp
iiz , 

ʧʨʠ 3=k  ʠʤʝʝʤ ö
÷

õ
æ
ç

å
+=-=

20

23
sin

20

23
cos21 105

3

pp
iiz , 

ʧʨʠ 4=k  ʠʤʝʝʤ ö
÷

õ
æ
ç

å
+=-=

20

31
sin

20

31
cos21 105

4

pp
iiz . 

ʊʦʯʢʠ z0, z1, z2, z3, z4 ʷʚʣʷʶʪʩʷ ʚʝʨʰʠʥʘʤʠ ʧʨʘʚʠʣʴʥʦʛʦ 

ʧʷʪʠʫʛʦʣʴʥʠʢʘ, ʚʧʠʩʘʥʥʦʛʦ ʚ ʦʢʨʫʞʥʦʩʪʴ ʨʘʜʠʫʩʦʤ 072,1210 º  ʩ 

ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ (ʨʠʩʫʥʦʢ 1. 1). ʇʦʣʷʨʥʳʡ ʫʛʦʣ ʪʦʯʢʠ 
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0z  ʨʘʚʝʥ 
0

20j p=- , ʘ ʧʦʣʷʨʥʳʝ ʫʛʣʳ ʦʩʪʘʣʴʥʳʭ ʪʦʯʝʢ 

ʧʦʣʫʯʘʶʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʤ ʧʨʠʙʘʚʣʝʥʠʝʤ ʫʛʣʘ 2 5p  ʢ 0j, ʪ.ʝ. 

5

2
0

k
k

p
jj +=  ʧʨʠ 4,3,2,1=k . 

 

 

ʈʠʩʫʥʦʢ 1. 1 ï ʂʦʨʥʠ 

ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ 5 1 i-  

 

ʈʠʩʫʥʦʢ 1. 2 ï ʄʥʦʞʝʩʪʚʦ G  

 

5 ʀʟʦʙʨʘʟʠʪʴ ʥʘ ʧʣʦʩʢʦʩʪʠ  ʤʥʦʞʝʩʪʚʦ  

( )
3

arg 1
2 4

G z z i
p pë û

= Í - ¢ + - ¢ì ü
í ý

. 

ʈʝʰʝʥʠʝ.  ʂʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )izizz +--=-+= 111
 

ʠʟʦʙʨʘʞʘʝʪʩʷ ʚʝʢʪʦʨʦʤ, ʥʘʯʘʣʦʤ ʢʦʪʦʨʦʛʦ ʷʚʣʷʝʪʩʷ ʪʦʯʢʘ i+-1 , ʘ 

ʢʦʥʮʦʤ ï ʪʦʯʢʘ z. ʋʛʦʣ ʤʝʞʜʫ ʵʪʠʤ ʚʝʢʪʦʨʦʤ ʠ ʦʩʴʶ Ox  ʝʩʪʴ 

( )iz -+1arg , ʠ ʦʥ ʤʝʥʷʝʪʩʷ ʚ ʧʨʝʜʝʣʘʭ ʦʪ 
2

p
-  ʜʦ 

4

3p
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʘʥʥʦʝ ʥʝʨʘʚʝʥʩʪʚʦ ʦʧʨʝʜʝʣʷʝʪ ʫʛʦʣ ʤʝʞʜʫ 

ʧʨʷʤʳʤʠ, ʚʭrʦʜʷʱʠʤʠ ʠʟ ʪʦʯʢʠ i+-1  ʠ ʦʙʨʘʟʫʶʱʠʤʠ ʩ ʦʩʴʶ 

Ox  ʫʛʣʳ ʚ 
2

p
-  ʠ 

4

3p
. ɼʘʥʥʦʝ ʤʥʦʞʝʩʪʚʦ G  ʠʟʦʙʨʘʞʝʥʦ ʥʘ 

ʨʠʩʫʥʢʝ 1. 2. 

 

ʈʘʟʜʝʣ 2 ʊʝʦʨʠʷ ʧʨʝʜʝʣʦʚ 

 

ʊʝʤʘ 1 ʏʠʩʣʦʚʳʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

1 ʅʘʧʠʰʠʪʝ ʧʷʪʴ ʧʝʨʚʳʭ ʯʣʝʥʦʚ ʢʘʞʜʦʡ ʠʟ ʩʣʝʜʫʶʱʠʭ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ: 

ʘ) 
12

1

+
=

n
xn ;     ʛ) 11=a , 21+= -nn aa , ʧʨʠ 1>n ; 
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ʙ) 
1

2
3
+

+
=

n

n
xn ;     ʜ) 11=a , 

2

1-= n
n

a
a , ʧʨʠ 1>n ; 

ʚ) 
1

2
+

=
nn

n
x ;     ʝ) ( )

n
x

n

n

1
1-= . 

ʂʘʢʠʝ ʠʟ ʜʘʥʥʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʷʚʣʷʶʪʩʷ 

ʦʛʨʘʥʠʯʝʥʥʤrʠ ʩʚʝʨʭʫ, ʦʛʨʘʥʠʯʝʥʥʳʤʠ ʩʥʠʟʫ, ʦʛʨʘʥʠʯʝʥʥʳʤʠ, 

ʤʦʥʦʪʦʥʥʳʤʠ? 

2 ʅʘʡʪʠ ʬʦʨʤʫʣʫ ʜʣʷ ʦʙʱʝʛʦ ʯʣʝʥʘ ʩʣʝʜʫʶʱʠʭ 

ʧʦʩʣʝʜʦʚʘʪʝʣʥɹʦʩʪʝʡ: 

ʘ) ʯʣʝʥʳ ʩ ʯʝʪʥʳʤʠ ʥʦʤʝʨʘʤʠ ʨʘʚʥʳ 1, ʘ ʯʣʝʥʳ ʩ ʥʝʯʝʪʥʳʤʠ 

ʨʘʚʥʳ -1; 

ʙ) ʯʣʝʥʘʤʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʷʚʣʷʶʪʩʷ ʢʦʨʥʠ ʫʨʘʚʥʝʥʠʷ 

0cos =xp . 

3 ʄʦʞʝʪ ʣʠ ʙʳʪʴ ʤʦʥʦʪʦʥʥʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴʶ: 

ʘ) ʩʫʤʤʘ ʜʚʫʭ ʥʝʤʦʥʦʪʦʥʥʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ; 

ʙ) ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʥʝʤʦʥʦʪʦʥʥʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ?  

4 ɼʦʢʘʟʘʪʴ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ  

ʘ)
1

2
+

=
n

n
xn ,   ʙ) 

n

n
xn

sin
= ,   ʚ) n

nx
-

=2 . 

ʷʚʣʷʶʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʤʠ. 

5 ɼʦʢʘʟʘʪʴ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

ʘ) ( )1ln += nxn
,   ʙ) 

12
2

+
=

n

nx ,   ʚ) ( )nx
n

n 1-= . 

ʷʚʣʷʶʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʠʤʠ. 

 

 

ʇʨʠʤʝʨ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ʅʘʧʠʰʠʪʝ ʧʷʪʴ ʧʝʨʚʳʭ ʯʣʝʥʦʚ ʠʟ ʩʣʝʜʫʶʱʠʭ 

ʧʦʩʣʝʜʦʚʘʪʝʣʥɹʦʩʪʝʡ: 

ʘ) ( )
2

1 1
1

n

n
x

n

n

+
-=

-
; 

ʙ) ʯʠʩʣʘ ʌʠʙʦʥʘʯʯʠ 11=x , 12 =x , 
11 -+ += nnn xxx ; 

ʚ) 

í
ì
ë

--

--
=

ʯʠʩʣʦ.ʩʦʩʪʘʚʥʦʝʝʩʣʠ,

ʯʠʩʣʦ,ʧʨʦʩʪʦʝʝʩʣʠ,

2
nn

nn
yn  

ʂʘʢʠʝ ʠʟ ʜʘʥʥʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʷʚʣʷʶʪʩʷ 

ʦʛʨʘʥʠʯʝʥʥʤrʠ ʩʚʝʨʭʫ, ʦʛʨʘʥʠʯʝʥʥʳʤʠ ʩʥʠʟʫ, ʦʛʨʘʥʠʯʝʥʥʳʤʠ, 

ʤʦʥʦʪʦʥʥʳʤʠ? 
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ʈʝʰʝʥʠʝ. ʘ) ʜʣʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ( )
2

1 1
1

n

n
x

n

n

+
-=

-
 

ʠʤʝʝʤ 21=x , 
4

3
2 -=x , 

9

4
3=x , 

16

5
4 -=x , 

25

6
5 =x . 

ʇʦʩʢʦʣʴʢʫ ( ) 2
11

1
22

1
¢

+
=

+
-=

-

n

n

n

n
x

n

n  ʜʣʷ ʣʶʙʦʛʦ Ín , ʪʦ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʷʚʣʷʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ. 

ʊʘʢ ʢʘʢ 
43 xx >  ʠ 

54 xx < , ʚʠʜʥʦ, ʯʪʦ ʦʧʨʝʜʝʣʝʥʠʝ 

ʤʦʥʦʪʦʥʥʦʩʪʠ ʥʝ ʚʧrʦʣʥʷʝʪʩʷ. ɿʥʘʯʠʪ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 

( )
2

1 1
1

n

n
x

n

n

+
-=

-
 ʥʝ ʷʚʣʷʝʪʩʷ ʤʦʥʦʪʦʥʥʦʡ. 

ʙ) ʜʣʷ ʯʠʩʝʣ ʌʠʙʦʥʘʯʯʠ ʠʤʝʝʤ: 11=x , 12 =x , 2123 =+= xxx , 

3234 =+= xxx , 5345 =+= xxx . 

ʇʦʩʢʦʣʴʢʫ 1²nx  Í"n , ʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʦʛʨʘʥʠʯʝʥʘ 

ʩʥʠʟʫ, ʥʦ ʥʝʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ. ʇʨʠ ʵʪʦʤ 
1+¢ nn xx  Í"n . 

ɿʥʘʯʠʪ, ʯʠʩʣʘ ʌʠʙʦʥʘʯʯʠ ʦʙʨʘʟʫʶʪ ʥʝʫʙʳʚʘʶʱʫʶ 

ʧʦʩʣʝʜʦʚʘʪʝʣʥɹʦʩʪʴ. 

ʚ) ʜʣʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ( )n
y  ʧʦʣʫʯʠʤ: 11 -=y , 22 -=y , 

33 -=y , 164 -=y , 55 -=y . 

ɼʘʥʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ ʯʠʩʣʦʤ 1-, ʥʦ 

ʥʝʦʛʨʘʥʠʯʝʥʘ ʩʥʠʟʫ. ʆʥʘ ʥʝ ʷʚʣʷʝʪʩʷ ʤʦʥʦʪʦʥʥʦʡ, ʪʘʢ ʢʘʢ 
34 yy <  

ʠ 
54 yy < . 

2 ɼʦʢʘʟʘʪʴ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 

1 1 1 1
; ; ;...

2 2 4 6n

å õ å õ
=æ ö æ ö

ç ÷ ç ÷
 ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴʶ. 

ʈʝʰʝʥʠʝ. ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʤʘʣʦʝ ʯʠʩʣʦ 0>e . ʊʘʢ ʢʘʢ 

e<
n2

1
, ʪʦ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʟʥʘʯʝʥʠʡ n, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ ʵʪʦʤʫ 

ʥʝʨʘʚʝʥʩʪʚʫ, ʜʦʩʪʘʪʦʯʥʦ ʝʛʦ ʨʝʰʠʪʴ. ʇʦʩʢʦʣʴʢʫ Ín , ʪʦ e<
n2

1
. 

ʈʝʰʘʷ ʜʘʥʥʦʝ ʥʝʨʘʚʝʥʩʪʚʦ, ʧʦʣʫʯʠʤ 
e2

1
>n . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʚ 
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ʢʘʯʝʩʪʚʝ ()eN  ʤʦʞʥʦ ʚʟʷʪʴ ʮʝʣʫʶ ʯʘʩʪʴ ʯʠʩʣʘ 
n2

1
: () ù

ú

ø
é
ê

è
=
e

e
2

1
N . 

ʊʦʛʜʘ ʥʝʨʘʚʝʥʩʪʚʦ e<
n2

1
 ʙʫʜʝʪ ʚʳʧʦʣʥʷʪʩʷ ʧʨʠ  ʚʩʝʭ ʥʦʤʝʨʦʚ n , 

ʙʦʣʴʰʠʭ ʯʝʤ ()eN . 

ʅʘʧʨʠʤʝʨ, ʧʫʩʪʴ 1,0=e . ʊʦʛʜʘ () 5
1,02

1
=

Ö
=eN . 

ʅʘʯʠʥʘʷ ʩ ʰʝʩʪʦʛʦ ʥʦʤʝʨʘ ʚʩʝ ʯʣʝʥʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

1

2n

å õ
æ ö
ç ÷

 ʤʝʥʴʰʝ 1,0=e . 

3 ɼʦʢʘʟʘʪʴ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 

( ) ( )2
1;4;9;...n =  ʚ̫ʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ. 

ʈʝʰʝʥʠʝ. ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʯʠʩʣʦ 0>c . ʀʟ 

ʥʝʨʘʚʝʥʩʪʚʘ cxn >  ʥʘʡʜʝʤ ()cN :  

cn >
2  Ý  cn> . 

ɺʦʟʴʤʝʤ ʟʘ ()kN  ʮʝʣʫʶ ʯʘʩʪʴ ʯʠʩʣʘ c : () [ ]ckN +=1 . ʊʦʛʜʘ 

ʜʣʷ ʚʩʝʭ ʥʦʤʝʨʦʚ n, ʙʦʣʴʰʠʭ ʯʝʤ ()cN , ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 

cn >
2 . 

ɺ ʯʘʩʪʥʦʩʪʠ, ʜʣʷ 16,0=c  ʠʤʝʝʤ () [ ]116,01 =+=cN . ɿʥʘʯʠʪ, 

ʜʣʷ ʚʩʝʭ ʯʣʝʥʦʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ, ʥʘʯʠʥʘʷ ʩʦ ʚʪʦʨʦʛʦ ʥʦʤʝʨʘ, 

ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ cn >
2 . ɽʩʣʠ 12=c , ʪʦ 

() [ ] 4121 =+=cN  ʠ ʥʝʨʘʚʝʥʩʪʚʦ ʚʝʨʥʦ 4>"n . 

4 ʗʚʣʷʝʪʩʷ ʣʠ ʥʝʦʛʨʘʥʠʯʝʥʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʙʝʩʢʦʥʝʯʥʦ 

ʙʦʣʴʰʦʡ? 

ʈʝʰʝʥʠʝ. ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ  

( )( )1,0,2,0,3,0,4,0,
n

x = . 

ɼʘʥʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʷʚʣʷʝʪʩʷ ʥʝʦʛʨʘʥʠʯʝʥʥʦʡ, 

ʧʦʩʢʦʣʢɹʫ ʜʣʷ ʣʶʙʦʛʦ ÍA  ʥʘʡʜʝʪʩʷ ʵʣʝʤʝʥʪ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ( )n
x , ʜʣʷ ʢʦʪʦʨʦʛʦ Axn > . ʆʜʥʘʢʦ ʦʥʘ ʥʝ 

ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ, ʪʘʢ ʢʘʢ ʵʪʦ ʥʝʨʘʚʝʥʩʪʚʦ ʥʝ 

ʚʳʧʦʣʥʷʝʪʩʷ ʜʣʷ ʣʶʙʦʛʦ Ín . ʇʦʵʪʦʤʫ ʥʝ ʚʩʷʢʘʷ 

ʥʝʦʛʨʘʥʠʯʝʥʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʦʡ. 
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ʊʝʤʘ 2 ʇʨʝʜʝʣ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

1 ɼʦʢʘʞʠʪʝ, ʯʪʦ 1lim =
¤­

n
n

x , ʫʢʘʟʘʚ ʜʣʷ ʢʘʞʜʦʛʦ ʧʦʣʦʞʠʪʝʣʥɹʦʛʦ 

ʯʠʩʣʘ e ʪʘʢʦʡ ʥʦʤʝʨ ()eN , ʯʪʦ ʧʨʠ ʚʩʝʭ ()eNn²  ʵʣʝʤʝʥʪʳ nx  

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʝʨʘʚʝʥʩʪʚʫ e<-1nx , ʝʩʣʠ 

nx  ʨʘʚʥʦ: 

ʘ) 1
12
-

+

n

n
;     ʚ) 

( )1
1

n

n

-
+ ; 

ʙ) 
n

n

2
sin

1

p

+ ;     ʛ) 
2

n

n n+
. 

2 ʇʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ ʧʨʝʜʝʣʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ, 

ʜʦʢʘʞʠʪʝ, ʯʪʦ: 

ʘ) ( ) 08,0lim =
¤­

n

n
;    ʙ) 5

63

652
lim =

+

Ö+

¤­ nn

nn

n
. 

3 ɼʦʢʘʞʠʪʝ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 
( )n

nxn

1-
=  ʨʘʩʭʦʜʠʪʩʷ. 

4 ɼʦʢʘʞʠʪʝ, ʯʪʦ ʯʠʩʣʦ 1-=a  ʥʝ ʷʚʣʷʝʪʩʷ ʧʨʝʜʝʣʦʤ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ nxn pcos= . 

5 ɼʦʢʘʞʠʪʝ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 
n

nx 2=  

ʠʤʝʝʪ ʙʝʩʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ ʧʨʠ ¤­n . 

6 ɺʳʯʠʩʣʠʪʴ ʧʨʝʜʝʣʳ: 

ʘ) 
32

16
lim

+

-

¤­ n

n

n
;        ʠ) 

( )
n

n

n ++++

-++++

¤­ 2

2

531

12531
lim  

ʙ) 
1

10
lim

2
+¤­ n

n

n
;        ʢ) ( )nn

n
-+

¤­
1lim ; 

ʚ) 
145

23
lim

2
-+

+

¤­ nn

n

n
;     ʣ) ( )33 1lim nn

n
-+

¤­
; 

ʛ) 
nn

nn

n -

-

¤­

2

lim ;       ʤ) 

13

52

32
lim

+

¤­
ö
÷

õ
æ
ç

å

-

+
n

n n

n
; 

ʜ) 
23

35
lim

-

Ö

¤­ n

n

n
;       ʥ) 

13

5

32
lim

+

¤­
ö
÷

õ
æ
ç

å

-

+
n

n n

n
; 

ʝ) ( )n

n

284 2222lim ÖÖÖÖ
¤­

2 ;   ʦ) 
2

lim
n

n
n

­¤
; 
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ʞ) 

13

52

3
lim

+

¤­
ö
÷

õ
æ
ç

å

-

+
n

n n

n
;   ʧ) 

1
lim 2n

n n­¤
+ . 

 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ɼʦʢʘʟʘʪʴ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ, ʯʪʦ 1
1

lim =
+¤­ n

n

n
. 

ʈʝʰʝʥʠʝ. ɺʦʟʴʤʝʤ ʣʶʙʦʝ 0>e . ʅʘʡʜʝʤ ʥʦʤʝʨ ()eN . 

ʀʟ ʥʝʨʘʚʝʥʩʪʚʘ e<-
+

1
1n

n
 ʧʦʣʫʯʠʤ e<

+1

1

n
. ʆʪʩʶʜʘ 

1
1
->
e

n . 

ɽʩʣʠ ʚʟʷʪʴ () 11
1

+ù
ú

ø
é
ê

è
-=
e

eN  (ʪʘʢ ʢʘʢ ʧʨʠ 1²e  ʧʦʣʫʯʠʤ 

01
1

=ù
ú

ø
é
ê

è
-
e

Î ), ʪʦ ʜʣʷ ʚʩʝʭ ʥʦʤʝʨʦʚ ()eNn>  ʚʳʧʦʣʥʷʝʪʩʷ 

ʥʝʨʘʚʝʥʩʪʚʦ e<-
+

1
1n

n
. 

ʅʘʧʨʠʤʝʨ, ʧʨʠ 01,0=e  ʧʦʩʣʝʜʥʝʝ ʥʝʨʘʚʝʥʩʪʚʦ ʩʧʨʘʚʝʜʣʠʚʦ 

ʜʣʷ ʯʣʝʥʦʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʩ ʥʦʤʝʨʘʤʠ 100 , 101, ..., ʘ ʧʨʠ 

2=e  ʥʝʨʘʚʝʥʩʪʚʦ ʚʝʨʥʦ " Ín . 

2 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʦʛʨʘʥʠʯʝʥʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )nnx 1-=  ʥʝ 

ʠʤʝʝʪ ʧʨʝʜʝʣʘ. 

ʈʝʰʝʥʠʝ. ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʦʥʘ ʠʤʝʝʪ ʧʨʝʜʝʣ, ʨʘʚʥʳʡ 

aÍ . ʊʦʛʜʘ  

( ) a
n

n
=-

¤­
1lim  Ú  () ()( )

2

1
1:

2

1
<--²"$=" aNnN

n
eee . 

ʇʨʠ kn 2=  ʧʦʣʫʯʠʤ 
2

1
1 <-a , ʧʨʠ 12 -= kn  ʧʦʣʫʯʠʤ 

2

1
1 <-- a  ʠʣʠ 

2

1
1 <+a . 

ʉ ʫʯʝʪʦʤ ʵʪʦʛʦ ()eNn²"  

1
2

1

2

1
11112 =+<++-¢++-= aaaa , 

ʪ. ʝ. 12<. ʇʦʣʫʯʠʣʠ ʧʨʦʪʠʚʦʨʝʯʠʝ. 
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ɿʥʘʯʠʪ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )nnx 1-=  ʥʝ ʠʤʝʝʪ ʧʨʝʜʝʣʘ. 

3 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 
( )

n
x

n

n
2

1-
=  ʩʭʦʜʠʪʩʷ ʢ 

ʥʫʣʶ, ʥʦ ʦʥʘ ʥʝ ʷʚʣʷʝʪʩʷ ʤʦʥʦʪʦʥʥʦʡ. 

ʈʝʰʝʥʠʝ.  

( )
0

2

1
lim =
-

¤­ n

n

n
 Ú  () ()eee NnN ²"$>" :0   

( )
e<-

-
0

2

1

n

n

. 

ʅʘʡʜʝʤ ʥʦʤʝʨ ()eN , ʥʘʯʠʥʘʷ ʩ ʢʦʪʦʨʦʛʦ ʚʳʧʦʣʥʷʝʪʩʷ ʵʪʦ 

ʥʝʨʘʚʝʥʩʪʚʦ:  

( )
e<

-

n

n

2

1
 Ú  e<

n2

1
 Ú  

e2

1
>n  Ú  () 1

2

1
+ù
ú

ø
é
ê

è
=
e

eN . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʩʭʦʜʠʪʩʷ. 

ʊʘʢ ʢʘʢ 
2

1
1 -=x , 

4

1
2 =x , 

6

1
3 -=x , 2, ʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 

ʥʝ ʷʚʣʷʝʪʩʷ ʤʦʥʦʪʦʥʥʦʡ. 

4 ɼʦʢʘʟʘʪʴ, ʯʪʦ 0
!

2
lim =
¤­ n

n

n
. 

ʈʝʰʝʥʠʝ. ʇʦʢʘʞʝʤ, ʯʪʦ 
!

2

n
x

n

n =  ʤʦʥʦʪʦʥʥʘ. 

ʈʘʩʩʤʦʪʨʠʤ 
( ) n

nn

n x
nnnn

x Ö
+

=Ö
+

=
+

=
+

+
1

2

!

2

1

2

!1

2
1

1 . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
nn xx <+1  2>"n , ʪ. ʝ. nx ï ʫʙʳʚʘʶʱʘʷ ʠ 

ʦʛʨʘʥʠʯʝʥʘ ʩʥʠʟʫ ʯʠʩʣʦʤ 0. ʇʦ ʩʚʦʡʩʪʚʫ ʩʭʦʜʠʤʦʩʪʠ ʤʦʥʦʪʦʥʥʦʡ 

ʦʛʨʘʥʠʯʝʥʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 
!

2

n
x

n

n = , ʨʘʚʥʳʡ b, ʪ.ʝ. bxn
n

=
¤­

lim . 

ʇʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ ʚ ʨʘʚʝʥʩʪʚʝ nn x
n

x Ö
+

=+
1

2
1  ʧʨʠ ¤­n , 

ʧʦʣʫʯʠʤ 0Ö=bb . ʆʪʩʶʜʘ 0=b . 

5 ɼʦʢʘʟʘʪʴ, ʯʪʦ ö
÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å
+=

nnx
2

1
1

4

1
1

2

1
1 2  ï ʩʭʦʜʠʪʩʷ. 

ʈʝʰʝʥʠʝ. ʊʘʢ ʢʘʢ  
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1
2

1
1

1

1 >+=
+

+

n
n

n

x

x
, 

ʪʦ nx  ï ʚʦʟʨʘʩʪʘʝʪ. 

ʇʦʢʘʞʝʤ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʦʛʨʘʥʠʯʝʥʘ. ʀʤʝʝʤ:  

<ö
÷

õ
æ
ç

å
+++ö

÷

õ
æ
ç

å
++ö

÷

õ
æ
ç

å
+=

nnx
2

1
1ln

4

1
1ln

2

1
1lnln 2  

=++++<+++< 222
nn

2

1

4

1

2

1

2

1

4

1

2

1
1

2

1
1

1

2

1
=

-

Ö , 

ʪ .ʝ. 1ln <nx . ʆʪʢʫʜʘ exn< . 

ɿʥʘʯʠʪ, nx  ï ʤʦʥʦʪʦʥʥʘ ʠ ʦʛʨʘʥʠʯʝʥʘ. ʊʦʛʜʘ ʧʦ ʩʚʦʡʩʪʚʫ ʦ 

ʩʭʦʜʠʤʦʩʪʠ ʤʦʥʦʪʦʥʥʦʡ ʠ ʦʛʨʘʥʠʯʝʥʥʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

nx ʩʭʦʜʠʪʩʷ. 

6 ɺʳʯʠʩʣʠʪʴ ʧʨʝʜʝʣʳ: 

ʘ) 
32

58
lim

+

-

¤­ n

n

n
, ʙ) ö

÷
õæ

ç
å +-+
¤­

1lim
2

nnn
n

, ʚ) 

n

n n

n
ö
÷

õ
æ
ç

å

+

-

¤­ 3

1
lim . 

ʈʝʰʝʥʠʝ. ʘ) ʠʤʝʝʤ: 

32

58
lim

+

-

¤­ n

n

n
= 
ʨʘʟʜʝʣʠʤ ʯʠʩʣʠʪʝʣʴ

ʠ ʟʥʘʤʝʥʘʪʝʣʴ ʥʘn
= 

n

n
n 3

2

5
8

lim

+

-

¤­
=  

= ʧʦʩʚʦʡʩʪʚʘʤʧʨʝʜʝʣʦʚ =

ö
÷

õ
æ
ç

å
+

ö
÷

õ
æ
ç

å
-

¤­

¤­

n

n

n

n

3
2lim

5
8lim

=  

= ʧʦʩʚʦʡʩʪʚʘʤʧʨʝʜʝʣʦʚ = 4
2

8

02

08

1
lim2lim

5
lim8lim

==
+

-
=

+

-

¤­¤­

¤­¤­

n

n

nn

nn
. 

ʙ) ʠʤʝʝʤ: 

( )=¤-¤=ö
÷
õæ

ç
å +-+
¤­

1lim
22

nnn
n
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=
2 2

ʫʤʥʦʞʠʤ ʠ ʨʘʟʜʝʣʠʤ

ʥʘ 1n n n+ + +
 =

2

1

1
1

1
1

1
1

lim

2

=

ö
ö

÷

õ

æ
æ

ç

å
+++

ö
÷

õ
æ
ç

å
-

¤­

nn
n

n
n

n
. 

ʚ) ʠʤʝʝʤ: 

() =ö
÷

õ
æ
ç

å

+

-
+=ö

÷

õ
æ
ç

å

+

-
+==ö

÷

õ
æ
ç

å

+

-
Öö
÷

õ
æ
ç

å

+

-
Ö

-

+

¤­¤­

¤

¤­

n
n

n

n

n

n

n

n nnn

n 3

4

4

3

3

4
1lim

3

4
1lim1

3

1
lim  

43

4
lim

3

4

4

3

ee
3

4
1lim

-+

-+

-

-

+

¤­
==

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

ö
÷

õ
æ
ç

å

+

-
+= ­¤n

nn

n

n

n

n

n
. 

7 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 
n

nn qaqaax +++= 210 , 

ʛʜʝ Mak <  nk ,1=" , 1<q , ʩʭʦʜʠʪʩʷ. 

ʈʝʰʝʥʠʝ. ɼʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʠʩʧʦʣʴʟʫʝʪʩʷ ʢʨʠʪʝʨʠʡ ʂʦh ʠ. 

ɺʦʟʴʤʝʤ ʣʶʙʦʝ 0>e  ʠ ʨʘʩʩʤʦʪʨʠʤ ʨʘʟʥʦʩʪʴ 

¢+++=-
+

+

-+

-+

+

++

1

1

1

1

n

n

pn

pn

pn

pnpnn qaqaqaxx 2  

2+¢
+pn

qM 0
11
­¢+

++ nn
qMpqM  ʧʨʠ ¤­n . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʫʱʝʩʪʚʫʝʪ () 1+ù
ú

ø
é
ê

è
=

M
N

e
e , ʪʘʢʦʝ, ʯʪʦ <"n  

ʠ 0>"p  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ e<- +pnn xx . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )nx  ʷʚʣʷʝʪʩʷ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ ʠ ʩʦʛʣʘʩʥʦ 

ʢʨʠʪʝʨʠʶ ʂʦʰʠ ʦʥʘ ʩʭʦʜʠʪʩʷ. 

8 ɼʦʢʘʟʘʪʴ, ʯʪʦ 
n

xn

1

3

1

2

1
1 ++++= 2  ʨʘʩʭʦʜʠʪʩʷ. 

ʈʝʰʝʥʠʝ. ʇʦʩʪʨʦʠʤ ʦʪʨʠʮʘʥʠʝ ʢ ʢʨʠʪʝʨʠʶ ʂʦʰʠ: 

00>$e  NnN ²$"  Np²$ : 0e²-+ npn xx . 

ɼʣʷ ʵʪʦʛʦ ʨʘʩʩʤʦʪʨʠʤ ʨʘʟʥʦʩʪʴ 

pn
p

npnpn
xx npn

+
Ö²

+
++

-+
+

+
=-+

1

1

1

1

11
2 . 

ʇʫʩʪʴ np= . ʊʦʛʜʘ ʧʦʣʫʯʠʤ 
2

1
2 ²- nn xx .  
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ɿʥʘʯʠʪ, 
2

1
0 =$e , ʪʘʢʦʝ, ʯʪʦ NpnN ²=$" , 02 e²- nn xx , ʪ.ʝ. 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʥʝ ʷʚʣʷʝʪʩʷ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ, ʘ ʟʥʘʯʠʪ ʠ ʥʝ 

ʩʭʦʜʠʪʩʷ. 

9 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ nxn sin=  ʨʘʩʭʦʜʠʪʩʷ. 

ʈʝʰʝʥʠʝ. ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʧʨʦʚʝʜʝʤ ʦʪ ʧʨʦʪʠʚʥʦʛʦ. 

ʇʫʩʪʴ ʩʫʱʝʩʪʚʫʝʪ ʢʦʥʝʯʥʳʡ ʧʨʝʜʝʣ an
n

=
¤­

sinlim , 

ʩʣʝʜʦʚʘʪʝʣʥɹʦ, ( ) an
n

=+
¤­

2sinlim . ʊʦʛʜʘ 

( )( ) 0sin2sinlim =-+
¤­

nn
n

. 

ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ 

( ) ( )1cos1sin22sin +Ö=+ nn , 

( )( ) 0sin1cos1sin2lim =-+Ö
¤­

nn
n

. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ( ) 01coslim =+
¤­

n
n

. 

ʉ ʫʯʝʪʦʤ ʪʦʛʦ, ʯʪʦ ( ) 1sinsin1coscos1cos nnn -=+ , ʠʤʝʝʤ 

( )( )1cos1coscos
1sin

1
sin +-= nnn . 

ɿʥʘʯʠʪ,  

( )( ) 01cos1coscoslim
1sin

1
sinlim =+-=

¤­¤­
nnn

nn
. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 0coslimsinlim ==
¤­¤­

nn
nn

, ʯʪʦ ʧʨʦʪʠʚʦʨʝʯʠʪ 

ʨʘʚʝʥʩʪʚʫ 1sincos
22
=+ nn .  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, nsin  ʨʘʩʭʦʜʠʪʩʷ. 

 

ʊʝʤʘ 3 ʇʨʝʜʝʣ ʬʫʥʢʮʠʠ 

1 ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʩʣʝʜʫʶʱʠʭ ʬʫʥʢʮʠʡ: 

ʘ) 
( )

2

1ln

-

+
=

x

x
y ; ʙ) ö

÷

õ
æ
ç

å
-= 1

2
arccos

x
y ; ʚ) x

x

x
y sin

9

1
4

2
-

-

-
= . 

2 ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʦʛʨʘʥʠʯʝʥʥʦʩʪʴ ʩʣʝʜʫʶʱʠʝ ʬʫʥʢʮʠʠ: 

ʘ) 
2

3

-
=

x
y  ʥʘ ( )3;1 ,    ʙ) 

1

cos
2
+

=
x

x
y  ʥʘ . 

3 ʆʧʨʝʜʝʣʠʪʴ, ʢʘʢʘʷ ʠʟ ʜʘʥʥʳʭ ʬʫʥʢʮʠʡ ʯʝʪʥʘʷ, ʥʝʯʝʪʥʘʷ: 

ʘ) ( )1ln5
2
+-= xxy ;    
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ʙ) xxy sin3
3
+= ;  

ʚ) ö
÷
õæ

ç
å ++= 1log

2

2 xxy . 

4 ʅʘʡʪʠ ʧʝʨʠʦʜ ʩʣʝʜʫʶʱʠʭ ʬʫʥʢʮʠʡ: 

ʘ) xxxxy cossinsincos
33

-= ,    ʙ) xy sin= . 

5 ʀʩʧʦʣʴʟʫʷ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ʧʦ ʂʦʰʠ, ʜʦʢʘʟʘʪʴ, 

ʯʪʦ: 

ʘ) 63lim
2
=

­
x

x
;      ʚ) 6

3

9
lim

2

3
=

-

-

­ x

x

x
;  

ʙ) ( )
1

lim 2 4 2
x

x
­

- =-;    ʛ) ( ) +¤=-
+¤­

42lim x
x

. 

6 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ () xxy sin=  ʥʝ ʠʤʝʝʪ ʧʨʝʜʝʣʘ ʧʨʠ 

+¤­x . 

7 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʯʠʩʣʦ 1 ʥʝ ʷʚʣʷʝʪʩʷ ʧʨʝʜʝʣʦʤ ʬʫʥʢʮʠʠ ()xf  

ʧʨʠ 0­x , ʝʩʣʠ () xxf sin= . 

8 ʇʨʠʚʝʩʪʠ ʧʨʠʤʝʨ ʬʫʥʢʮʠʠ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʡ ʫʩʣʦʚʠʶ: 

ʘ) () 3lim
2

=
­

xf
x

,   ʙ) ()xf  ʥʝ ʠʤʝʝʪ ʧʨʝʜʝʣʘ ʚ ʪʦʯʢʝ 2=x . 

9 ʇʨʠʚʝʩʪʠ ʧʨʠʤʝʨ ʬʫʥʢʮʠʡ ()xf  ʠ ()xq , ʢʘʞʜʘʷ ʠʟ ʢʦʪʦʨʳʭ 

ʥʝ ʠʤʝʝʪ ʧʨʝʜʝʣʘ ʚ ʪʦʯʢʝ 0=x , ʥʦ ʠʭ ʩʫʤʤʘ, ʧʨʦʠʟʚʝʜʝʥʠʝ, 

ʨʘʟʥʦʩʪʴ; ʯʘʩʪʥʦʝ ʠʤʝʝʪ ʧʨʝʜʝʣ ʚ ʪʦʯʢʝ 0=x . 

10 ʀʟʚʝʩʪʥʦ, ʯʪʦ () Axf
xx

=
­ 0

lim , () Bxq
xx

=
­ 0

lim . ʅʘʡʪʠ: 

ʘ) ()xf
n

xx 0

lim
­

, Ín ;     ʚ) ()( )()( )21lim
0

-+
­

xqxf
xx

; 

ʙ) 
() ()

()1
lim

2

2

0 +

-

­ xq

xqxf

xx
;     ʛ) ()xf

xx

2

0

lim
­

. 

11. ɺʳʯʠʩʣʠʪʴ ʧʨʝʜʝʣʳ: 

ʘ) ö
÷

õ
æ
ç

å
-++

­
23

1
2lim

2

1
x

x
x

x
;    ʜ) 

2

4
lim

2

2 -

-

­ x

x

x
;  

ʙ) 
2

2
lim

2 -

-

­ x

x

x
;       ʝ) 

23

22
lim

2

23

1 +-

--+

­ xx

xxx

x
;  

ʚ) 
13

16
lim

2

3 2

1 +-

++

­ xx

xx

x
;      ʞ) ( )5214lglim

2
++-

­
xx

x
;  
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ʛ) 
1

lim
+

++

+¤­ x

xxx

x
;     ʟ)

x

x x

x
ö
÷

õ
æ
ç

å

-

+

¤­ 72

4
lim . 

12 ɼʣʷ ʬʫʥʢʮʠʠ ()
( )( )12

4
2

++

-
=

xx

x
xf  ʥʘʡʪʠ: 

ʘ) ()xf
x 2
lim
-­

;    

 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ʅʘʡʪʠ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ D ʠ ʤʥʦʞʝʩʪʚʦ ʟʥʘʯʝʥʠʡ ɽ 

ʬʫʥʢʮʠʠ 
2

4

1

x
y

-
= . 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ 
2

4

1

x
y

-
=  ʦʧʨʝʜʝʣʝʥʘ, ʝʩʣʠ 04

2
>-x , 

ʪ.ʝ. ʝʩʣʠ 2<x . ʇʦʵʪʦʤʫ ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ 

ʤʥʦʞʝʩʪʚʦ 

() { } ( )2 2;2D f x x= Í < = -. 

ʇʦʩʢʦʣʴʢʫ 
2

1

4

1

2
²

-x
 ʜʣʷ ʚʩʝʭ x  ʠʟ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ, ʪʦ 

ʤʥʦʞʝʩʪʚʦ ʟʥʘʯʝʥʠʡ ʝʩʪʴ 

()
1 1

;
2 2

E f y y
ë ûè õ
= ² = +¤ì ü öé

ê ÷í ý
. 

2 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ ()
x

xf
1
=  ʷʚʣʷʝʪʩʷ ʥʝʦʛʨʘʥʠʯʝʥʥʦʡ 

ʩʚʝʨʭʫ ʥʘ ʤʥʦʞʝʩʪʚʝ ( )1;0 . 

ʈʝʰʝʥʠʝ. ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ: 

)(xf  ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ ʥʘ ( )1;0  Ú  

( ): 0;1M x$ Í " Í ()Mxf ¢Ý . 

ʇʦʩʪʨʦʠʤ ʦʪʨʠʮʘʥʠʝ ʜʣʷ ʵʪʦʛʦ ʦʧʨʝʜʝʣʝʥʠʷ: 

)(xf  ʥʝʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ ʥʘ ( )1;0  Ú  

( ): 0;1M x" Í $ Í ()Mxf >Ý . 

ɺʦʟʴʤʝʤ 
M

x
+

=
1

1
. 
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ʊʦʛʜʘ MM
M

f >+=
ö
ö

÷

õ

æ
æ

ç

å

+
1

1

1
 ʜʣʷ ʣʶʙʦʛʦ M . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ ʯʠʩʣʦ ( )1;0Íx , ʯʪʦ 

() Mxf > . ʇʦʵʪʦʤʫ ʬʫʥʢʮʠʷ ʥʝʦʛʨʘʥʠʯʝʥʘ. 

3 ʆʧʨʝʜʝʣʠʪʴ, ʢʘʢʘʷ ʠʟ ʜʘʥʥʳʭ ʬʫʥʢʮʠʡ ʯʝʪʥʘʷ, ʥʝʯʝʪʥʘʷ 

ʘ) () xxxxf sin232
+Ö= , ʙ) () xxxf 5

2
+= , ʚ) () xx

xf
-

+= 22 ? 

ʈʝʰʝʥʠʝ.  

ʘ) ʠʟʤʝʥʠʤ ʟʥʘʢ ʘʨʛʫʤʝʥʪʘ, ʪʦʛʜʘ ʧʦʣʫʯʠʤ: 

( )( ) ( ) ()xfxxxxxxxf -=-Ö-=-+-Ö-=- sin2sin2 3232
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʬʫʥʢʮʠʷ ʥʝʯʝʪʥʘʷ. 

ʙ) ʟʜʝʩʴ ( )( ) ( ) xxxxxf 55
22
-=-+-=- . ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʵʪʘ 

ʬʫʥʢʮʠʷ ʦʙʱʝʛʦ ʚʠʜʘ. 

ʚ) ʠʤʝʝʤ 

( ) ( ) ()xfxf
xxxx
=+=+=-

----
2222 . 

4 ʅʘʡʪʠ ʧʝʨʠʦʜ ʬʫʥʢʮʠʠ xxy 4cos3cos += . 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ x3cos  ʠʤʝʝʪ ʧʝʨʠʦʜ 
3

2
1

p
=T , ʘ ʬʫʥʢʮʠʷ 

x4cos  ï ʧʝʨʠʦʜ 
4

2
2

p
=T . ʇʦʩʢʦʣʴʢʫ p243 21 ==TT , ʪʦ ʯʠʩʣʦ p2  

ʷʚʣʷʝʪʩʷ ʧʝʨʠʦʜʦʤ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ. 

5 ʇʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ 23 += xy  ʠʤʝʝʪ ʦʙʨʘʪʥʫʶ, ʠ ʥʘʡʪʠ ʝʝ 

ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʚʳʨʘʞʝʥʠʝ. 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ 23 += xy  x" Í  ʤʦʥʦʪʦʥʥʦ ʚʦʟʨʘʩʪʘʝʪ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʤʝʝʪ ʦʙʨʘʪʥʫʶ.  

ʈʝʰʠʚ ʫʨʘʚʥʝʥʠʝ 23 += xy  ʦʪʥʦʩʠʪʝʣʴʥʦ x, ʧʦʣʫʯʠʤ 

()
3

21 -
==

- y
yfx .ʇʦʤʝʥʷʚ ʤʝʩʪʘʤʠ ʦʙʦʟʥʘʯʝʥʠʷ, ʥʘʡʜʝʤ 

ʦʙʨʘʪʥʫʶ ʬʫʥʢʮʠʶ ()
3

21 -
==

- x
xfy . 

ɻʨʘʬʠʢʠ ʵʪʠʭ ʬʫʥʢʮʠʡ ʠʟʦʙʨʘʞʝʥʳ ʥʘ ʨʠʩʫʥʢʝ 2. 1. 
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ʈʠʩʫʥʦʢ 2. 1. ï ɻʨʘʬʠʢʠ ʬʫʥʢʮʠʠ 

23 += xy  ʠ ʦʙʨʘʪʥʦʡ ʝʡ 

()1 2

3

x
y f x

- -
= =  

 
 

ʈʠʩʫʥʦʢ 2. 2 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ 

2

2 ,   ʝʩʣʠ  3,

0,1 ,   ʝʩʣʠ  3.

x x
y

x x

- <ë
=ì

²í
 

 

6 ʇʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ 
2

2 ,   ʝʩʣʠ  3,

0,1 ,   ʝʩʣʠ  3.

x x
y

x x

- <ë
=ì

²í
  

ʈʝʰʝʥʠʝ. ʇʨʠ 3<x  ʬʫʥʢʮʠʷ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʣʫʯʦʤ ʧʨʤ̫ʦʡ 

xy -=2 , ʧʨʠ 3²x  ï ʧʘʨʘʙʦʣʦʡ 
2

1,0 xy= . ɻʨʘʬʠʢ ʜʘʥʥʦʡ 

ʬʫʥʢʮʠʠ ʧʨʝʜʩʪʘʚʣʝʥ ʥʘ ʨʠʩʫʥʢʝ 2. 2. 

7 ʀʩʧʦʣʴʟʫʷ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ʧʦ ɻʝʡʥʝ, ʜʦʢʘʟʘʪʴ, 

ʯʪʦ 2
1

1
lim

2

1
=

-

-

­ x

x

x
. 

ʈʝʝhʥʠʝ. ʌʫʥʢʮʠʷ ()
1

1
2

-

-
=

x

x
xf  (ʨʠʩʫʥʦʢ 2. 3) ʥʝ 

ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯʢʝ 10 =x , ʥʦ ʦʧʨʝʜʝʣʝʥʘ ʜʣʷ ʣʶʙʦʡ ( )0; xU d
A

. 

ʇʫʩʪʴ ( )n
x  ï ʧʨʦʠʟʚʦʣʴʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʩ ʦʙʱʠʤ ʯʣʝʥʦʤ 

1̧nx  Í"n , ʪʘʢʘʷ, ʯʪʦ 1lim =
¤­

n
n

x . ʆʙʨʘʟʫʝʤ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )
1

1
2

-

-
=

n

n
n

x

x
xf  Í"n . ʊʘʢ ʢʘʢ 1̧nx , ʪʦ 

() 1+= nn xxf  Í"n .  

ʇʦʵʪʦʤʫ ( ) ( ) 21limlim =+=
¤­¤­

n
n

n
n

xxf . 

 

y 

    0     1   2   3 

2 

1 

x 
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ʈʠʩʫʥʦʢ 2. 3 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ ()
2

1

1

x
f x

x

-
=
-

. 

 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 2
1

1
lim

2

1
=

-

-

­ x

x

x
. 

8 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ () xxy cos=  ʥʝ ʠʤʝʝʪ ʧʨʝʜʝʣʘ ʧʨʠ 

+¤­x . 

ʈʝʝhʥʠʝ. ɼʦʢʘʞʝʤ, ʯʪʦ ʵʪʘ ʬʫʥʢʮʠʷ ʥʝ ʫʜʦʚʣʝʪʚʦʨʷʝʪ 

ʦʧʨʝʜʝʣʝʥʠʶ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ʧʨʠ x­+¤ ʧʦ ɻʝʡʥʝ: 

() Axf
x

=
+¤­

lim  Ú  ( )n
x" , 0>nx , ( )0; xUxn d

A

Í :  +¤=
¤­

n
n

xlim  

( ) Axf n
n

=
¤­

lim . 

ɼʣʷ ʵʪʦʛʦ ʫʢʘʞʝʤ ʪʘʢʫʶ ʙʝʩʢʦʥʝʯʥʦ ʙʦʣʴʰʫʶ 

ʧʦʩʣʝʜʦʚʘʪʝʣʥɹʦʩʪʴ ( )n
x , ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )cos

n
x  

ʨʘʩʭʦʜʠʪʩʷ. ʇʦʣʦʞʠʤ nxn p= , nÍ . ʊʦʛʜʘ +¤=
¤­

n
n

xlim  ʠ 

ʧʦʩʣʝʜʦʚʘʪʝʣʥɹʦʩʪʴ ( )2,1,1,1,1cos --=nx  ʨʘʩʭʦʜʠʪʩʷ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʬʫʥʢʮʠʷ xcos  ʥʝ ʠʤʝʝʪ ʧʨʝʜʝʣʘ ʧʨʠ +¤­x . 

9 ʀʩʧʦʣʴʟʫʷ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʧʦ ʂʦʰʠ, ʜʦʢʘʟʘʪʴ, 

0sinlim
0

=
­

x
x

. 

ʈʝʰʝʥʠʝ. ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʤʘʣʦʝ 0>e . ʇʦʣʦʞʠʤ 

ed= . ʀʟʚʝʩʪʥʦ, ʯʪʦ Í"x ( )0;d
A

U  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 

ed=<¢xxsin . ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ 0sinlim
0

=
­

x
x

. 

10 ɼʦʢʘʞʠʪʝ, ʯʪʦ ʜʣʷ ʬʫʥʢʮʠʠ  

()
í
ì
ë

<

²
=

0 ʝʩʣʠ ,0

,0 ʝʩʣʠ ,1

x

x
xf  

ʯʠʩʣʦ 1 ʥʝ ʷʚʣʷʝʪʩʷ ʧʨʝʜʝʣʦʤ ʧʨʠ 0­x .  
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ʈʝʰʝʥʠʝ. ʇʦʣʦʞʠʤ 
2

1
0 =e . ʊʦʛʜʘ 0>"d  ʩʫʱʝʩʪʚʫʶʪ 0²x  

ʠ 0<x  ʪʘʢʠʝ, ʯʪʦ d<-< 00 xx . ɼʣʷ 0<x  ʠʤʝʝʤ 

()
2

1
1101 >=-=-xf .  

ɿʥʘʯʠʪ, 

00
2

1
0 >">=$ de d<-<$ 00 xxx :   () 01 e²-xf . 

ʇʦʵʪʦʤʫ () 1lim
0

¸
­

xf
xx

. 

 

ʊʝʤʘ 4 ɹʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʬʫʥʢʮʠʠ 

1 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ ()xa  ʧʨʠ ax­  ʷʚʣʷʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ 

ʤʘʣʦʡ: 

ʘ) () ( )2sin -= xxa  ʧʨʠ 2­x ; 

ʙ) () 23
2

+-= xxxa  ʧʨʠ 1­x ; 

ʚ) () ö
÷

õ
æ
ç

å
=

x
xx

1
sin

2a  ʧʨʠ 0­x . 

2 ʉ ʧʦʤʦʱʴʶ ʧʨʠʥʮʠʧʘ ʟʘʤʝʥʳ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʬʫʥʢʮʠʡ 

ʚrʯʠʩʣʠʪʴ ʩʣʝʜʫʶʱʠʝ ʧʨʝʜʝʣʳ: 

 

ʘ) 
( )x

x

x 21ln

3sin
lim

0 +­
; ʜ) 

( )
4 840 7

21ln
lim

xx

x

x -

+

­
; 

ʙ) 
2

2

0

2tg
lim

x

x

x­
; ʝ) 

x

xx

x 3arcsin

4cos6cos
lim

20

-

­
; 

ʚ) 
43

53

0 35

2sin
lim

xxx

xxx

x ++

-+

­
; ʞ) 

4 84

2

0 16

1
lim

xx

e
x

x +

-

­
; 

ʛ) 
x

x

x 3sin

12sin1
lim

5

0

-+

­
;      ʠ) 

xx

ee
xx

x 2arctgsin2
lim

2

23

0 -

-
-

­
. 

3 ɺʳʯʠʩʣʠʪʴ ʧʨʝʜʝʣʳ: 

ʘ) 
x

x

x

2sin
lim

0­
; ʞ) 

x

x

x

arctg
lim

0­
; 
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ʙ) 

2

cos
lim

2

pp
-­ x

x

x

; ʠ) 
3

2

1 sin

sin
lim

x

x

x p

p

­
; 

ʚ) 

2

3
lim

+

¤­
ö
÷

õ
æ
ç

å

+

x

x x

x
; 

ʢ) 
2

3

4
lim

x

x x

x
ö
÷

õ
æ
ç

å

+

-

¤­
; 

ʛ) 
t

t

t

141
lim

3

0

-+

­
; ʣ) 

1

2
lim

30 -­ tt e

t
; 

ʜ) 
x

x

x

1sin1
lim

4

0

-+

­
; ʤ) 

2

20

ln cos
lim
x

x

x­
; 

ʝ) 
( )

56

5sin
lim

25 +-

-

­ xx

x

x
;      ʥ) 

( ) ö
ö

÷

õ

æ
æ

ç

å

-
-

-­ 4

2

2

1
lim

2

2

2
2 x

x

xx
. 

 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ɺʳʯʠʩʣʠʪʴ ʧʨʝʜʝʣʳ:  

ʘ) 
x

x

x 3sin

5sin
lim

0­
;     ʛ) 

x

bx

x

tg
lim

0­
;     ʞ) ( )x

x
x

1

0
21lim +

­
;  

ʙ) 
y

y

y

121
lim

0

-+

­
;   ʜ) 

( )
y

y31ln +
;    ʠ) 

y

e

y

y

1
lim

2

0

-

­
;  

ʚ) 
20

cos
lim

2

x

xe
x

x

-

­
;    ʝ) 

( )

56

5sin
lim

25 +-

-

­ xx

x

x
. 

ʈʝʰʝʥʠʝ. 

ʘ) ʠʤʝʝʤ:  

=ÖÖ=ö
÷

õ
æ
ç

å
=

­­ 3

5

3sin

3

5

5sin
lim

0

0

3sin

5sin
lim

00 x

x

x

x

x

x

xx
 

=ÖÖ=
­­ x

x

x

x

xx 3sin

3
lim

5

5sin
lim

3

5

00 3

5

3

3sin
lim

5

5sin
lim

3

5

0

0
=Ö

­

­

x

x
x

x

x

x
. 

ʙ) ʠʤʝʝʤ:  

( )
1

2

0 0

1 2 11 2 1 0
lim lim 2 2

0 2y y

yy
y x

y y­ ­

+ -+ - å õ
= = Ö = = =æ ö
ç ÷
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( )
1

2

1
2

11
lim2

2

1

0
=Ö=

-+
=

­ x

x

x
. 

ʚ) ʠʤʝʝʤ: 

=
-+-

=ö
÷

õ
æ
ç

å
=

-

­­
2

0
2

0

cos11
lim

0

0cos
lim

22

x

xe

x

xe
x

x

x

x
 

=
-

+
-

=
­­ 2020

cos1
lim

1
lim

2

x

x

x

e

x

x

x
=+

-

­­
2

2

00

2
sin

lim
1

lim
x

x

t

e

x

t

t
 

4

5

4

1
1

sin
lim

4

1
1

2
4

2
sin

lim1
2

2

02

2

0
=+=Ö+=

ö
÷

õ
æ
ç

å
Ö

+=
­­ t

t

x

x

tx
. 

ʛ) ʠʤʝʝʤ:  

=Ö=Ö=ö
÷

õ
æ
ç

å
=

­­­­ bx

b

bx

bx

bx

bx

xx

bx

xxxx cos
lim

sin
lim

cos

sin1
lim

0

0tg
lim

0000
 

bb=Ö=1 . 

ʜ) ʠʤʝʝʤ: 

( ) ( )
0 0

ln 1 3 ln 1 30
lim lim3 3

0 3y y

y y
y x

y y­ ­

+ +å õ
= = Ö = = =æ ö
ç ÷

 

( )
313

1ln
lim3

0
=Ö=

+
=

­ x

x

x
. 

ʝ) ʠʤʝʝʤ: 

( ) ( )

( )( )25 5

sin 5 sin 50
lim lim 5

6 5 0 5 1x x

x x
x t

x x x x­ ­

- -å õ
= = = - = =æ ö

- + - -ç ÷
 

( )4
sin

lim
0 +

=
­ tt

t

t 4

1

4

1
1

4

1
lim

sin
lim

00
=Ö=

+
Ö=
­­ tt

t

tt
. 

ʞ) ʠʤʝʝʤ:  

( ) ()¤
­

=+ 121lim
1

0
x

x
x =

ʚʚʝʜʝʤ ʥʦʚʫʶ

ʧʝʨʝʤʝʥʥʫʶ 2y x=
= 

= ( ) ( ) 2

2
1

0

2

0
1lim1lim eyy y

y
y

y
=ö

÷

õ
æ
ç

å
+=+

­­
. 

ʠ) ʠʤʝʝʤ: 
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2 2

0 0

1 0 1
lim lim

20

2

y y

y y

e e

yy­ ­

- -å õ
= = =æ ö
ç ÷ 2

y
x= =

0

1 1
lim

2

x

x

e

x­

-
= 

2

1
1

2

1
=Ö= . 

 

 

ʊʝʤʘ 5 ʅʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʠ 

1 ɼʦʢʘʞʠʪʝ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʩʣʝʜʫʶʱʠʭ ʬʫʥʢʮʠʡ: 

ʘ) 
2

xy= ;    ʙ) xy cos= ;    ʚ) xy= . 

2 ʌʫʥʢʮʠʷ ()xf  ʦʧʨʝʜʝʣʝʥʘ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 10 =x , 

ʠʩʢʣʶʯʘʷ ʩʘʤʫ ʪʦʯʢʫ 0x . ɼʦʦʧʨʝʜʝʣʠʪʝ ʬʫʥʢʮʠʶ()f x  ʟʘʜʘʚ 

( )0xf  ʪʘʢ, ʯʪʦʙʳ ʧʦʣʫʯʠʚʰʘʩ̫ʷ ʬʫʥʢʮʠʷ ʙʳʣʘ ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 

0x : 

ʘ) ()
1

1
2

-

-
=

x

x
xf ;      ʙ) ()

( )
1

1sin

-

-
=

x

x
xf . 

3 ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʩʣʦʞʥʫʶ ʬʫʥʢʮʠʶ 

x
xy

1
sin= . 

 

 

 

4 ʅʝʧʨʝʨʳʚʥʘ ʣʠ ʬʫʥʢʮʠʷ 

()

î
î

í

î
î

ì

ë

²-

<¢-+-

<¢+

<

=

?3   ʧʨʠ,5

,31   ʧʨʠ,14

,10   ʧʨʠ,1

,0   ʧʨʠ,1

2

xx

xxx

xx

x

xf  

5 ʋʩʪʘʥʦʚʠʪʝ, ʢʘʢ ʥʘʜʦ ʜʦʦʧʨʝʜʝʣʠʪʴ ʬʫʥʢʮʠʶ ʚ ʪʦʯʢʝ ax= , 

ʯʪʦʙʳ ʬʫʥʢʮʠʷ  ʚ ʵʪʦʡ ʪʦʯʢʝ ʙʳʣʘ ʥʝʧʨʝʨʳʚʥʘ: 

ʘ)()
x

e
xf

x

3

1
2
-

= , 0=x ;   ʙ) ()
127

34
2

2

+-

+-
=

xx

xx
xf , 3=x . 

6 ɼʦʢʘʞʠʪʝ, ʯʪʦ ʫʨʘʚʥʝʥʠʝ 064
3

=-+ xx  ʠʤʝʝʪ ʧʦ ʤʝʥʴʰʝʡ 

ʤʝʨʝ ʦʜʠʥ ʜʝʡʩʪʚʠʪʝʣʴʥʳʡ ʢʦʨʝʥʴ ʚ ʧʨʦʤʝʞʫʪʢʝ ( )1;2 . 
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7 ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʶ 
[]x

y
x

=  ʥʘ ʥʝʧʨʝʨʳʚʥʦʩʪʴ, ʠ ʧʦʩʪʨʦʠʪʴ 

ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ. 

8 ʅʘʡʪʠ ʪʦʯʢʠ ʨʘʟʨʳʚʘ ʬʫʥʢʮʠʡ ʠ ʫʩʪʘʥʦʚʠʪʴ ʠʭ ʪʠʧ: 

 

ʘ) 
( )21

1

-
=

x
y ; ʛ) 

23

73
2

+-

+
=

xx

x
y ; 

ʙ) 
x

y
1

sin= ; ʜ) 
x

y
-

=
2

1
arctg ; 

ʚ) 
3

3
ln
+

-
=

x

x
y ; ʝ) 

2 3,ʝʩʣʠ 1

3 2,ʝʩʣʠ 1.

x x
y

x x

- + <ë
=ì

+ ²í
. 

 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ɼʦʢʘʟʘʪʴ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʠ baxy += . 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ baxy +=  ʦʧʨʝʜʝʣʝʥʘ ʧʨʠ ʚʩʝʭ 

ʟʥʘʯʝʥʠ̫ ʭ x, ʪ.ʝ. Í"x . ʌʠʢʩʠʨʫʝʤ ʥʝʢʦʪʦʨʦʝ ʟʥʘʯʝʥʠʝ 0x  ʠʟ 

ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ. 

ʊʦʛʜʘ  

0>"e  () () 0000 xxaaxaxbaxbaxxyxy -Ö=-=--+=- . 

ʂʘʢ ʪʦʣʴʢʦ d<- 0xx , ʪʦ () () dÖ<- axyxy 0 . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ,  

0>"e  $ 
a

e
d=  : d<- 0xx  Ý  

() ( ) e
e

d =Ö=Ö<-
a

aaxyxy 0 . 

2 ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʩʣʦʞʥʳʝ ʬʫʥʢʮʠʠ  

ʘ) xey

1
-

= ,     ʙ) 
4

sinxy= . 

ʈʝʰʝʥʠʝ. ʘ) ʬʫʥʢʮʠʷ xey

1
-

=  ʷʚʣʷʝʪʩʷ ʢʦʤʧʦʟʠʮʠʝʡ 

ʩʣʝʜʫʶʱʠʭ ʵʣʝʤʝʥʪʘʨʥʳʭ ʬʫʥʢʮʠʡ: 
x

y
1
-=  ʠ 

y
ef = . ʊʘʢ ʢʘʢ 

ʬʫʥʢʮʠʷ 
x

y
1
-=  ʥʝ ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯʢʝ 0=x , ʪʦ ʬʫʥʢʮʠʷ ʥʝ 
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ʷʚʣʷʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʚ ʵʪʦʡ ʪʦʯʢʝ. ɺ ʦʩʪʘʣʴʥʳʭ ʪʦʯʢʘʭ ʦʥʘ 

ʥʝʧʨʝʨʳʚʥʘ ʢʘʢ ʢʦʤʧʦʟʠʮʠʷ ʥʝʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ. 

ʙ) ʬʫʥʢʮʠʷ 4
sinxy=  ʷʚʣʷʝʪʩʷ ʢʦʤʧʦʟʠʮʠʝʡ ʬʫʥʢʮʠʡ zy sin=  

ʠ 4
xz= . ʊʘʢ ʢʘʢ ʬʫʥʢʮʠʠ y  ʠ z  ʥʝʧʨʝʨʳʚʥʳ ʧʨʠ ʚʩʝʭ ʟʥʘʯʝʥʠʷʭ 

ʩʚʦʠʭ ʘʨʛʫʤʝʥʪʦʚ, ʪʦ ʧʦ ʪʝʦʨʝʤʝ ʦ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʩʣʦʞʥʦʡ 

ʬʫʥʢʮʠʠ 4
sinxy=  ʪʘʢʞʝ ʥʝʧʨʝʨʳʚʥʘ ʧʨʠ ʚʩʝʭ x . 

3 ɼʦʦʧʨʝʜʝʣʠʪʴ ʬʫʥʢʮʠʶ  

()
î
í

î
ì

ë

=

¸
=

,0ʝʩʣʠ,0

,0ʝʩʣʠ,
sin

x

x
x

x

xf  

ʟʘʜʘʚ ( )0xf  ʪʘʢ, ʯʪʦʙʳ ʧʦʣʫʯʠʚʰʘʷʩʷ ʬʫʥʢʮʠʷ ʙʳʣʘ 

ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x . 

ʈʝʰʝʥʠʝ.  ʌʫʥʢʮʠʷ  

()
î
í

î
ì

ë

=

¸
=

0ʝʩʣʠ,0

,0ʝʩʣʠ,
sin

x

x
x

x

xf  

ʥʝʧʨʝʨʳʚʥʘ ʚʦ ʚʩʝʭ ʪʦʯʢʘʭ ʯʠʩʣʦʚʦʡ ʧʨʷʤʦʡ ʢʨʦʤʝ ʪʦʯʢʠ 

0=x . ʇʦʩʢʦʣʴʢʫ 01
sin

lim

0
0

¸=

¸
­ x

x

x
x

, ʪʦ ʚ ʪʦʯʢʝ 0=x  ʬʫʥʢʮʠʷ ʠʤʝʝʪ 

ʫʩʪʨʘʥʠʤʳʡ ʨʘʟʨʳʚ. ʕʪʦʪ ʨʘʟʨʳʚ ʤʦʞʥʦ ʫʩʪʨʘʥʠʪʴ, ʧʦʣʦʞʠʚ  

()
î
í

î
ì

ë

=

¸
=

.0ʝʩʣʠ,1

,0ʝʩʣʠ,
sin

1

x

x
x

x

xf  

4 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʫʨʘʚʥʝʥʠʝ 024
3

=+- xx  ʠʤʝʝʪ ʧʦ ʤʝʥʴʰʝʡ 

ʤʝʨʝ ʦʜʠʥ ʜʝʡʩʪʚʠʪʝʣʴʥʳʡ ʢʦʨʝʥʴ ʚ ʫʢʘʟʘʥʥʦʤ ʧʨʦʤʝʞʫʪʢʝ  ( )1,0 . 

ʈʝʰʝʥʠʝ. ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ () 24
3

+-= xxxf . ʆʥʘ 

ʥʝʧʨʝʨʳʚʥʘ ʧʨʠ ʚʩʝʭ x(ʢʘʢ ʩʫʤʤʘ ʥʝʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ 
3

1 xf = , 

xf 42 -= , 23=f ). ʊʘʢ ʢʘʢ () 020 >=f  ʠ () 011 <-=f , ʪʦ ʤʝʞʜʫ 

ʪʦʯʢʘʤʠ 0  ʠ 1 ʥʘʡʜʝʪʩʷ ʪʦʯʢʘ 0x , ʚ ʢʦʪʦʨʦʡ ʵʪʘ ʬʫʥʢʮʠʷ 

ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ: () 00 =xf . ʇʦʵʪʦʤʫ 0x  ï ʢʦʨʝʥʴ ʫʨʘʚʥʝʥʠʷ. 

5 ʅʘʡʪʠ ʪʦʯʢʠ ʨʘʟʨʳʚʘ ʬʫʥʢʮʠʠ []y x= , ʛʜʝ []x  ï ʮʝʣʘʷ ʯʘʩʪʴ 

ʯʠʩʣʘ, ʠ ʧʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ. 
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ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ ()xE  ʦʧʨʝʜʝʣʝʥʘ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

ʝʩʣʠ qnx += , ʛʜʝ n  ï ʮʝʣʦʝ ʯʠʩʣʦ, ʘ 10 ¢¢q , ʪʦ []x n= , ʪ.ʝ. 

ʬʫʥʢʮʠʷ ʨʘʚʥʘ ʮʝʣʦʡ ʯʘʩʪʠ ʯʠʩʣʘ. ʆʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ ʜʘʥʥʦʡ 

ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ ʤʥʦʞʝʩʪʚʦ . ʌʫʥʢʮʠʷ []y x=  ʪʝʨʧʠʪ ʨʘʟʨʳʚ 

ʧʨʠ ʢʘʞʜʦʤ ʮʝʣʦʯʠʩʣʝʥʥʦʤ ʟʥʘʯʝʥʠʠ x. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʧʫʩʪʴ 

nx =0
, ʪʦʛʜʘ ( )0

y x n=  ʠ 
0 0

lim 1
x x

y n
­ -

= -, ʘ 
0 0

lim
x x

y n
­ +

= . ʇʨʠʯʝʤ 

ʢʘʞʜʘʷ ʠʟ ʵʪʠʭ ʪʦʯʝʢ ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʨʘʟʨʳʚʘ ʧʝʨʚʦʛʦ ʨʦʜʘ 

(ʨʠʩʫʥʦʢ 2. 4). 

 

ʈʠʩʫʥʦʢ 2. 4 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ []y x=  

 

ɺʦ ʚʩʝʭ ʪʦʯʢʘʭ Íx \  ʬʫʥʢʮʠʷ []y x=  ʷʚʣʷʝʪʩʷ 

ʥʝʧʨʝʨʳʚʥʦʡ ʢʘʢ ʧʦʩʪʦʷʥʥʘʷ. 

6 ʆʧʨʝʜʝʣʠʪʴ ʪʦʯʢʠ ʨʘʟʨʳʚʘ ʬʫʥʢʮʠʠ 1

2

-= xey . 

ʈʝʰʝʥʠʝ. ɼʘʥʥʘʷ ʬʫʥʢʮʠʷ ʥʝ ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯʢʝ 1=x .  

ʆʜʥʦʩʪʦʨʦʥʥʠʝ ʧʨʝʜʝʣʳ ʨʘʚʥʳ: 

0lim 1

2

01
=-

-­

x

x
e ,    +¤=-

+­

1

2

01
lim x

x
e . 

ʇʦʩʢʦʣʴʢʫ ʦʜʠʥ ʠʟ ʦʜʥʦʩʪʦʨʦʥʥʠʭ ʧʨʝʜʝʣʦʚ ʷʚʣʷʝʪʩʷ 

ʙʝʩʢʦʥʝʯʥʦʩʪʴʶ, ʪʦ 1=x  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʨʘʟʨʳʚʘ ʚʪʦʨʦʛʦ ʨʦʜʘ 

ʵʪʦʡ ʬʫʥʢʮʠʠ. 

 

ʈʘʟʜʝʣ 3 ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ ʬʫʥʢʮʠʠ 

ʜʝʡʩʪʚʠʪʝʣʴʥʦʡ ʧʝʨʝʤʝʥʥʦʡ 

 

ʊʝʤʘ 1 ʆʧʨʝʜʝʣʝʥʠʝ ʧʨʦʠʟʚʦʜʥʦʡ 

1 ʇʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ ʧʨʦʠʟʚʦʜʥʦʡ, ʧʦʣʫʯʠʪʴ ʬʦʨʤʫʣʳ ʜʣʷ 

ʧʨʦʠʟʚʦʜʥʳʭ ʜʣʷ ʜʘʥʥʳʭ ʬʫʥʢʮʠʡ ʚ ʪʦʯʢʝ 0x : 
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ʘ) 2
3xy= ;          ʚ) 

x
y

1
= ; 

ʙ) xxy lnÖ= ;        ʛ) xxy -= ptg . 

ʅʘʡʪʠ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʵʪʠʭ ʬʫʥʢʮʠʡ ʚ ʪʦʯʢʝ 10=x . 

2 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ ʍʝʚʠʩʘʡʜʘ 

()
í
ì
ë

²

<
=

0 ʧʨʠ  1

,0 ʧʨʠ  0

x

x
xh  

ʚ ʪʦʯʢʝ 00=x  ʥʝ ʷʚʣʷʝʪʩʷ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ. 

3 ɺʳʯʠʩʣʠʪʴ ʧʨʠʙʣʠʞʝʥʥʦ ʩ ʧʦʤʦʱʴʶ ʜʠʬʬʝʨʝʥʮʠʘʣʘ: 

ʘ) 3 1002,0 ;        ʚ) 
85,0-

e ; 

ʙ) ¯31sin ;         ʛ) 03,1arctg . 

4 ʉʦʩʪʘʚʠʪʴ ʫʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʦʡ ʠ ʥʦʨʤʘʣʠ ʢ ʛʨʘʬʠʢʫ 

ʬʫʥʢʮʠʡ ʚ ʫʢʘʟʘʥʥʦʡ ʪʦʯʢʝ: 

ʘ) xy sin=  ʚ ʪʦʯʢʝ 
0

3
x
p
= ; 

ʙ) 4635
234

-+-+= xxxxy  ʚ ʪʦʯʢʝ 0
1x = . 

5 ʊʦʯʢʘ ʩʦʚʝʨʰʘʝʪ ʛʘʨʤʦʥʠʯʝʩʢʦʝ ʢʦʣʝʙʘʪʝʣʴʥʦʝ ʜʚʠʞʝʥʠʝ  ʧʦ 

ʟʘʢʦʥʫ tAx wsin= . ʆʧʨʝʜʝʣʠʪʴ ʩʢʦʨʦʩʪʴ ʜʚʠʞʝʥʠʷ ʚ ʤʦʤʝʥʪ 

ʚʨʝʤʝʥʠ 
0

2
t

p

w
= . 

6 ʀʩʧʦʣʴʟʫʷ ʧʨʘʚʠʣʘ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ ʠ ʪʘʙʣʠʮʫ 

ʧʨʦʠʟʚʦʜʥʳʭ, ʥʘʡʪʠ ʧʨʦʠʟʚʦʜʥʳʝ ʠ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʩʣʝʜʫʶʱʠʭ 

ʬʫʥʢʮʠʡ: 

ʘ) 4653
24

--+= xxxy ;      ʛ) ( )23 xxy -= ;  

ʙ) 
x

e
y

x

sh
= ;          ʜ) ( ) xxy arctg1

2
Ö+= ;  

ʚ) xxy
x

ch2th Ö+= ;       ʝ) 
32

log
3

3

+
=

x

x
y . 

 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ  

1 ʇʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ ʧʨʦʠʟʚʦʜʥʦʡ, ʥʘʡʪʠ ʟʥʘʯʝʥʠʝ 

ʧʨʦʠʟʚʦʜʥʦʡ ʬʫʥʢʮʠʠ ()y f x=  ʚ ʪʦʯʢʝ0
x : 

ʘ) 3
xy=  ʚ ʪʦʯʢʝ 0

1x = , 
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ʙ) xy sin= , ʚ ʧʨʦʠʟʚʦʣʴʥʦʡ ʪʦʯʢʝ 0
x , 

ʚ) x
ay= , 0>a , ʚ ʧʨʦʠʟʚʦʣʴʥʦʡ ʪʦʯʢʝ 0

x . 

ʈʝʰʝʥʠʝ. ʘ) ʥʘʭʦʜʠʤ ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢʮʠʠ 3
xy=  ʚ ʪʦʯʢʝ 

1=x :     ( ) ( ) ( )323
3311 xxxxy D+D+D=-D+=D . 

ʊʦʛʜʘ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ 

() ( )( )333limlim1
2

00
=D+D+=

D

D
=¡

­D­D
xx

x

y
y

xx
 

ʙ) ʠʤʝʝʤ: 

( )
=

D

ö
÷

õ
æ
ç

åD
ö
÷

õ
æ
ç

å D
+

=
D

-D+
=

D

D

x

xx
x

x

xxx

x

y 2
sin

2
cos2

sinsin
 

2

2
sin

2
cos

x

x

x
x

D

ö
÷

õ
æ
ç

åD

ö
÷

õ
æ
ç

å D
+= . 

ʇʦʵʪʦʤʫ 

( ) ( )
( )'

0 0

sin 2
sin lim lim cos 2 cos 1 cos

2

x x

xy
x x x x x

xxD ­ D ­

DD
= = +D = Ö =

DD
. 

ʚ) ʜʣʷ ʬʫʥʢʮʠʠ 
x

ay= , 0>a , ʧʦʣʫʯʠʤ 

x

a
a

x

aa

x

y
x

x
xxx

D

-
Ö=

D

-
=

D

D
DD+

1
. 

ʊʦʛʜʘ 

( ) aa
x

a
a

x

y
a

x
x

x

xx

x
ln

1
limlim

00

'
=

D

-
Ö=

D

D
=

D

­D­D
. 

2 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ xy=  ʚ ʪʦʯʢʝ 00=x  ʥʝ ʷʚʣʷʝʪʩʷ 

ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ. 

ʈʝʰʝʥʠʝ. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʵʪʘ ʬʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʠ 

ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʤʥʦʞʝʩʪʚʝ . ɺʳʯʠʩʣʠʤ ʧʨʦʠʟʚʦʜʥʫʶ ʬʫʥʢʮʠʠ 

ʩʧʨʘʚʘ ʚ ʪʦʯʢʝ 00=x . 

ʇʨʠ 0²x  ʠʤʝʝʤ xxy == , xy D=D .  

ʇʦʵʪʦʤʫ  
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() ( ) 1limlim000
0000

'
=

D

D
=

D

D
=+¡=

+­D+­D
+

x

x

x

y
ff

xx
. 

ɸʥʘʣʦʛʠʯʥʦ ʧʨʠ 0<x  ʧʦʣʫʯʠʤ xxy -== , xy D-=D .  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʦʠʟʚʦʜʥʘʷ ʩʣʝʚʘ ʨʘʚʥʘ 

() ( ) 1limlim000
0000

'
-=

D

D-
=

D

D
=-¡=

-­D-­D
-

x

x

x

y
ff

xx
. 

ʇʦʩʢʦʣʴʢʫ () ()00
''

+- ¸ff , ʪʦ ʬʫʥʢʮʠʷ xy=  ʚ ʜʘʥʥʦʡ ʪʦʯʢʝ 

ʧʨʦʠʟʚʦʜʥʦʡ ʥʝ ʠʤʝʝʪ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʥʘ ʥʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʵʪʦʡ ʪʦʯʢʝ. 

3 ʅʘʡʪʠ ʜʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ 3
2

+-= xxy  ʚ ʪʦʯʢʝ 2=x . 

ʈʝʰʝʥʠʝ. ʀʩʧʦʣʴʟʫʷ ʦʧʨʝʜʝʣʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʘ, ʥʘʭʦʜʠʤ: 

( ) ()( ) ( ) ( )=+--+D+-D+=-D+=D 32232222
22

xxfxfy  

( )23 xx D+D= . 

ʆʪʢʫʜʘ dxxdy 33 =D= . 

4 ɺʳʯʠʩʣʠʪʴ ʧʨʠʙʣʠʞʝʥʥʦ ʩ ʧʦʤʦʱʴʶ ʜʠʬʬʝʨʝʥʮʠʘʣʘ  

ʟʥʘʯʝʥʠʝ 98,0 . 

ʈʝʰʝʥʠʝ. ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ () xxy += 1 . 

ʊʘʢ ʢʘʢ ( )0,02 0,98y - = , ʠ  

()10 =y ,    () ( )2

1

1
2

1 -
+=¡ xxy ,    ()

2

1
0 =¡y , 

ʪʦ ʧʦʣʫʯʘʝʤ: 

( ) () ()( ) 99,001,0102,00002,0 =-=-Ö¡+º- yyy . 

5 ʉʦʩʪʘʚʠʪʴ ʫʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʦʡ ʠ ʥʦʨʤʘʣʠ ʢ ʛʨʘʬʠʢʫ 

ʬʫʥʢʮʠʠ xy cos=  ʚ ʪʦʯʢʝ 
0

6
x
p
= . 

ʈʝʰʝʥʠʝ. ʀʤʝʝʤ: 

6
0

p
=x ,    ( )

2

3

6
cos0 ==
p

xy ,   ()
2

1

6
sin0 -=-=¡
p

xy .  

ʇʦʵʪʦʤʫ ʠʩʢʦʤʦʝ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ ʟʘʧʠʰʝʪʩʷ ʪʘʢ 

ö
÷

õ
æ
ç

å
--=-

62

1

2

3 p
xy , 

ʘ ʫʨʘʚʥʝʥʠʝ ʥʦʨʤʘʣʠ ʧʨʠʤʝʪ ʚʠʜ: 
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ö
÷

õ
æ
ç

å
-=-

6
2

2

3 p
xy . 

6 ɺʳʯʠʩʣʠʪʴ ʠ ʩʨʘʚʥʠʪʴ ʥʘ ʧʨʦʤʝʞʫʪʢʝ 10 ¢¢t  ʤʛʥʦʚʝʥʥʳʝ 

ʩʢʦʨʦʩʪʠ ʜʚʫʭ ʪʦʯʝʢ, ʧʨʷʤʦʣʠʥʝʡʥʳʝ ʜʚʠʞʝʥʠʷ ʢʦʪʦʨʳʭ ʟʘʜʘʥʳ 

ʫʨʘʚʥʝʥʠʷʤʠ 2

1 tS = , 4

2 2tS =  ( )0²t . 

ʈʝʰʝʥʠʝ. ʅʘʭʦʜʠʤ ʤʛʥʦʚʝʥʥʳʝ ʩʢʦʨʦʩʪʠ ʪʦʯʝʢ ʚ ʤʦʤʝʥʪ 

ʚʨʝʤʝʥʠ t : 

() () ttStV 211 =
¡

= ,  

() () 3

22 8ttStV =
¡

= . 

ʆʪʩʶʜʘ ʧʦʣʫʯʘʝʤ: () () 000 21 ==VV . 

ɺʠʜʥʦ, ʯʪʦ ö
÷

õ
æ
ç

å
Í"

2

1
,0t  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ () ()tVtV 21 > , ʠ 

ù
ú

ø
æ
ç

å
Í" 1,

2

1
t  ï ʥʝʨʘʚʝʥʩʪʚʦ () ()tVtV 21 < .  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʚ ʪʦʯʢʝ 
2

1
=t  ʠʤʝʝʤ  ö

÷

õ
æ
ç

å
=ö
÷

õ
æ
ç

å

2

1

2

1
21 VV . 

7 ʀʩʧʦʣʴʟʫʷ ʧʨʘʚʠʣʘ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ ʠ ʪʘʙʣʠʮʫ 

ʧʨʦʠʟʚʦʜʥʳʭ, ʚʳʯʠʩʣʠʪʴ ʧʨʦʠʟʚʦʜʥʳʝ ʩʣʝʜʫʶʱʠʭ ʬʫʥʢʮʠʡ: 

ʘ) 
3 23

63

xx
y -= ,  ʙ) 

54

23

+

-
=

x

x
y ,   ʚ) xxxxy sincos

2
-= . 

ʈʝʰʝʥʠʝ. ʘ) ʧʝʨʝʧʠʰʝʤ ʬʫʥʢʮʠʶ ʚ ʚʠʜʝ: 

3

2

3

1

63
--

-= xxy . 
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ʈʝʰʝʥʠʝ. ʅʘ ʨʠʩʫʥʢʝ 3. 3 ʠʟʦʙʨʘʞʝʥʘ ʪʨʘʧʝʮʠʷ ABCD . 

ʇʫʩʪʴ aAB= . ʊʦʛʜʘ ʧʦ ʫʩʣʦʚʠʶ aBCCDAB === . ʇʫʩʪʴ BE ʠ 

CF ï ʚʳʩʦʪʳ ʪʨʘʧʝʮʠʠ; BE=CF. ʇʦʣʘʛʘʷ ÏBAD=a, ʚʳʨʘʟʠʤ 
ʧʣʦɦ ʘʜʴ ʪʨʘʧʝʮʠʠ ʢʘʢ ʬʫʥʢʮʠʶ ʦʪ a:  

()aSS= , 
2

0
p

a<< . 

 
ʈʠʩʫʥʦʢ 3. 3 ï ɻʝʦʤʝʪʨʠʯʝʩʢʘʷ ʠʥʪʝʨʧʨʝʪʘʮʠʷ ʟʘʜʘʯʠ 6 

 

ʇʣʦʱʘʜʴ ʪʨʘʧʝʮʠʠ ABCD  ʨʘʚʥʘ 

CDFBCFEABE SSSS ++=ABCD
 

ʀʟ ʛʝʦʤʝʪʨʠʯʝʩʢʠʭ ʩʦʦʙʨʘʞʝʥʠʡ ʠʤʝʝʤ: 

=Ö== BEAESS CDFABE
2

1
aa sincos

2

1
aa Ö= a2sin

4

1 2
a= , 

=Ö= BEBCSBCFE asin
2

a . 

ʊʦʛʜʘ ʧʣʦʱʘʜʴ ʪʨʘʧʝʮʠʠ ʨʘʚʥʘ 

() aaa sin2sin
2

1 22
aaS += . 

ʀʩʩʣʝʜʫʝʤ ʬʫʥʢʮʠʶ ()aS  ʥʘ ʵʢʩʪʨʝʤʫʤ. 

( )aaa cos2cos)(
2'

+=aS . 

ʈʝʰʘʷ ʫʨʘʚʥʝʥʠʝ 0)(' =aS , ʧʦʣʫʯʠʤ: 

0cos2cos =+ aa  Ý  1cos -=a  ʠ 
2

1
cos =a . 

ʆʪʩʶʜʘ  

ppa n21 += , Ín , 

p
p

a k2
3

2 += , Ík . 
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ɽʜʠʥʩʪʚʝʥʥʳʤ ʨʝʰʝʥʠʝʤ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʣʝʞʘʱʠʤ ʥʘ ö
÷

õ
æ
ç

å

2
;0
p

 

ʷʚʣʷʝʪʩʷ 
3

p
a= . ʋʙʝʜʠʤʩʷ, ʯʪʦ ʧʨʠ 

3

p
a=  ʬʫʥʢʮʠʷ )(aS  

ʜʦʩʪʠʛʘʝʪ ʤʘʢʩʠʤʫʤʘ. 

( )aaa sin2sin2)(
2''

+-= aS . 

ʊʘʢ ʢʘʢ 0
3

2
sin >
p

, 0
3

sin >
p

, 0>a , ʪʦ 0
3

''
<ö
÷

õ
æ
ç

åp
S .  

ɿʥʘʯʠʪ, ʧʨʠ 
3

p
a=  ʬʫʥʢʮʠʷ ()aS  ʜʦʩʪʠʛʘʝʪ ʥʘʠʙʦʣʴʰʝʛʦ 

ʟʥʘʯʝʥʠʷ ʥʘ ʠʥʪʝʨʚʘʣʝ ö
÷

õ
æ
ç

å

2
;0
p
. ʋʛʦʣ ʧʨʠ ʙʦʣʴʰʝʤ ʦʩʥʦʚʘʥʠʠ 

ʪʨʘʧʝʮʠʠ ʨʘʚʝʥ 
3

p
a= . 

 

ʊʝʤʘ 7 ʀʩʩʣʝʜʦʚʘʥʠʝ ʬʫʥʢʮʠʠ 

1 ʅʘʡʪʠ ʠʥʪʝʨʚʘʣʳ ʚʳʧʫʢʣʦʩʪʠ ʠ ʪʦʯʢʠ ʧʝʨʝʛʠʙʘ ʬʫʥʢʮʠʡ: 

ʘ) ()=xf 132
24
-+- xxx ;    ʝ)()=xf

2
1

1

x-
; 

ʙ) ()=xf
1+x

x
;        ʞ) ()=xf xx cos- ;  

ʚ) ()=xf
2

x
e
-

;        ʠ) ()=xf ( )32
1-x ;  

ʛ) ()=xf
432

236 xxxx --+ ;   ʢ) ()=xf
2

1
4

2 x
x -+ ;  

ʜ) ()=xf

2

4

x

x e
-

;       ʣ) ()=xf
( )

2

1

1x-
. 

2 ʅʘʡʪʠ ʘʩʠʤʧʪʦʪʳ ʛʨʘʬʠʢʦʚ ʬʫʥʢʮʠʡ: 

ʘ) =y
2

3

-x

x
;     ʛ) =y

x
ex
-2

;  

ʙ) =y x
x

x
3

ln
2

- ;     ʜ) xxy 2arctg+= ; 
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ʚ) =y
x

x
x

cos
2 - ;     ʝ) =y

1

12 x- . 

3 ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʠ: 

ʘ) ()=xf 23
3

+- xx ;     ʜ) ()=xf 910
24
+- xx ; 

ʙ) ()=xf ( )( )21
2
+- xx ;    ʝ) ()=xf 135

23
-+- xxx ; 

ʚ) ()=xf
1

1
2
+

+

x

x
;       ʞ) ()=xf

2

37

xx
x -+ ; 

ʛ) ()=xf
1

2

3

-x

x
;       ʠ) ()=xf

1

2

-

+

x

xx
. 

 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ʅʘʡʪʠ ʧʨʦʤʝʞʫʪʢʠ ʚʳʧʫʢʣʦʩʪʠ ʠ ʚʦʛʥʫʪʦʩʪʠ ʛʨʘʬʠʢʘ 

ʬʫʥʢʮʠʠ 65
5

-+= xxy . 

ʈʝʰʝʥʠʝ. ʀʤʝʝʤ: 

55
4'
+= xy , 

3''
20xy = . 

ɽʩʣʠ 0<x , ʪʦ 0
''
<y  ʠ ʢʨʠʚʘʷ ʚʳʧʫʢʣʘ. 

ɽʩʣʠ 0>x , ʪʦ 0
''
>y  ʠ ʢʨʠʚʘʷ ʚʦʛʥʫʪʘ. 

ʀʪʘʢ, ʢʨʠʚʘʷ ʚʳʧʫʢʣʘ ʥʘ ʧʨʦʤʝʞʫʪʢʝ ( )0;¤- , ʚʦʛʥʫʪʘ ʥʘ 

ʧʨʦʤʝʞʫʪʢʝ ( )+¤;0 . 

2 ʅʘʡʪʠ ʪʦʯʢʠ ʧʝʨʝʛʠʙʘ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ: 

ʘ) ( )( )21
2
-+= xxy ;   ʙ) ( ) 253 5

+-= xy . 

ʈʝʰʝʥʠʝ. ʘ) ʧʝʨʚʘʷ ʠ ʚʪʦʨʘʷ ʧʨʦʠʟʚʦʜʥʳʝ ʨʘʚʥʳ 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ 

( )13
2'
-= xy , 

xy 6
''
= . 

ʊʘʢ ʢʘʢ 0
''
=y  ʚ ʪʦʯʢʝ 0=x , ʪʦ ʠʩʩʣʝʜʫʝʤ ʵʪʫ ʪʦʯʢʫ ʥʘ 

ʧʝʨʝʛʠʙ. ɺ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 0=x  ʧʨʠ 0<x , ʪʦ 0
''
<y  ʠ 

ʢʨʠʚʘʷ ʚʳʧʫʢʣʘ, ʧʨʠ 0>x , ʪʦ 0
''
>y  ʠ ʢʨʠʚʘʷ ʚʦʛʥʫʪʘ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 0=x  ï ʪʦʯʢʘ ʧʝʨʝʛʠʙʘ, ʧʨʠ ʵʪʦʤ =ʧʝʨy ï2; 

ʙ) ʠʤʝʝʤ: 
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( )3
2

'
5

3

5
-= xy , 

3

''

59

10

-
=

x
y . 

ɺʪʦʨʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʥʝ ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ ʥʠ ʧʨʠ ʢʘʢʠʭ 

ʟʥʘʯʝʥʠʷʭ x  ʠ ʥʝ ʩʫʱʝʩʪʚʫʝʪ ʚ ʪʦʯʢʝ 5=x . ɺ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 

5=x  ʧʦʣʫʯʠʤ  ʧʨʠ 5<x , ʪʦ 0
''
<y  ʠ ʢʨʠʚʘʷ ʚʳʧʫʢʣʘ, ʧʨʠ 

5>x , ʪʦ 0
''
>y  ʠ ʢʨʠʚʘʷ ʚʦʛʥʫʪʘ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 5=x  ï ʪʦʯʢʘ 

ʧʝʨʝʛʠʙʘ, ʧʨʠ ʵʪʦʤ =ʧʝʨy 2. 

3 ʅʘʡʪʠ ʘʩʠʤʧʪʦʪʳ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ 
2

32
2

+

+-
=

x

xx
y . 

ʈʝʰʝʥʠʝ. 1) ʬʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʥʘ ʧʨʦʤʝʞʫʪʢʘʭ 

 ( ) ( )+¤-Ç-¤- ;22; .  

ʊʘʢ ʢʘʢ  

-¤=
+

+-

--­ 2

32
lim

2

02 x

xx

x
, +¤=

+

+-

+-­ 2

32
lim

2

02 x

xx

x
, 

ʪʦ ʧʨʷʤʘʷ 2-=x  ʚ̫ʣʷʝʪʩʷ ʚʝʨʪʠʢʘʣʴʥʦʡ ʘʩʠʤʧʪʦʪʦʡ; 

2) ʥʘʢʣʦʥʥʳʝ ʘʩʠʤʧʪʦʪʳ: 

( )
1

2

32
lim

2

=
+

+-
=

­¤ xx

xx
k

x
, 

()[ ]
( )

4
2

32
limlim

2

-=ù
ú

ø
é
ê

è
-

+

+-
=-=

¤­¤­
x

x

xx
kxxfb

xx
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʘʢʣʦʥʥʘʷ ʘʩʠʤʧʪʦʪʘ ʠʤʝʝʪ ʚʠʜ 

4-=xy ; 

3) ʛʦʨʠʟʦʥʪʘʣʴʥʳʭ ʘʩʠʤʧʪʦʪ ʥʝʪ, ʪʘʢ ʢʘʢ  

( )
¤=

+

+-

¤­ 2

32
lim

2

x

xx

x
. 

4 ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʶ 
2

3

3 x

x
y

-
=  ʠ ʧʦʩʪʨʦʠʪʴ ʝʝ ʛʨʘʬʠʢ. 

ʈʝʰʝʥʠʝ. ɼʣʷ ʧʦʩʪʨʦʝʥʠʷ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ ʧʨʦʚʝʜʝʤ ʝʝ 
ʠʩʩʣʝʜʦʚʘʥʠʝ ʧʦ ʧʨʠʚʝʜʝʥʥʦʡ ʩʭʝʤʝ. 

1) ʥʘʭʦʜʠʤ ()fD , ʦʧʨʝʜʝʣʷʝʤ ʪʦʯʢʠ ʨʘʟʨʳʚʘ, ʥʫʣʠ, ʪʦʯʢʠ 

ʧʝʨʝʩʝʯʝʥʠʷ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ ʩ ʦʩʴʶ Oy, ʧʝʨʠʦʜʠʯʥʦʩʪʴ, 

ʩʠʤʤʝʪʨʠʶ. ʌʫʥʢʮʠʷ ʥʝʦʧʨʝʜʝʣʝʥʥʘ ʚ ʪʦʯʢʘʭ, ʛʜʝ ʟʥʘʤʝʥʘʪʝʣʴ 
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ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ, ʪ. ʝ. ʧʨʠ 
1

3x =- , 
2

3x = . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʝʩʪʴ ()( )( )( )¤Ç-Ç-¤-= ;33;33;fD . 

ʀʩʩʣʝʜʫʝʤ ʧʦʚʝʜʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʦʢʨʝʩʪʥʦʩʪʷʭ ʪʦʯʝʢ 
1

3x =- , 

2
3x = : 

3

2
3 0

lim
3x

x

x­ -

=+¤
-

, 
3

2
3 0

lim
3x

x

x­ +

=-¤
-

,  

3

2
3 0

lim
3x

x

x­- -

=-¤
-

,
3

2
3 0

lim
3x

x

x­ +

=+¤
-

. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʪʦʯʢʠ 
1

3x =- , 
2

3x = ʷʚʣʷʶʪʩʷ ʪʦʯʢʘʤʠ 

ʨʘʟʨʳʚʘ ʚʪʦʨʦʛʦ ʨʦʜʘ.  

ʇʦʩʢʦʣʴʢʫ 
3

2
lim

3x

x

x­-¤
=+¤

-
 ʠ 

3

2
lim

3x

x

x­+¤
=-¤

-
, ʪʦ ʟʜʝʩʴ 

ʬʫʥʢʮʠʷ ʥʝʦʛʨʘʥʠʯʝʥʘ.  

ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ ʧʝʨʝʩʝʢʘʝʪ ʢʦʦʨʜʠʥʘʪʥʳʝ ʦʩʠ ʚ ʪʦʣʴʢʦ ʚ 

ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ, ʪʘʢ ʢʘʢ 0=y  Ú  0=x . 

ʌʫʥʢʮʠʷ ʥʝ ʷʚʣʷʝʪʩʷ ʧʝʨʠʦʜʠʯʥʦʡ.  

ʌʫʥʢʮʠʷ ʥʝʯʝʪʥʘʷ, ʪʘʢ ʢʘʢ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ()fD  

ʩʠʤʤʝʪʨʠʯʥʘ ʠ ( ) ()xfxf -=- , ʪ. ʝ. 

( )
2

3

2

3

33 x

x

x

x

-

-
=

-

-
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʩʠʤʤʝʪʨʠʯʝʥ ʦʪʥʦʩʠʪʝʣʴʥʦ 

ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ ʠ ʜʦʩʪʘʪʦʯʥʦ ʠʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʶ ʜʣʷ 0²x ; 

2) ʘʩʠʤʧʪʦʪʳ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ. ʇʦʩʢʦʣʴʢʫ ʦʜʥʦʩʪʦʨʦʥʥʠʝ 

ʧʨʝʜʝʣʳ ʚ ʪʦʯʢʘʭ 
1

3x =- , 
2

3x =  ʨʘʥʳ ʙʝʩʢʦʥʝʯʥʦʩʪʠ, ʪʦ 

ʧʨ̫ʤʳʝ 3x=-  ʠ 3x=  ʷʚʣʷʶʪʩʷ ʚʝʨʪʠʢʘʣʴʥʳʤʠ ʘʩʠʤʧʪʦʪʘʤʠ 

ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ. 

ɺʳʯʠʩʣʠʤ ʧʨʝʜʝʣʳ: 

()

( )
1

3
limlim

2

3

-=
-

===
¤­¤­ xx

x

x

xf
k

xx
, 

()( ) 0
3

3
lim

3
limlim

2

33

2

3

=
-

-+
=
ö
ö

÷

õ

æ
æ

ç

å
+

-
=-=

¤­¤­¤­ x

xxx
x

x

x
kxxfb

xxx
, 

ʇʨʷʤʘʷ xy -=  ʷʚʣʷʝʪʩʷ ʥʘʢʣʦʥʥʦʡ ʘʩʠʤʧʪʦʪʦʡ ʛʨʘʬʠʢʘ 
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ʬʫʥʢʮʠʠ; 

3) ʪʦʯʢʠ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ʠ ʠʥʪʝʨʚʘʣʳ ʤʦʥʦʪʦʥʥʦʩʪʠ 

ʬʫʥʢʮʠʠ. ʅʘʭʦʜʠʤ ʧʝʨʚʫʶ ʧʨʦʠʟʚʦʜʥʫʶ ʬʫʥʢʮʠʠ: 

( )
( )

( )
( )22

22

22

422

3

9

3

233

x

xx

x

xxx
y

-

-
=

-

+-
=¡ . 

ʌʫʥʢʮʠʷ '
y  ʦʧʨʝʜʝʣʝʥʘ ʥʘ ()fD . ɺ ʧʨʦʤʝʞʫʪʢʝ [ )+¤;0  

ʧʨʦʠʟʚʦʜʥʘʷ ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ ʚ ʪʦʯʢʘʭ 01=x , 32=x . 

ʆʧʨʝʜʝʣʷʝʤ ʠʥʪʝʨʚʘʣʳ ʤʦʥʦʪʦʥʥʦʩʪʠ ʠʟ ʥʝʨʘʚʝʥʩʪʚ 0>¡y  ʠ 

0<¡y  ʜʣʷ ʣʶʙʦʛʦ 0x² . 

ʀʤʝʝʤ: 

( )
( )

0
3

9
22

22

>
-

-

x

xx
, 09

2
>-x  Ý  30 <<x , 

ʪ. ʝ. ʬʫʥʢʮʠʷ ʚʦʟʨʘʩʪʘʝʪ ʥʘ ( )( )3;33;0 Ç . 

ɸʥʘʣʦʛʠʯʥʦ: 

( )
( )

0
3

9
22

22

<
-

-

x

xx
, 09

2
<-x  Ý  3>x , 

ʪ. ʝ. ʬʫʥʢʮʠʷ ʫʙʳʚʘʝʪ ʥʘ [ )¤;3 ; 

4) ʧʨʦʤʝʞʫʪʢʠ ʚʳʧʫʢʣʦʩʪʠ ʠ ʚʦʛʥʫʪʦʩʪʠ, ʪʦʯʢʠ ʧʝʨʝʛʠʙʘ. 

ɺʳʯʠʩʣʷʝʤ ʚʪʦʨʫʶ ʧʨʦʠʟʚʦʜʥʫʶ ʬʫʥʢʮʠʠ 
2

3

3 x

x
y

-
= : 

( )( ) ( )( )( )

( )
( )
( )32

2

42

242223

3

96

3

23293418

x

xx

x

xxxxxxx
y

-

-
=

-

------
=¡¡ . 

ʌʫʥʢʮʠʷ ''y  ʦʧʨʝʜʝʣʝʥʘ ʥʘ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ()fD . 

ʅʘʭʦʜʠʤ ʠʥʪʝʨʚʘʣʳ ʚʦʛʥʫʪʦʩʪʠ ʠ ʚʳʧʫʢʣʦʩʪʠ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ 

ʠʟ ʥʝʨʘʚʝʥʩʪʚ 0>¡¡y , 0<¡¡y  ʜʣʷ ʣʶʙʦʛʦ 0x² . 

ʀʤʝʝʤ: 

( )
( )

0
3

96
32

2

>
-

-

x

xx
, 

í
ì
ë

<<Ý
<<-

>

í
ì
ë

Ý
>-

>
30

33

,0

03

,0
2

x
x

x

x

x
, 

ʪ. ʝ. ʢʨʠʚʘʷ ʚʦʛʥʫʪʘ ʥʘ ( )3;0 . 
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ɸʥʘʣʦʛʠʯʥʦ: 

( )
( )

0
3

96
32

2

<
-

+

x

xx
, 

í
ì
ë

>Ý
>-<

>

í
ì
ë

Ý
<

>

í
ì
ë

Ý
<-

>
3

3,3

,0

3

,0

03

,0
22

x
xx

x

x

x

x

x
, 

ʪ. ʝ. ʢʨʠʚʘʷ ʚʳʧʫʢʣʘ ʥʘ ( )¤;3 . 

ɺ ʪʦʯʢʝ 0=x  ʠʤʝʝʤ 0=¡¡y  ʠ ()'' 0y x <  ʚ ʦʢʨʝʩʪʥʦʩʪʠ 

( )00; -dU , ʘ ()'' 0y x >  ʚ ʦʢʨʝʩʪʥʦʩʪʠ ( )00; +dU . ɿʥʘʯʠʪ, ʪʦʯʢʘ 

ʢʨʠʚʦʡ ʩ ʘʙʩʮʠʩʩʦʡ 0=x  ʦʪʜʝʣʷʝʪ ʠʥʪʝʨʚʘʣ ʚʳʧʫʢʣʦʩʪʠ ʢʨʠʚʦʡ ʦʪ 

ʝʝ ʠʥʪʝʨʚʘʣʘ ʚʦʛʥʫʪʦʩʪʠ. ʇʦʵʪʦʤʫ ( )0;0O  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ 

ʧʝʨʝʛʠʙʘ ʢʨʠʚʦʡ; 

5) ʣʦʢʘʣʴʥʳʝ ʵʢʩʪʨʝʤʫʤʳ. ʆʧʨʝʜʝʣʷʝʤ ʩ ʧʦʤʦʱʴʶ ʚʪʦʨʦʡ 

ʧʨʦʠʟʚʦʜʥʦʡ ()''y x  ʣʦʢʘʣʥɹʳʝ ʵʢʩʪʨʝʤʫʤʳ. ʊʘʢ ʢʘʢ ()'' 3 0y = , 

ʪʦʯʢʘ 1A  ʩ ʘʙʩʮʠʩʩʦʡ 3=x  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ 

ʤʘʢʩʠʤʫʤʘ. ɺ ʩʠʣʫ ʩʠʤʤʝʪʨʠʠ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ ʪʦʯʢʘ 2A  ʩ 

ʘʙʩʮʠʩʩʦʡ 3-=x  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠʤʫʤʘ. ʀʪʘʢ, 

( )
()

;3
max 4,5

x U
y x

dÍ
=- , 

( )
()

; 3
min 4,5

x U
y x

dÍ -
= . 

ʈʝʟʫʣʴʪʘʪʳ ʠʩʩʣʝʜʦʚʘʥʠʷ ʬʫʥʢʮʠʠ ʟʘʥʦʩʠʤ ʚ ʪʘʙʣʠʮʫ 3.1. 

 
ʊʘʙʣʠʮʘ 3. 1 ï ʈʝʟʫʣʴʪʘʪʳ ʠʩʩʣʝʜʦʚʘʥʠʷ ʬʫʥʢʮʠʠ  

x  0 ( )3;0  3  ( )3;3  3 ( )¤;3  

'
y  0 + ʅʝ ʩʫʱ. + 0 ï 

''
y  0 + ʅʝ ʩʫʱ. ï ï ï 

y  0   ʅʝ ʩʫʱ.  -4,5  
 (ʪ.ʧʝʨʝʛ)    max   

 

ʀʩʭʦʜʷ ʠʟ ʨʝʟʫʣʴʪʘʪʦʚ, ʩʦʜʝʨʞʘʱʠʭʩʷ ʚ ʪʘʙʣʠʮʝ 3. 1, ʩʪʨʦʠʤ 

ʛʨʘʬʠʢ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʜʣʷ xÍ[ )¤;0 . ʀʩʧʦʣʴʟʫʷ ʥʝʯʝʪʥʦʩʪʴ 

ʬʫʥʢʮʠʠ, ʜʦʩʪʨʘʠʚʘʝʤ ʝʝ ʛʨʘʬʠʢ ʥʘ ʚʩʝʡ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ 

(ʨʠʩʫʥʦʢ 3.4). 
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ʈʠʩʫʥʦʢ 3. 4 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ 
2

3

3 x

x
y

-
=  

 

ʊʝʤʘ 8 ʇʦʩʪʨʦʝʥʠʝ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ 

1 ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʠ ʠ ʧʦʩʪʨʦʠʪʴ ʠʭ ʛʨʘʬʠʢʠ: 

ʘ) ()=xf 1
2
-+ xx ;    ʜ) ()=xf 121

2
+-+ xx ; 

ʙ) ()=xf
23

92 xx + ;   ʝ) ()=xf
x

x 14
2
-

; 

ʚ) ()=xf xe
x
- ;     ʞ) ()=xf ( ) xex

1

2
-

- ; 

ʛ) ()=xf 1ln +-xx ;   ʠ) ()=xf xx
2

sinsin - . 

2 ʀʩʩʣʝʜʦʚʘʪʴ ʩʣʝʜʫʶʱʠʝ ʬʫʥʢʮʠʠ, ʟʘʜʘʥʥʳʝ 

ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʤʠ ʫʨʘʚʥʝʥʠʷʤʠ, ʠ ʧʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ: 

ʘ) =x ( )21
4

1
+t , =y ( )21

4

1
-t ;  ʚ) =x

1

2

-t

t
, =y

1
2
-t

t
. 

ʙ) =x
2

2

1 t

t

-
, =y

2
1

1

t+
;  ʛ) =x

52
25 tt +- , =y 32

23 tt +- ; 

3 ʀʩʩʣʝʜʦʚʘʪʴ ʩʣʝʜʫʶʱʠʝ ʬʫʥʢʮʠʠ, ʟʘʜʘʥʥʳʝ ʥʝʷʚʥʦ, ʠ 

ʧʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ: 

ʘ) 04
22

=-- xyxy ;   ʙ) 
336

2 yyxx =+  (ʧʦʣʦʞʠʪʴ txy
2

= ). 

4 ʀʩʩʣʝʜʦʚʘʪʴ ʩʣʝʜʫʶʱʠʝ ʬʫʥʢʮʠʠ, ʟʘʜʘʥʥʳʝ ʚ ʧʦʣʷʨʥʳʭ 

ʢʦʦʨʜʠʥʘʪʘʭ ʠ ʧʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ: 
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ʘ) 
j

5
=r ;     ʙ) 

j3cos

2
=r . 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʶ 
2

1

2
arcsin

x

x
y

+
=  ʠ ʧʦʩʪʨʦʠʪʴ ʝʝ 

ʛʨʘʬʠʢ. 

ʈʝʰʝʥʠʝ. 1) ʥʘʭʦʜʠʤ ()fD , ʦʧʨʝʜʝʣʷʝʤ ʪʦʯʢʠ ʨʘʟʨʳʚʘ, 

ʥʫʣʠ, ʪʦʯʢʠ ʧʝʨʝʩʝʯʝʥʠʷ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ ʩ ʦʩʴʶ Oy , 

ʧʝʨʠʦʜʠʯʥʦʩʪʴ, ʩʠʤʤʝʪʨʠʶ. ʌʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʧʨʠ ʪʝʭ 

ʟʥʘʯʝʥʠʷʭ x, ʜʣʷ ʢʦʪʦʨʳʭ, ʢʘʢ ʩʣʝʜʫʝʪ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ ʘʨʢʩʠʥʫʩʘ, 

ʚʳʧʦʣʥʝʥʦ ʥʝʨʘʚʝʥʩʪʚʦ 

1
1

2
2
¢

+x

x
. 

ɼʘʥʥʦʝ ʥʝʨʘʚʝʥʩʪʚʦ ʨʘʚʥʦʩʠʣʴʥʦ ʥʝʨʘʚʝʥʩʪʚʫ ( ) 01
2
²-x , 

ʢʦʪʦʨʦʝ ʚʝʨʥʦ ʜʣʷ ʣʶʙʳʭ ʚʝʱʝʩʪʚʝʥʥʳʭ x . 

ʀʪʘʢ, ()=fD . 

ʌʫʥʢʮʠʷ 
2

1

2

x

x

+
 ʥʝʧʨʝʨʳʚʥʘ ʚ ʣʶʙʦʡ ʪʦʯʢʝ (ʢʘʢ ʯʘʩʪʥʦʝ ʜʚʫʭ 

ʥʝʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ). ʇʦʵʪʦʤʫ ʬʫʥʢʮʠʷ 
2

1

2
arcsin

x

x
y

+
=  ʪʘʢʞʝ 

ʥʝʧʨʝʨʳʚʥʘ ʚ ʣʶʙʦʡ ʪʦʯʢʝ (ʢʘʢ ʩʫʧʝʨʧʦʟʠʮʠʷ ʥʝʧʨʝʨʳʚʥʳʭ 

ʬʫʥʢʮʠʡ). 

ʌʫʥʢʮʠʷ ʥʝʧʝʨʠʦʜʠʯʝʩʢʘʷ. 

ʇʦʩʢʦʣʴʢʫ  

( )=-xy
( )

( )
-=

-+

-
2

1

2
arcsin

x

x
2

1

2
arcsin

x

x

+
= ()xy , 

ʪʦ ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʥʝʯʝʪʥʦʡ. ʇʦʵʪʦʤʫ ʚʤʝʩʪʦ ʚʩʝʡ ʦʙʣʘʩʪʠ 

ʦʧʨʝʜʝʣʝʥʠʷ ʜʦʩʪʘʪʦʯʥʦ ʨʘʩʩʤʦʪʨʝʪʴ ʧʦʣʫʧʨʷʤʫʶ [ )+¤;0 . 

ʇʨʠ 0=x  ʠʤʝʝʤ 0=y . ɼʨʫʛʠʭ ʥʫʣʝʡ ʬʫʥʢʮʠʷ ʥʝ ʠʤʝʝʪ. ʅʘ 

ʧʦʣʫʧʨʷʤʦʡ ( )+¤;0  ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʧʦʣʦʞʠʪʝʣʴʥʦʡ; 

2) ʘʩʠʤʧʪʦʪʳ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ. ɺ ʩʠʣʫ ʥʝʧʨʝʨʳʚʥʦʩʪʠ 

ʬʫʥʢʮʠʠ 
2

1

2
arcsin

x

x
y

+
=  ʥʘ , ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʥʝ ʠʤʝʝʪ 

ʚʝʨʪʠʢʘʣʥɹʳʭ ʘʩʠʤʧʪʦʪ. ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʥʘʢʣʦʥʥʦʡ ʘʩʠʤʧʪʦʪʳ 
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ʧʨʠ +¤­x  ʚʳʯʠʩʣʠʤ ʩʣʝʜʫʶʱʠʝ ʧʨʝʜʝʣʳ: 

()
+¤­+¤­

===
xx x

xf
k limlim

2
1

2
arcsin

1

x

x

x +
=0, 

()( )
+¤­+¤­

=-=
xx

kxxfb limlim
2

1

2
arcsin

x

x

+
00arcsin == . 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʧʨʷʤʘʷ 0=y  ʷʚʣʷʝʪʩʷ ʛʦʨʠʟʦʥʪʘʣʴʥʦʡ 

ʘʩʠʤʧʪʦʪʦʡ ʧʨʠ +¤­x . 

ɸʥʘʣʦʛʠʯʥʦ ʫʩʪʘʥʘʚʣʠʚʘʝʪʩʷ, ʯʪʦ ʧʨʷʤʘʷ 0=y  ï 

ʛʦʨʠʟʦʥʪʘʣʥɹʦʡ ʘʩʠʤʧʪʦʪʦʡ ʧʨʠ -¤­x ; 

3) ʪʦʯʢʠ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ʠ ʠʥʪʝʨʚʘʣʳ ʤʦʥʦʪʦʥʥʦʩʪʠ 

ʬʫʥʢʮʠʠ. 

ʅʘʡʜʝʤ ʪʦʯʢʠ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ʥʘ ʧʦʣʫʧʨʷʤʦʡ [ )+¤;0 . 

ɺʳʯʠʩʣʠʤ ʧʨʦʠʟʚʦʜʥʫʶ ʬʫʥʢʮʠʠ ʧʨʠ 1̧x : 

( )

( )
( )

=
+

-+
Ö

+
-

=ö
÷

õ
æ
ç

å

+
=

22

22

22

2

'

2

'

1

412

1

4
1

1

1

2
arcsin

x

xx

x

xx

x
y  

( )
( )

( )
2

2

22

2

2

2

1

1sgn2

1

12

1

1

x

x

x

x

x

x

+

-
=

+

-
Ö

-

+
= . 

ʆʪʩʶʜʘ ʚʠʜʥʦ, ʯʪʦ ʧʨʦʠʟʚʦʜʥʘʷ ʥʝ ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ ʥʠ ʚ 

ʦʜʥʦʡ ʪʦʯʢʝ. ʊʘʢ ʢʘʢ ( ) 101
'

-=+y , ( ) 101
'

=-y , ʪʦ ʪʦʯʢʘ 1=x  

ʷʚʣ̫ʝʪʩʷ ʪʦʯʢʦʡ ʠʟʣʦʤʘ. ɿʥʘʯʠʪ, ʠʤʝʝʤ ʪʦʣʴʢʦ ʦʜʥʫ ʪʦʯʢʫ 

ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ 1=x . 

ʇʨʦʤʝʞʫʪʢʠ ʤʦʥʦʪʦʥʥʦʩʪʠ ʬʫʥʢʮʠʠ ʦʧʨʝʜʝʣʷʶʪʩʷ ʟʥʘʢʦʤ 

ʧʨʦʠʟʚʦʜʥʦʡ: 0
'
>y  ʧʨʠ [ )1;0Íx , 0

'
<y  ʧʨʠ ( )+¤Í ;1x . 

ɿʥʘʢ ʧʨʦʠʟʚʦʜʥʦʡ ʧʨʠ ʧʝʨʝʭʦʜʝ ʯʝʨʝʟ ʪʦʯʢʫ 1=x  ʤʝʥʷʝʪʩʷ ʩ 

ʧʣʶʩʘ ʥʘ ʤʠʥʫʩ. ʇʦʵʪʦʤʫ ʚ ʪʦʯʢʝ 1=x  ʬʫʥʢʮʠʷ ʠʤʝʝʪ ʣʦʢʘʣʥɹʳʡ 

ʤʘʢʩʠʤʫʤ, ʧʨʠʯʝʤ ()
2

1arcsin1
p
==y . 

ʆʪʤʝʪʠʤ, ʯʪʦ ʚ ʪʦʯʢʝ 1=x  ʬʫʥʢʮʠʷ ʥʝʧʨʝʨʳʚʥʘ, ʘ ʝʝ 

ʧʨʦʠʟʚʦʜʥʘʷ ʠʤʝʝʪ ʨʘʟʨʳʚ 1-ʛʦ ʨʦʜʘ. ɿʥʘʯʠʪ, ʪʦʯʢʘ ʛʨʘʬʠʢʘ ö
÷

õ
æ
ç

å

2
;1
p

 

ʷʚʣ̫ʝʪʩʷ ʫʛʣʦʚʦʡ ʪʦʯʢʦʡ; 

4) ʧʨʦʤʝʞʫʪʢʠ ʚʳʧʫʢʣʦʩʪʠ ʠ ʚʦʛʥʫʪʦʩʪʠ, ʪʦʯʢʠ ʧʝʨʝʛʠʙʘ. 

ɺʪʦʨʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʧʨʠ 1̧x  ʠʤʝʝʪ ʚʠʜ 
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( )
( )22

2
''

1

1sgn4

x

xx
y

+

--
= . 

ʅʘʧʨʘʚʣʝʥʠʝ ʚʳʧʫʢʣʦʩʪʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʟʥʘʢʦʤ ʚʪʦʨʦʡ 

ʧʨʦʠʟʚʦʜʥʦʡ:  

ï ''
y 0<  ʧʨʠ [ )1;0Íx , ʟʥʘʯʠʪ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʥʘ ʵʪʦʤ 

ʧʨʦʤʝʞʫʪʢʝ ʚʳʧʫʢʣʳʡ, 

ï ''
y 0>  ʧʨʠ ( )+¤Í ;1x , ʟʥʘʯʠʪ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʥʘ ʵʪʦʤ 

ʧʨʦʤʝʞʫʪʢʝ ʚʦʛʥʫʪ. 

ʊʘʢ ʢʘʢ ʚʪʦʨʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ ʣʠʰʴ ʧʨʠ 0=x  

ʠ ʧʨʠ ʧʝʨʝʭʦʜʝ ʯʝʨʝʟ ʪʦʯʢʫ 0=x  ʤʝʥʷʝʪ ʟʥʘʢ, ʪʦ ʚ ʪʦʯʢʝ ( )0;0  

ʛʨʘʬʠʢ ʬʫʥʢʮʠʡ ʠʤʝʝʪ ʧʝʨʝʛʠʙ. 

ʈʝʟʫʣʴʪʘʪʳ ʠʩʩʣʝʜʦʚʘʥʠʷ ʬʫʥʢʮʠʠ ʟʘʥʦʩʠʤ ʚ ʪʘʙʣʠʮʫ 3. 2. 

 

ʊʘʙʣʠʮʘ 3. 2 ï ʈʝʟʫʣʴʪʘʪʳ ʠʩʩʣʝʜʦʚʘʥʠʷ ʬʫʥʢʮʠʠ 
2

1

2
arcsin

x

x
y

+
=  

x  0 ( )1;0  1 ( )¤;1  

'
y  2 + ʅʝ ʩʫʱ. ï 

''
y  0 ï ʅʝ ʩʫʱ. + 

y  0   
2

p
  

 
ʊʦʯʢʘ 

ʧʝʨʝʛ. 
 

max  

ʋʛʣ.ʪʦʯ. 
 

 

ʀʩʭʦʜʷ ʠʟ ʨʝʟʫʣʴʪʘʪʦʚ, ʩʦʜʝʨʞʘʱʠʭʩʷ ʚ ʪʘʙʣʠʮʝ 3.2, ʩʪʨʦʠʤ 

ʛʨʘʬʠʢ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʥʘ ʧʦʣʫʧʨʷʤʦʡ [ )¤;0 . 

ʀʩʧʦʣʴʟʫʷ ʥʝʯʝʪʥʦʩʪʴ ʬʫʥʢʮʠʠ, ʜʦʩʪʨʘʠʚʘʝʤ ʝʝ ʛʨʘʬʠʢ ʥʘ ʚʩʝʡ 

ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ (ʨʠʩʫʥʦʢ 4. 5). 
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ʈʠʩʫʥʦʢ 3. 5 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ 
2

1

2
arcsin

x

x
y

+
=  

 

2 ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʶ, ʟʘʜʘʥʥʫʶ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʤʠ 

ʫʨʘʚʥʝʥʠʷʤʠ, ʠ ʧʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ 

2
1 t

t
x

-
= , 

( )
2

2

1

21

t

tt
y

-

-
= . 

ʈʝʰʝʥʠʝ. 1) ʬʫʥʢʮʠʠ ()tx , ()ty  ʦʧʨʝʜʝʣʝʥʳ ʥʘ ʤʥʦʞʝʩʪʚʝ 

( )( )( )+¤Ç-Ç-¤-= ;11;11;T . 

ʇʦʩʢʦʣʴʢʫ 

() 0lim =
-¤­

tx
t

, () -¤=
-¤­

ty
t
lim , 

() 0lim =
+¤­

tx
t

, () -¤=
­¤

ty
t
lim , 

ʪʦ 0=x  ï ʚʝʨʪʠʢʘʣʴʥʘʷ ʘʩʠʤʧʪʦʪʘ ʢʨʠʚʦʡ. 

ʅʘʡʜʝʤ ʦʜʥʦʩʪʦʨʦʥʥʠʝ ʧʨʝʜʝʣʳ ʚ ʪʦʯʢʘʭ 1-=t  ʠ 1=t : 

() +¤=
--­

tx
t 01
lim , () -¤=

+-­
tx

t 01
lim , 

() -¤=
--­

ty
t 01
lim , () +¤=

+-­
ty

t 01
lim , 

() +¤=
-­

tx
t 01
lim , () -¤=

+­
tx

t 01
lim , 

() -¤=
-­

ty
t 01
lim , () +¤=

+­
ty

t 01
lim . 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʧʨʠ 1-­t  ʠ 1­t  ʚʦʟʤʦʞʥʳ ʥʘʢʣʦʥʥʳʝ 

ʘʩʠʤʧʪʦʪʳ. 

ʊʘʢ ʢʘʢ ʧʨʠ 1­t  

( ) 121limlim
2

01
-=-=

°­°¤­
t

x

y

tx
,   ( )

2

3

1

21
limlim

2

2

01
=

-

-+
=+

°­°¤­ t

tt
xy

tx
, 

ʪʦ ʧʨʷʤʘʷ 
2

3
+-= xy  ï ʥʘʢʣʦʥʥʘʷ ʘʩʠʤʧʪʦʪʘ. 

ʊʘʢ ʢʘʢ ʧʨʠ 1-­t  

( ) 121limlim
2

01
-=-=

°-­°¤­
t

x

y

tx
, 

( )
2

3

1

21
limlim

2

2

01
-=

-

-+
=+

°-­°¤­ t

tt
xy

tx
, 

ʪʦ ʧʨʷʤʘʷ 
2

3
--= xy  ï ʥʘʢʣʦʥʥʘʷ ʘʩʠʤʧʪʦʪʘ. 
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ʀʪʘʢ, 

( )( )( )0;;;0 ¤-Ç+¤¤-Ç+¤Íx ,  

( )( )( )+¤¤+Ç-¤¤+Ç-¤¤-Í ;;;y ; 

2) ʪʘʢ ʢʘʢ 

( )
( )

()tx
t

t
tx -=

--

-
=-

2
1

,   ( )
( )( )
( )

()ty
t

tt
ty -=

--

---
=-

2

2

1

21
, 

ʪʦ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʩʠʤʤʝʪʨʠʯʝʥ ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ 

( )0;0O . ʇʦʵʪʦʤʫ ʨʘʩʩʤʦʪʨʠʤ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʪʦʣʴʢʦ ʥʘ 

ʤʥʦʞʝʩʪʚʝ [ )( )+¤Ç= ;11;01T ; 

3) ʥʘ ʤʥʦʞʝʩʪʚʝ [ )( )+¤Ç= ;11;01T  ʠʤʝʝʤ 0=x  ʧʨʠ 0=t , 

0=y  ʧʨʠ 0=t  ʠ 
2

1
=t ; 

4) ʥʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʡ ()tx , ()ty : 

()
( )22

2

1

1

t

t
tx

-

+
=# ,   ()

( )22

24

1

152

t

tt
ty

-

+-
=# . 

ʅʘ ʤʥʦʞʝʩʪʚʝ [ )( )+¤Ç= ;11;01T  0=x#  ʠ 0=y#  ʧʨʠ  

175
2

1
1 -=t º0,47 ʠ 175

2

1
2 +=t º1,51. 

ʊʦʛʜʘ 
1

0,6x = , 
1

0,3y =  ʠ 
2

0,7x =- , 2
2,3y = , ʪ. ʝ. ʠʤʝʝʤ 

ʪʦʯʢʠ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ 
1
(0,6;0,3)M  ʠ 

2
( 0,7;2,3)M - ; 

5) ʥʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ '

x
y  ʠ ' '

xx
y : 

'

x
y

4 2

2

2 5 1

1

y t t

x t

- +
= =

+
,   

( )

()

( )( )

( )

' 3
2 2

' '

3
2

4 1 3

1

x

xx

d
y t t t

dty
x t t

- - +
= =

+
. 

ʆʪʩʶʜʘ 
' '

0
xx

y ¢  ʧʨʠ [ )1;0Ít , 
' '

0
xx

y ²  ʧʨʠ ( )+¤Í ;1t ; 

6) ʩʦʩʪʘʚʠʤ ʪʘʙʣʠʮʫ ʨʝʟʫʣʴʪʘʪʦʚ ʠʩʩʣʝʜʦʚʘʥʠʷ (ʪʘʙʣʠʮʘ 3. 3): 

 
ʊʘʙʣʠʮʘ 3. 3 ï ʈʝʟʫʣʴʪʘʪʳ ʠʩʩʣʝʜʦʚʘʥʠʷ ʬʫʥʢʮʠʠ 

( )1; +pp tt  ( )47,0;0

 

0,4
7 

( )1;47,0  ( )51,1;1  1,5
1 

( )+¤;51,1

 

( )1; +pp xx

 

( )6,0;0  0,6 ( )+¤;6,0

 

( )7,0;-¤-

 

-0,7 ( )0;7,0-  
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( )1; +pp yy

 

( )3,0;0  0,3 ( )-¤;3,0

 

( )3,2;¤+  2,3 ( )+¤;3,2  

ɿʥʘʢ ' '

xx
y  + + + ï ï ï 

 

7) ʩʪʨʦʠʤ ʯʘʩʪʴ ʢʨʠʚʦʡ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʫʶ ʤʥʦʞʝʩʪʚʫ 

[ )( )+¤Ç= ;11;01T . ɼʘʣʝʝ, ʠʩʧʦʣʴʟʫʷ ʩʠʤʤʝʪʨʠʶ ʢʨʠʚʦʡ, ʧʦʩʪʨʦʠʤ 

ʚʩʶ ʢʨʠʚʫʶ (ʨʠʩʫʥʦʢ 3. 6). 

 
ʈʠʩʫʥʦʢ 3. 6 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ 

 
2

1 t

t
x

-
= , 

( )
2

2

1

21

t

tt
y

-

-
= . 

 

3 ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʶ ʟʘʜʘʥʥʫʶ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʤʠ 

ʫʨʘʚʥʝʥʠʷʤʠ ʠ ʧʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ 
2

2 ttx -= , 
3

3 tty -= . 

ʈʝʰʝʥʠʝ. 1) ʬʫʥʢʮʠʠ ()tx , ()ty  ʦʧʨʝʜʝʣʝʥʳ ʥʘ . 

ʇʨʠ ʵʪʦʤ  

() -¤=
-¤­

tx
t
lim , () +¤=

-¤­
ty

t
lim ,   () -¤=

+¤­
tx

t
lim , () -¤=

¤­
ty

t
lim . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚʦʟʤʦʞʥʳ ʥʘʢʣʦʥʥʳʝ ʘʩʠʤʧʪʦʪʳ. 

ʊʘʢ ʢʘʢ  

¤=
-

-
=

°¤­-¤­
2

3

2

3
limlim

tt

tt

x

y

tx
, 

ʪʦ ʥʘʢʣʦʥʥʳʭ ʘʩʠʤʧʪʦʪ ʥʝʪ; 

2) ʩʠʤʤʝʪʨʠʝʡ ʠ ʧʝʨʠʦʜʠʯʥʦʩʪʴ  ʁʬʫʥʢʮʠʷ ʥʝ ʦʙʣʘʜʘʝʪ; 
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3) ʠʤʝʝʤ 0=x  ʧʨʠ 0=t  ʠ 2=t ; 0=y  ʧʨʠ 0=t , 3-=t  ʠ 

3=t ; 

4) ʥʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʡ ()tx , ()ty : 

() ( )2 1x t t= - ,    () ( )213 tty -=# . 

ʀʤʝʝʤ 0=x#  ʧʨʠ 1=t , 0=y#  ʧʨʠ 1=t  ʠ 1-=t . ʊʦʛʜʘ ʪʦʯʢʠ 

ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ( )1;2W , ( )3; 2N - - ; 

5) ʥʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ '

x
y  ʠ ' '

xx
y : 

'

x
y

( )
( )

( )
2

3 1 3 1

2 1 2

t ty

x t

- +
= = =

-
, ' '

xx
y

( )

3

4 1 t
=

-
, 1t ¸ . 

ʆʪʩʶʜʘ ' '
0

xx
y >  ʧʨʠ ( )1;¤-Ít , ' '

0
xx

y <  ʧʨʠ ( )+¤Í ;1t ; 

6) ʩʦʩʪʘʚʠʤ ʪʘʙʣʠʮʫ ʨʝʟʫʣʴʪʘʪʦʚ ʠʩʩʣʝʜʦʚʘʥʠʷ (ʪʘʙʣʠʮʘ 3. 4); 

 
ʊʘʙʣʠʮʘ 3. 4 ï ʈʝʟʫʣʴʪʘʪʳ ʠʩʩʣʝʜʦʚʘʥʠʷ ʬʫʥʢʮʠʠ 

( )1; +pp tt  ( )1;-¤-  -1 ( )1;1-  1 ( )+¤;1  

( )1; +pp xx  ( )3;-¤-  -3 ( )1;3-  1 ( )+¤;1  

( )1; +pp yy  ( )2;-¤+  -2 ( )2;2-  2 ( )-¤;2  

ɿʥʘʢ ' '

xx
y  + + +  - 

 

7) ʩʪʨʦʠʤ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ. ʇʝʨʚʘʷ ʧʨʦʠʟʚʦʜʥʘʷ 
'

x
y  ʥʝ ʦʧʨʝʜʝʣʝʥʘ 

ʚ ʪʦʯʢʝ 1t=, ʧʦʵʪʦʤʫ ʪʦʯʢʘ ( )2;1W  ʷʚʣʷʝʪʩʷ ʫʛʣʦʚʦʡ ʪʦʯʢʦʡ 

ʛʨʘʬʠʢʘ. 

 

ʈʠʩʫʥʦʢ 3. 7 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ  
2

2 ttx -= , 
3

3 tty -=  

 

4 ʀʩʩʣʝʜʦʚʘʪʴ ʬʫʥʢʮʠʶ, ʟʘʜʘʥʥʫʶ ʥʝʷʚʥʦ ʠ ʧʦʩʪʨʦʠʪʴ ʝʝ 

ʛʨʘʬʠʢ:  
2 2 4

x y x= +  



 

 215 

ʈʝʰʝʥʠʝ. 1 ʩʧʦʩʦʙ. ʈʘʟʨʝʰʘʷ ʜʘʥʥʦʝ ʫʨʘʚʥʝʥʠʝ 

ʦʪʥʦʩʠʪʝʣʥɹʦ y, ʧʦʣʫʯʠʤ 
2

1y x x=° - . 

ʌʫʥʢʮʠʠ 
2

1
1y x x= -  ʠ 

2

2
1y x x=- -  ʩʠʤʤʝʪʨʠʯʥʳ 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ 0x, ʪʦ ʠʩʩʣʝʜʦʚʘʥʠʝ ʤʦʞʥʦ ʧʨʦʚʝʩʪʠ ʜʣʷ 

ʬʫʥʢʮʠʠ 1
y . ʕʪʘ ʬʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʥʘ ʦʪʨʝʟʢʝ [ ]1;1- , ʪ. ʝ. 

( )1D y =[ ]1;1- . ʌʫʥʢʮʠʷ 1
y  ʨʘʚʥʘ ʥʫʣʶ ʧʨʠ 1x=-, 1x= , 0x= . 

ʅʘ ʦʙʣʘʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ( )1D y  ʬʫʥʢʮʠʷ ʷʚʣʷʝʪʩʷ ʥʝʯʝʪʥʦʡ. 

ʅʘʭʦʜʠʤ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʠ 1
y : 

'

1
y =

2

2

1 2

1

x

x

-

-
,    ' '

1
y =

( )

( )

2

3
2

2 3

1

x x

x

-

-

. 

ʊʦʯʢʘʤʠ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ʷʚʣʷʶʪʩʷ ʪʦʯʢʠ: 

1

1

2
x =- , 

2

1

2
x = , 

3
1x =-, 4

1x = . 

ʊʦʯʢʠ 3
x  ʠ 4

x  ʷʚʣʷʶʪʩʷ ʛʨʘʥʠʯʥʳʤʠ ʪʦʯʢʘʤʠ ʦʙʣʘʩʪʠ 

ʦʧʨʝʜʝʣʝʥʠʷ ( )1D y . ʆʧʨʝʜʝʣʠʤ ʭʘʨʘʢʪʝʨ ʪʦʯʝʢ 
1

x  ʠ 2
x  ʩ 

ʧʦʤʦʱʴʶ ʚʪʦʨʦʡ ʧʨʦʠʟʚʦʜʥʦʡ: 

' '

1

1

2
y
å õ
-æ ö
ç ÷

=

2

3
2

1 1
2 3

2 2

1
1

2

å õå õ å õ
- - -æ öæ ö æ öæ öç ÷ ç ÷ç ÷

å õå õ
- -æ öæ öæ öç ÷ç ÷

= 4 > 0, 

' '

1

1

2
y
å õ
æ ö
ç ÷

=

2

3
2

1 1
2 3

2 2

1
1

2

å õå õ
-æ öæ öæ öç ÷ç ÷

å õå õ
-æ öæ öæ öç ÷ç ÷

= ï 4 < 0. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
1

1/ 2x =-  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʤʠʥʠʤʫʤʘ, 

2
1/ 2x =  ï ʪʦʯʢʦʡ ʤʘʢʩʠʤʫʤʘ. ɿʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ 1

y  ʚ ʵʪʠʭ 

ʪʦʯʢʘʭ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʨʘʚʥʳ: 
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1

1

2
y
å õ
-æ ö
ç ÷

=

2

1 1
1

2 2

å õ
- - -æ ö

ç ÷
= ï

1

2
, 

1

1

2
y
å õ
æ ö
ç ÷

=

2

1 1
1

2 2

å õ
-æ ö
ç ÷

= 
1

2
. 

ɺ ʪʦʯʢʝ 0x=  ʚʪʦʨʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ. ʇʨʠ 

( )1;0xÍ -  ʠʤʝʝʤ ' '

1
y  <0, ʧʨʠ ( )0;1xÍ  ʠʤʝʝʤ ' '

1
y  >0. 

ʉʣʝʜʦʚʘʪʝʣʥɹʦ, ʪʦʯʢʘ ( )0,0O  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʧʝʨʝʛʠʙʘ ʛʨʘʬʠʢʘ 

ʬʫʥʢʮʠʠ 
2

1
1y x x= - . 

ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ 
2

1
1y x x= -  ʠʟʦʙʨʘʞʝʥ ʥʘ ʨʠʩʫʥʢʝ  3. 8. 

ʆʪʦʙʨʘʞʘʷ ʧʦʩʪʨʦʝʥʥʳʡ ʛʨʘʬʠʢ ʩʠʤʤʝʪʨʠʯʥʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ 

0x, ʧʦʣʫʯʠʤ ʛʨʘʬʠʢ ʠʩʭʦʜʥʦʡ ʬʫʥʢʮʠʠ 
2

1y x x=° -  (ʨʠʩʫʥʦʢ 3. 

9). ɺʠʜʥʦ, ʚ ʪʦʯʢʝ ( )0,0O  ʛʨʘʬʠʢ ʧʝʨʝʩʝʢʘʝʪ ʩʝʙʷ, ʧʦʵʪʦʤʫ 

ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʩʘʤʦʧʝʨʝʩʝʯʝʥʠʷ. 

 

 
 

ʈʠʩʫʥʦʢ 3. 8 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ 

2

1
1y x x= -  

ʈʠʩʫʥʦʢ 3. 9 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ 
2 2 4

x y x= +  

 

2 ʩʧʦʩʦʙ. ʇʦʣʘʛʘʷ 2
shy x t=  ʠʟ ʫʨʘʚʥʝʥʠʷ 2 2 4

x y x= + , 

ʧʦʣʫʯʠʤ 
2

2

1

ch
x

t
= . ʆʪʩʶʜʘ 

1

ch
x

t
=° . ʇʦʩʢʦʣʴʢʫ ( ) ()y x y x- = , 

ʪʦ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʩʠʤʤʝʪʨʠʯʝʥ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ 0y, ʠ ʧʦʵʪʦʤʫ 

ʙʫʜʝʤ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʩʣʫʯʘʡ 0x> . 

ʊʦʛʜʘ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ ʢʨʠʚʦʡ ʠʤʝʶʪ ʚʠʜ:  

()
1

ch
x t

t
= ,    ()

2

sh

ch

t
y t

t
= . 

ʀʩʩʣʝʜʦʚʘʥʠʝ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʧʨʦʚʦʜʠʪʩʷ ʧʦ ʩʭʝʤʝ ʜʣʷ 

ʬʫʥʢʮʠʡ, ʟʘʜʘʥʥʳʭ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʤʠ ʫʨʘʚʥʝʥʠʷʤʠ. 
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1) ʬʫʥʢʮʠʠ ()tx , ()ty  ʦʧʨʝʜʝʣʝʥʳ ʥʘ . 

ʇʨʠ ʵʪʦʤ  

()lim 0
t

x t
­-¤

= , ()lim 0
t

y t
­-¤

= ,   ()lim 0
t

x t
­+¤

= , ()lim 0
t

y t
­¤

= . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʥʘʢʣʦʥʥʳʝ ʘʩʠʤʧʪʦʪʳ ʦʪʩʫʪʩʪʚʫʶʪ; 

2) ʪʘʢ ʢʘʢ ( ) ()x t x t- = , ( ) ()y t y t- =- , ʪʦ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ 

ʩʠʤʤʝʪʨʠʯʝʥ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ 0x . 

ʉʚʦʡʩʪʚʦʤ ʧʝʨʠʦʜʠʯʥʦʩʪʠ ʬʫʥʢʮʠʷ ʥʝ ʦʙʣʘʜʘʝʪ; 

3) ʠʤʝʝʤ 1x= , 0=y  ʧʨʠ 0=t ; 

4) ʥʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʡ ()tx , ()ty : 

()
2

sh

ch

t
x t

t
=- ,    ()

2

3

1 sh

ch

t
y t

t

-
= . 

ʀʤʝʝʤ 0=x#  ʧʨʠ 0t= , 0=y#  ʚ ʪʦʯʢʘʭ 
1

arsh1t =-  ʠ 
2

arsh1t = ; 

5) ʥʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ '

x
y  ʠ ''

xx
y : 

'

x
y

2
sh 1

sh ch

y t

x t t

-
= =

Ö
,  ''

xx
y

( )2 2 2

3

sh sh ch 1

sh

t t t

t

+ +
=- . 

ʊʘʢ ʢʘʢ ( )''
arsh1 0

xx
y - >, ʪʦ 

min
arsh1t =- . ʊʦʛʜʘ  

min
1/ 2x = , 

min
1/2y =- . 

ʊʘʢ ʢʘʢ ( )''
arsh1 0

xx
y < , ʪʦ 

max
arsh1t = . ʊʦʛʜʘ   

max
1/ 2x = , 

max
1/ 2y = ; 

6) ʩʪʨʦʠʤ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ()
1

ch
x t

t
= , ()

2

sh

ch

t
y t

t
=  

(ʨʠʩʫʥʦʢ 3. 10). ʆʪʦʙʨʘʞʘʷ ʩʠʤʤʝʪʨʠʯʥʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʩʠ 0y , 

ʧʦʣʫʯʘʝʤ ʛʨʘʬʠʢ ʠʩʭʦʜʥʦʡ ʬʫʥʢʮʠʠ (ʨʠʩʫʥʦʢ 3.11). 

 

 

 

  

ʈʠʩʫʥʦʢ 3. 10 ï ɻʨʘʬʠʢ 

ʬʫʥʢʮʠʠ 

ʈʠʩʫʥʦʢ 3. 11 ï ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ 
2 2 4

x y x= +  
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()
1

ch
x t

t
= , ()

2

sh

ch

t
y t

t
= , 

 

5 ʀʩʩʣʝʜʦʚʘʪʴ ʠ ʧʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ  

()
3 3

3sin cos

cos sin
r

j j
j

j j
=

+
. 

ʈʝʰʝʥʠʝ. ɼʘʥʥʘʷ ʬʫʥʢʮʠʷ ʧʨʠ ʪʝʭ ʟʥʘʯʝʥʠʷʭ j, ʜʣʷ 

ʢʦʪʦʨʳʭ, ʢʘʢ ʩʣʝʜʫʝʪ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ ʧʦʣʷʨʥʦʛʦ ʨʘʜʠʫʩʘ, 

ʚʳʧʦʣʥʝʥʦ ʥʝʨʘʚʝʥʩʪʚʦ 

3 3

3sin cos
0

cos sin

j j

j j
²

+
. 

ʂʨʦʤʝ ʪʦʛʦ, ʬʫʥʢʮʠʷ ()r j  ʷʚʣʷʝʪʩʷ 2pʧʝʨʠʦʜʠʯʝʩʢʦʡ, ʪʦ 

ʜʦʩʪʘʪʦʯʥʦ ʨʘʩʩʤʦʪʨʝʪʴ ʧʨʦʤʝʞʫʪʦʢ 

3
; 0; ;

2 4 2 4

p p p p
p

è õ è ø å ø
- -ö æé é ù ù
ê ÷ ê ú ç ú

. 

ʇʦʩʢʦʣʴʢʫ  

3 3
0

4

3sin cos
lim

cos sinp
j

j j

j j­- -

=+¤
+

, 

3 3
0

4

3sin cos 1
lim sin( )

cos sin 4 2p
j

j j p
j

j j­- -

+ =-
+

, 

ʪʦ ʧʨʷʤʘʷ  

1

2 sin
4

r
p

j

=-
å õ
+æ ö

ç ÷

 

ʷʚʣʷʝʪʩʷ ʘʩʠʤʧʪʦʪʦʡ ʧʨʠ 0
4

p
j­- -. 

ɸʥʘʣʦʛʠʯʥʦ 

3 33
0

4

3sin cos
lim

cos sinp
j

j j

j j­ +

=+¤
+

, 

3 33
0

4

3sin cos 3 1
lim sin( )

cos sin 4 2p
j

j j p
j

j j­ +

- =
+

, 

ʠ ʧʨʷʤʘʷ 
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1

3
2 sin

4

r
p

j

=
å õ
-æ ö

ç ÷

 

ʷʚʣʷʝʪʩʷ ʘʩʠʤʧʪʦʪʦʡ ʧʨʠ 
3

0
4

p
j­ + .  

ʊʘʢ ʢʘʢ 
3

sin sin
4 4

p p
j j
å õ å õ
- =- +æ ö æ ö

ç ÷ ç ÷
, ʪʦ ʵʪʦ ʦʜʥʘ ʠ ʪʘ ʞʝ ʧʨʤ̫ʘʷ.  

ɽʩʣʠ cos 0j= , ʪʦ ʩʣʝʜʫʝʪ r =0, ʪ. ʝ. ʠʤʝʝʤ ʪʦʯʢʫ 0x y= = . 

ʇʨʠ cos 0j¸ , ʧʦʣʘʛʘʷ tgt j= , ʧʦʣʫʯʠʤ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʝ 

ʟʘʜʘʥʠʝ ʢʨʠʚʦʡ: 

3

3

1

t
x

t
=
+

, 
2

3

3

1

t
y

t
=
+

. 

ʅʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ  

( )

( )

3

2
3

3 1 2

1

t
x

t

-
=

+
,    

( )

( )

3

2
3

3 2

1

t t
y

t

-
=

+
. 

ʀʤʝʝʤ 0x=  ʧʨʠ 
3

1

2
t= , 0y=  ʧʨʠ  0t=  ʠ 3 2t = . 

ʅʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ 
'

f  ʠ 
''

f : 

( )3

3

2
'

1 2
x

t t
y

t

-
=
-

,    
( )

( )

4
3

3
3

2 1
''

3 1 2
xx

t
y

t

+
=

-
. 

ʇʨʠ ( ); 1tÍ -¤ - ʠʤʝʝʤ 'x
y <0 ʠ '' 0

xx
y > , ʟʥʘʯʠʪ ʬʫʥʢʮʠʷ 

ʫʙrʚʘʝʪ ʠ ʚʦʛʥʫʪʘ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦʜʭʦʜʠʪ ʢ ʘʩʠʤʧʪʦʪʝ ʩʚʝʨʭʫ. 

ʇʨʠ ( )1;0tÍ -  ʠʤʝʝʤ ' 0
x

y <  ʠ '' 0
xx

y > , ʟʥʘʯʠʪ, ʬʫʥʢʮʠʷ 

ʫʙrʚʘʝʪ ʠ ʚʦʛʥʫʪʘ. ʇʨʠ ʵʪʦʤ  

min min
0x y= = 

ʇʨʠ 
3

1
0;

2
t
å õ
Íæ ö
ç ÷

 ʠʤʝʝʤ ' 0
x

y >  ʠ '' 0
xx

y > , ʟʥʘʯʠʪ, ʬʫʥʢʮʠʷ 

ʚʦʟʨʘʩʪʘʝʪ ʠ ʚʦʛʥʫʪʘ. ʇʨʠ ʵʪʦʤ  

3

3

1
4

2
x
å õ

=æ ö
ç ÷

,  3

3

1
2

2
y
å õ

=æ ö
ç ÷

. 
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ʇʨʠ 3

3

1
; 2

2
t
å õ
Íæ ö
ç ÷

 ʠʤʝʝʤ ' 0
x

y <  ʠ '' 0
xx

y < , ʟʥʘʯʠʪ, ʬʫʥʢʮʠʷ 

ʚʦʟʨʘʩʪʘʝʪ ʠ ʚʳʧʫʢʣʘ. ʇʨʠ ʵʪʦʤ  

( )3 3

max
2 2x x= = ,  ( )3 3

max
2 4y y= = . 

ʇʨʠ ( )3 2;tÍ +¤ ʠʤʝʝʤ ' 0
x

y >  ʠ '' 0
xx

y < , ʟʥʘʯʠʪ, ʬʫʥʢʮʠʷ 

ʚʦʟʨʘʩʪʘʝʪ ʠ ʚʳʧʫʢʣʘ.  

ʊʘʢ ʢʘʢ lim
t

y

x­+¤
=+¤, ʪʦ ( )0;0O  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʚʦʟʚʨʘʪʘ.  

ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ ()
3 3

3sin cos

cos sin
r

j j
j

j j
=

+
 ʥʘʟʳʚʘʝʪʩʷ  ʜʝʢʘʨʪʦʚ 

ʣʠʩʪ ʠ ʠʟʦʙʨʘʞʝʥ ʥʘ ʨʠʩʫʥʢʝ 3. 12. ɺ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʝ 

ʢʦʦʨʜʠʥʘʪ ʜʝʢʘʨʪʦʚ ʣʠʩʪ ʟʘʜʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ: 
3 3

3x y xy+ = . 

 
ʈʠʩʫʥʦʢ 3. 12 ï ɼʝʢʘʨʪʦʚ ʣʠʩʪ 

 

ʊʝʤʘ 9 ɺʝʢʪʦʨʥʳʝ ʬʫʥʢʮʠʠ 

1 ʅʘʡʪʠ ʛʦʜʦʛʨʘʬʳ ʚʝʢʪʦʨ ʬʫʥʢʮʠʡ: 

ʘ) ( ) ( ) ktjtitr
CCCC

42312 ++-+-= , Ít ; 

ʙ) jtitr
CCC 22

11 ++-= , []1;0Ít ; 

ʚ) ( ) ( ) ktjtitr
CCCC

42312 ++-+-= ; 

ʛ) ktjitr
CCCC

sh3ch4 +-= , Ít . 

2 ɼʘʥʦ ʫʨʘʚʥʝʥʠʝ ʜʚʠʞʝʥʠʷ ( )jttitr
CCC 2

43 -+= . ʆʧʨʝʜʝʣʠʪʴ 

ʪʨʘʝʢʪʦʨʠʶ ʠ ʩʢʦʨʦʩʪʴ ʜʚʠʞʝʥʠʷ. ʇʦʩʪʨʦʠʪʴ ʚʝʢʪʦʨʳ ʩʢʦʨʦʩʪʠ ʜʣʷ 

ʤʦʤʝʥʪʦʚ 0=t , 1=t , 2=t , 3=t . 
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3 ʅʘʡʪʠ ʝʜʠʥʠʯʥʳʡ ʢʘʩʘʪʝʣʴʥʳʡ ʚʝʢʪʦʨ ʛʦʜʦʛʨʘʬʘ ʚʝʢʪʦʨ-

ʬʫʥʢʮʠʠ 

( ) ( ) ( )ktjtitr
CCCC

2112
32
+-++-=  

ʧʨʠ 0=t . 

4 ʇʦʢʘʟʘʪʴ, ʯʪʦ ʚʝʢʪʦʨʳ  

kjtitr
CCCC
++= sincos  ʠ 

'
r
C

 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ. 

5 ɼʣʷ ʩʣʝʜʫʶʱʠʭ ʢʨʠʚʳʭ ʥʘʧʠʩʘʪʴ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ 

ʧʣʦʩʢʦʩʪʠ ʠ ʫʨʘʚʥʝʥʠʝ ʥʦʨʤʘʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʚ ʜʘʥʥʦʡ ʪʦʯʢʝ: 

ʘ) =x t
2

sin4 , =y tt cossin4 , =z t
2

cos2 , =t
4

p
; 

ʙ) =x
2

sinte
t

, =y 1, =z
2

coste
t

, =t 0. 

6 ʅʘʡʪʠ ʜʠʬʬʝʨʝʥʮʠʘʣ ʜʣʠʥʳ ʜʫʛʠ  ʢʨʠʚʦʡ 

=x ta
2

cos , =y ttba cossin
22

+ , =z tb
2

sin . 

 
ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ  

1 ʅʘʡʪʠ ʛʦʜʦʛʨʘʬ ʚʝʢʪʦʨ-ʬʫʥʢʮʠʠ 

() kj
t

t
i

t

t
tr

CCCC
+

+
+

+

-
=

22

2

1

2

1

1
. 

ʈʝʰʝʥʠʝ. ʇʘʨʘʤʝʪʨʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ ʛʦʜʦʛʨʘʬʘ ʝʩʪʴ 

()
2

2

1

1

t

t
tx

+

-
= , ()

2
1

2

t

t
ty

+
= , ()1=tz . 

ʀʟ ʧʝʨʚʳʭ ʜʚʫʭ ʫʨʘʚʥʝʥʠʡ ʠʩʢʣʶʯʘʝʤ ʧʘʨʘʤʝʪʨ t : 

( )
( )

1
1

41
22

222
22

=
+

+-
=+

t

tt
yx . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʛʦʜʦʛʨʘʬʦʤ ʚʝʢʪʦʨ-ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ 

ʦʢʨʫʞʥʦʩʪʴ 

1
22
=+yx , 1=z , 

ʠʟ ʢʦʪʦʨʦʡ ʠʩʢʣʶʯʝʥʘ ʪʦʯʢʘ ( )1;0;1- . 

ʇʨʠ ʠʟʤʝʥʝʥʠʠ t  ʦʪ ¤-  ʜʦ ¤+  ʪʦʯʢʘ ( )zyxM ;;  ʥʘ ʛʦʜʦʛʨʘʬʝ 

ʜʚʠʞʝʪʩʷ ʦʪ ʪʦʯʢʠ ( )1;0;1-  ʧʨʦʪʠʚ ʯʘʩʦʚʦʡ ʩʪʨʝʣʢʠ (ʝʩʣʠ 

ʥʘʙʣʜʁʘʪʴ ʠʟ ʪʦʯʢʠ, ʨʘʩʧʦʣʦʞʝʥʥʦʡ ʚʳʰʝ ʧʣʦʩʢʦʩʪʠ 1=z ). ʇʨʠ 

ʵʪʦʤ  
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() 1lim -=
°¤­

tx
t

, () 0lim =
°¤­

ty
t

. 

2 ɺʳʯʠʩʣʠʪʴ ()tr
t

C

2
lim
­

, ʝʩʣʠ ()( ) ( ) ( )ktjtittr
CCCC

-+-++= 11223 . 

ʈʝʰʝʥʠʝ. ʉʦʛʣʘʩʥʦ ʦʧʨʝʜʝʣʝʥʠʶ 

() ( ) ( ) ( ) kjiktjtittr
tttt

CCCCCCC
++=-+-++=

­­­­
381lim12lim23limlim

2222
. 

3 ʅʘʡʪʠ ʝʜʠʥʠʯʥʳʡ ʢʘʩʘʪʝʣʴʥʳʡ ʚʝʢʪʦʨ ʛʦʜʦʛʨʘʬʘ ʚʝʢʪʦʨ-

ʬʫʥʢʮʠʠ 

( )jt
tier

CCC
3

4
2

8+-=  

ʧʨʠ 0=t . 

ʈʝʰʝʥʠʝ. ʇʘʨʘʤʝʪʨʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ ʛʦʜʦʛʨʘʬʘ ʝʩʪʴ  

() t
etx

2
= , () ( )3

4

8+-= tty , () 0=tz . 

ʅʘʡʜʝʤ ʢʦʦʨʜʠʥʘʪʳ ʥʘʧʨʘʚʣʷʶʱʝʛʦ ʚʝʢʪʦʨʘ ʢʘʩʘʪʝʣʴʥʦʡ ʢ 

ʢʨʠʚʦʡ () () ()( )tztytx
'''

;; : 

() () ()( ) ( ) ö
÷

õ
æ
ç

å
+-= 0;8

3

4
;2;; 3

1
2'''

tetztytx
t

, 

ʚ ʯʘʩʪʥʦʩʪʠ ʚ ʪʦʯʢʝ 0=t  

() () ()( ) ( ) ö
÷

õ
æ
ç

å
-=ö

÷

õ
æ
ç

å
+-==

=

=
0;

3

8
;20;8

3

4
;2;;

0

3

1
2

0

'''

t

t

t
tetztytxt

C
. 

ʊʦʛʜʘ ʝʜʠʥʠʯʥʳʡ ʚʝʢʪʦʨ ʛʦʜʦʛʨʘʬʘ ʠʤʝʝʪ ʚʠʜ 

=+-= kji
CCCC

10

0

310

38

310

20t ji
CC

8,06,0 - . 

4 ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʚʝʢʪʦʨʦʚ 

kjitr
CCCC

5231 ++=  ʠ kjtir
CCCC
+-= 322 . 

ʈʝʰʝʥʠʝ. ʉʦʛʣʘʩʥʦ ʩʚʦʡʩʪʚʘʤ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʭ 

ʚʝʢʪʦʨʥʳʭ ʬʫʥʢʮʠʡ, ʠʤʝʝʤ 

( )
=Ö+Ö=

Ö

dt

rd
r

dt

rd
r

dt

rrd 1
2

2
1

21

C
C

C
C

CC

 

=( )( )+-Ö++ jkjit
CCCC

3523 kjti
CCC
+-32 i

C
3Ö = 066 =+- . 

5 ɼʘʥʦ ʫʨʘʚʥʝʥʠʝ ʜʚʠʞʝʥʠʷ jtitr
CCC

43 -= . ʆʧʨʝʜʝʣʠʪʴ 

ʪʨʘʝʢʪʦʨʠʶ ʠ ʩʢʦʨʦʩʪʴ ʜʚʠʞʝʥʠʷ. 

ʈʝʰʝʥʠʝ. ʇʘʨʘʤʝʪʨʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠʷ ʛʦʜʦʛʨʘʬʘ ʝʩʪʴ  

() ttx 3= , () tty 4-= , () 0=tz . 

ʀʟ ʧʝʨʚʦʛʦ ʫʨʘʚʥʝʥʠʷ ʠʩʢʣʶʯʠʤ ʧʘʨʘʤʝʪʨ t  
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3

x
t=  

ʠ ʧʦʜʩʪʘʚʠʤ ʚʦ ʚʪʦʨʦʝ 

3
4

x
y Ö-= . 

ʆʪʩʶʜʘ ʫʨʘʚʥʝʥʠʝ ʪʨʘʝʢʪʦʨʠʠ ʜʚʠʞʝʥʠʷ  

034 =+ yx , 0=z . 

ɺʝʢʪʦʨ ʩʢʦʨʦʩʪʠ ʜʚʠʞʝʥʠʷ ʝʩʪʴ 

jiv
dt

rd CCC
C

43 -== . 

6 ʅʘʧʠʩʘʪʴ ʫʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʦʡ ʠ ʥʦʨʤʘʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʢ 

ʢʨʠʚʦʡ 

( ) ( ) ktjtitr
CCCC 32

11 +++-=  

ʚ ʪʦʯʢʝ ( )1;2;00M . 

ʈʝʰʝʥʠʝ. ɼʘʥʥʦʡ ʪʦʯʢʝ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʟʥʘʯʝʥʠʝ ʧʘʨʘʤʝʪʨʘ 

1=t . 

ʀʤʝʝʤ 

() ttx 2
'
= , () 1

'
=ty , () 2'

3ttz = . 

ʇʦʜʩʪʘʚʣʷʷ ʟʥʘʯʝʥʠʝ 1=t , ʧʦʣʫʯʘʝʤ 

() 21
'
=x , () 11

'
=y , () 31

'
=z . 

ʊʦʛʜʘ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ: 

3

3

1

2

2

0 -
=

-
=

- zyx
, 

ʫʨʘʚʥʝʥʠʝ ʥʦʨʤʘʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ: 

( ) ( ) ( ) 0132102 =-+-+- zyx  

ʠʣʠ 0532 =-++ zyx . 

7 ʅʘʡʪʠ ʩʢʦʨʦʩʪʴ ʠ ʫʩʢʦʨʝʥʠʝ ʤʘʪʝʨʠʘʣʴʥʦʡ ʪʦʯʢʠ M , 

ʜʚʠʞʫɦ ʝʡʩʷ ʩ ʧʦʩʪʦʷʥʥʦʡ ʫʛʣʦʚʦʡ ʩʢʦʨʦʩʪʴʶ w ʧʦ ʦʢʨʫʞʥʦʩʪʠ  
222

Ryx =+ . 

ʈʝʰʝʥʠʝ. ʇʫʩʪʴ M  ï ʧʨʦʠʟʚʦʣʴʥʘʷ ʪʦʯʢʘ ʦʢʨʫʞʥʦʩʪʠ. 

ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ j ʫʛʦʣ ʤʝʞʜʫ ʨʘʜʠʫʩ-ʚʝʢʪʦʨʦʤ ʪʦʯʢʠ M  ʠ 

ʧʦʣʦʞʠʪʝʣʴʥʳʤ ʥʘʧʨʘʚʣʝʥʠʝʤ ʦʩʠ Ox. ʇʦ ʫʩʣʦʚʠʶ  

twj= , 

ʛʜʝ t  ï ʚʨʝʤʷ ʜʚʠʞʝʥʠʷ. 
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ɺʳʨʘʟʠʤ ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ  M  ʢʘʢ ʬʫʥʢʮʠʠ ʚʨʝʤʝʥʠ 

(ʨʠʩʫʥʦʢ 3. 13): 

tRRx wj coscos == , 

tRRy wj sinsin == . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʘʜʠʫʩ-ʚʝʢʪʦʨ ʪʦʯʢʠ M  

jtRitRjyixr
CCCCC

ww sincos +=+= , 

ʩʢʦʨʦʩʪʴ ()tv
C

 ʜʚʠʞʝʥʠʷ ʪʦʯʢʠ M  

()( ) ( ) jtRitRjtRitRtrv
CCCCCC

wwwwww cossinsincos
'''

+-=+==

, 

ʤʦʜʫʣʴ ʩʢʦʨʦʩʪʠ 

( ) ( ) RtRtRv wwwww =+-=
22

cossin
C

. 

 

 
ʈʠʩʫʥʦʢ 3. 13 ï ɻʝʦʤʝʪʨʠʯʝʩʢʘʷ ʠʥʪʝʨʧʨʝʪʘʮʠʷ ʟʘʜʘʯʠ 7. 

 

ʉʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ v
C

 ʠ r
C

 ʝʩʪʴ: 

0cossinsincos
22

=Ö+Ö-=Ö ttRttRrv wwww
CC

, 

ʪ. ʝ. ʚʝʢʪʦʨʳ v
C

 ʠ r
C

 ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳ. 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʚʝʢʪʦʨ v
C

 ʥʘʧʨʘʚʣʝʥ ʧʦ ʢʘʩʘʪʝʣʴʥʦʡ ʢ 

ʦʢʨʫʞʥʦʩʪʠ, ʧʦ ʢʦʪʦʨʦʡ ʜʚʠʞʝʪʩʷ ʪʦʯʢʘ M . 

ʅʘʡʜʝʤ ʫʩʢʦʨʝʥʠʝ ()ta
C

: 

()
()

=--=== jtRitR
dt

tvd
tra

CCC
CC

wwww sincos
22''  

( ) ()trjtRitR
CCC

22
sincos wwww -=+-= . 

ɿʥʘʯʠʪ, ʚʝʢʪʦʨʳ a
C

 ʠ r
C

 ʠʤʝʶʪ ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʝ ʥʘʧʨʘʚʣʝʥʠʷ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʫʩʢʦʨʝʥʠʝ ʤʘʪʝʨʠʘʣʴʥʦʡ ʪʦʯʢʠ, ʜʚʠʞʫʱʝʡʩʷ ʩ 

ʧʦʩʪʦʷʥʥʦʡ ʫʛʣʦʚʦʡ ʩʢʦʨʦʩʪʴʶ ʧʦ ʦʢʨʫʞʥʦʩʪʠ, ʚ ʢʘʞʜʳʡ ʤʦʤʝʥʪ 

ʚʨʝʤʝʥʠ ʥʘʧʨʘʚʣʝʥʦ ʢ ʮʝʥʪʨʫ ʵʪʦʡ ʦʢʨʫʞʥʦʩʪʠ. 
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8 ʂ ʛʦʜʦʛʨʘʬʫ ʚʠʥʪʦʚʦʡ ʣʠʥʠʠ (ʨʠʩʫʥʦʢ 3. 14) 

{ } ¢¢====G Ttbtztaytax 0;sin;cos   

ʘ) ʥʘʡʪʠ ʫʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʦʡ ʧʨʷʤʦʡ ʠ ʥʦʨʤʘʣʴʥʦʡ 

ʧʣʦʩʢʦʩʪʠ ʚ ʪʦʯʢʝ 
3

0

p
=t ;  

ʙ) ʜʦʢʘʟʘʪʴ, ʯʪʦ ʢʘʩʘʪʝʣʴʥʘʷ ʢ ʚʠʥʪʦʚʦʡ ʣʠʥʠʠ ʦʙʨʘʟʫʝʪ 

ʧʦʩʪʦ̫ ʥʥrʡ ʫʛʦʣ ʩ ʦʩʴʶ Oz ; 

ʚ) ʟʘʧʠʩʘʪʴ ʥʘʪʫʨʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚʠʥʪʦʚʦʡ ʣʠʥʠʠ; 

ʛ) ʥʘʡʪʠ ʜʠʬʬʝʨʝʥʮʠʘʣ ʜʣʠʥʳ ʜʫʛʠ. 

 

 
ʈʠʩʫʥʦʢ 3. 14 ï ɻʦʜʦʛʨʘʬ ʬʫʥʢʮʠʠ 

{ } ¢¢====G Ttbtztaytax 0;sin;cos  

 

ʈʝʰʝʥʠʝ. ʘ) ʢʦʦʨʜʠʥʘʪʳ ʪʦʯʢʠ ʢʘʩʘʥʠʷ ( )0000 ,, zyxM  ʝʩʪʴ: 

23
cos0

a
ax ==

p
, 

2

3

3
sin0

a
ay ==
p

, 
3

0

p
bz = . 

ʂʦʦʨʜʠʥʘʪʳ ʚʝʢʪʦʨʘ ()0' tr
C

: 

()
2

3

3
sin' 0

a
atx -=-=

p
, ()

23
cos' 0

a
aty ==

p
. () btz =0' . 

ʊʦʛʜʘ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ ʧʨʷʤʦʡ ʠʤʝʝʪ ʚʠʜ 

b
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z
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a
y

a

a
x

3

2

2

3

2

3

2

p
-

=

-

=

-

-

, 

ʘ ʫʨʘʚʥʝʥʠʝ ʥʦʨʤʘʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ 
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ʙ) ʚʝʢʪʦʨ ʢʘʩʘʪʝʣʴʥʳʡ ʢ ʛʦʜʦʛʨʘʬʫ ʚʝʢʪʦʨʘ r
C

: 

( )btata
dt

rd
;cos;sin-=

C

. 

ʊʦʛʜʘ 
()

22

'

cos
ba

b

dt

rd

tz

+
== Cg . 

ʚ) ʚʝʢʪʦʨʥʘʷ ʬʫʥʢʮʠʷ ()( )bttatatr ;sin;cos=
C

 ʷʚʣʷʝʪʩʷ 

ʥʝʧʨʝʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ ʠ  

() ( ) ( ) 0cossin'
22222
>+=++-= babtatatr

C
. 

ʊʦʛʜʘ () () 22
'' batrtl +==
C

. ʀʥʪʝʛʨʠʨʫʷ ʦʙʝ ʯʘʩʪʠ, ʧʦʣʫʯʠʤ 

() Cbatts ++=
22

. ʀʟ ʥʘʯʘʣʥɹʦʛʦ ʫʩʣʦʚʠʷ () 00 =l , ʠʤʝʝʤ 

0=C . ʇʨʠ ʵʪʦʤ ʜʣʠʥʘ ʚʠʥʪʦʚʦʡ ʣʠʥʠʠ ʨʘʚʥʘ 

 +=G
22

baTL . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 
22

ba

l
t

+
= . 

ʆʪʩʶʜʘ ʥʘʪʫʨʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ ʚʠʥʪʦʚʦʡ ʣʠʥʠʠ ʚ ʢʦʦʨʜʠʥʘʪʥʦʡ 

ʬʦʨʤʝ ʟʘʧʠʰʝʪʩʷ ʚ ʚʠʜʝ: 

îý

î
ü
û

îí

î
ì
ë

+
=

+
=

+
==G

222222
;sin;cos

ba

l
bz

ba

l
ay

ba

l
ax , 

ʛʜʝ  +¢¢
22

0 baTl . 

ʛ) ʜʠʬʬʝʨʝʥʮʠʘʣ ʜʣʠʥʳ ʜʫʛʠ ʨʘʚʝʥ 

()( ) ()( ) ()( )dttztytxdl
222

''' ++= . 

ɼʣʷ ʚʠʥʪʦʚʦʡ ʣʠʥʠʠ ʠʤʝʝʤ 

=dl ( ) ( ) dtbadtbtata
22222

cossin +=++- . 

 

ʊʝʤʘ 10 ʂʨʠʚʠʟʥʘ ʢʨʠʚʦʡ 

1 ɺʳʯʠʩʣʠʪʴ ʢʨʠʚʠʟʥʫ ʜʘʥʥʳʭ ʢʨʠʚʳʭ ʚ ʫʢʘʟʘʥʥʳʭ ʪʦʯʢʘʭ: 

ʘ) 
2

xy= , ( )0;00M , ()1;11M ; 
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ʙ) 1
22
=+- yxyx , ()1;1M ; 

ʚ) 
2

tx= , 3

3

1
tty -=  ʧʨʠ 1=t ; 

ʛ) ( )jcos1-=ar , 
4

p
j= . 

2 ʅʘʡʪʠ ʨʘʜʠʫʩʳ ʢʨʠʚʠʟʥʳ ʢʨʠʚʳʭ: 

ʘ) 1
925

22

=-
yx

;     ʚ) ( )ttax sin-= , ( )tay cos1-= ; 

ʙ) 3

2

3

2

3

2

ayx =+ ;    ʛ) j2cos
22

ar = . 

3 ɺʳʯʠʩʣʠʪʴ ʢʦʦʨʜʠʥʘʪʳ ʮʝʥʪʨʦʚ ʢʨʠʚʠʟʥʳ ʢʨʠʚʳʭ ʚ 

ʫʢʘʟʘʥʥʳʭ ʪʦʯʢʘʭ: 

ʘ) 
22

3

xa

a
y

+
= , ( )aM ;0 ; ʙ) x

exy= , ö
÷

õ
æ
ç

å
--

e
M

1
;1 . 

4 ʉʦʩʪʘʚʠʪʴ ʫʨʘʚʥʝʥʠʷ ʵʚʦʣʶʪ ʢʨʠʚʳʭ: 

ʘ) 
3

xy= ;    

ʙ) 3

2

3

2

3

2

ayx =+ ; 

ʚ) tttx cossin += , ttty sincos -= . 

 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ɺʳʯʠʩʣʠʪʴ ʢʨʠʚʠʟʥʫ ʢʨʠʚʦʡ xy ln=  ʚ ʪʦʯʢʝ 10=x .  

ʈʝʰʝʥʠʝ. ʅʘʭʦʜʠʤ
x

y
1
=¡ ,

2

1

x
y -=¡¡ . ʊʦʛʜʘ ʢʨʠʚʠʟʥʘ ʢʨʠʚʦʡ 

xy ln=  ʚ ʣʶʙʦʡ ʝʝ ʪʦʯʢʝ M  ʩ ʘʙʩʮʠʩʩʦʡ x  ʝʩʪʴ 

( )2/322/3

2

2

11
1

1

x

x

x

x
K

+
=

ö
÷

õ
æ
ç

å
+

-

= . 

ɺ ʪʦʯʢʝ 10=x  ʠʤʝʝʤ 

4

2

2

1
2/310
===xK . 

2 ʅʘʡʪʠ ʢʨʠʚʠʟʥʫ ʚ ʣʶʙʦʡ ʪʦʯʢʝ ʮʠʢʣʦʠʜʳ 
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( ) ( ){ }p20;cos1;sin ¢¢-=-==G ttayttax  

ʈʝʰʝʥʠʝ. ʀʤʝʝʤ 

( )tax cos1
'

-= , tax sin
''
= , 

tay sin
'
= , tay cos

''
= . 

ʊʦʛʜʘ 

( ) ( )tatttaxyyx cos1sincoscos
2222''''''
--=--=- , 

( ) ( )tatttayx cos12sincoscos21
22222'2'
-=++-=+ . 

ʇʦʜʩʪʘʚʣʷʷ ʚ ʬʦʨʤʫʣʫ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʢʨʠʚʠʟʥʳ, ʧʦʣʫʯʠʤ 

( )

( )( ) ta
ta

ta

yx

yxyx
K

cos122

1

cos12

cos1

2

3
2

2

2

3

2'2'
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-
=
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=

ö
÷
õæ

ç
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-
= . 

3 ʅʘʡʪʠ ʢʦʦʨʜʠʥʘʪʳ ʮʝʥʪʨʘ ʢʨʠʚʠʟʥʳ ʢʨʠʚʦʡ 2
43
=+yx  ʚ 

ʪʦʯʢʝ ()1;1M . 

ʈʝʰʝʥʠʝ. ɼʠʬʬʝʨʝʥʮʠʨʫʝʤ ʫʨʘʚʥʝʥʠʝ ʜʚʘ ʨʘʟʘ: 

043
'32
=Ö+ yyx , 04126

''32'2
=Ö+Ö+ yyyyx . 

ʊʘʢ ʢʘʢ 1=x , 1=y , ʪʦ ʠʟ ʧʝʨʚʦʛʦ ʚʳʨʘʞʝʥʠʷ ʥʘʭʦʜʠʤ, ʯʪʦ 

4

3' -
=y , ʘ ʠʟ ʚʪʦʨʦʛʦ ʧʦʣʫʯʘʝʤ 

16

51''
-=y . 

ʇʦʜʩʪʘʚʣʷʷ ʚ ʬʦʨʤʫʣʳ ʜʣʷ ʢʦʦʨʜʠʥʘʪ ʮʝʥʪʨʘ ʢʨʠʚʠʟʥʳ, 

ʧʦʣʫʯʠʤ 

68

43

16
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xx , 

51
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16
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9
1
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+
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y
yh , ʪ. ʝ. ö
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õ
æ
ç
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51

26
;

68

43
C . 

4 ʅʘʡʪʠ ʵʚʦʣʶʪʫ ʵʣʣʠʧʩʘ { }p20;sin;cos ¢¢===G ttbytax . 

ʈʝʰʝʥʠʝ. ʀʤʝʝʤ  

tax sin' -= , tby cos'= , tax cos
''
-= , tby sin

''
-= . 

ʇʦʜʩʪʘʚʣʷʷ ʚ ʬʦʨʤʫʣʳ ʜʣʷ ʵʚʦʣʶʪʳ, ʧʦʣʫʯʠʤ 
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2 2

3
cos

a b
t

a
x

+
= , 

2 2

3
sin

b a
t

b
h

+
= . 

ɼʘʥʥʳʝ ʫʨʘʚʥʝʥʠʷ ʷʚʣʷʶʪʩʷ ʧʘʨʘʤʝʪʨʠʯʝʩʢʠʤʠ ʫʨʘʚʥʝʥʠʷʤʠ 

ʘʩʪʨʦʠʜʳ (ʨʠʩʫʥʦʢ 3. 15). 

 
ʈʠʩʫʥʦʢ 3. 15 ï ʕʣʣʠʧʩ ʠ ʝʛʦ ʵʚʦʣʶʪʘ 

 

5 ʉʦʩʪʘʚʠʪʴ ʫʨʘʚʥʝʥʠʝ ʵʚʦʣʶʪʳ ʧʘʨʘʙʦʣʳ 

2

12
+=xy . 

ʈʝʰʝʥʠʝ. ʇʨʦʜʠʬʬʝʨʝʥʮʠʨʫʝʤ ʜʚʘ ʨʘʟʘ ʫʨʘʚʥʝʥʠʝ ʧʘʨʘʙʦʣʳ: 

12
'
=yy , 

y
y

2

1'
= , 

022
''2'
=+ yyy , 

3

2'
''

4

1

yy

y
y -=-= . 

ʆʧʨʝʜʝʣʷʝʤ ʢʦʦʨʜʠʥʘʪʳ ʮʝʥʪʨʘ ʢʨʠʚʠʟʥʳ: 
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2
2
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1

4

1
1

''''''
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' yyyy
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y
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xyxy

yx
xy -=--=

-

+

+=
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+
+=h . 

ʇʦʣʫʯʘʝʤ ʫʨʘʚʥʝʥʠʝ ʵʚʦʣʶʪʳ ʚ ʧʘʨʘʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ: 
2

3yx= , 
3

4yh=- . 

ʀʩʢʣʶʯʠʚ ʧʘʨʘʤʝʪʨ y, ʥʘʡʜʝʤ ʫʨʘʚʥʝʥʠʝ ʵʚʦʣʶʪʳ ʚ ʷʚʥʦʤ ʚʠʜʝ 
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32

27

16
xh = . 

 

 

 

ʈʘʟʜʝʣ 4 ʀʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ ʬʫʥʢʮʠʠ ʜʝʡʩʪʚʠʪʝʣʴʥʦʡ 

ʧʝʨʝʤʝʥʥʦʡ 

 

ʊʝʤʘ 1 ʇʝʨʚʦʦʙʨʘʟʥʘʷ ʠ ʥʝʦʧʨʝʜʝʣʝʥʥʳʡ ʠʥʪʝʛʨʘʣ 

1 ʀʩʧʦʣʴʟʫʷ ʦʩʥʦʚʥʳʝ ʧʨʘʚʠʣʘ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʠ ʪʘʙʣʠʮʫ 

ʠʥʪʝʛʨʘʣʦʚ, ʚʳʯʠʩʣʠʪʴ ʩʣʝʜʫʶʱʠʝ ʥʝʦʧʨʝʜʝʣʝʥʥʳʝ ʠʥʪʝʛʨʘʣʳ: 

ʘ) 
( )
ñ
-

dx
x

x
2

3

1
;         ʞ) 3

3 2

4
x dx

x

å õ
+æ ö

ç ÷
ñ ; 

ʙ) ñ ö
÷

õ
æ
ç

å
-+- dx

xxxx 743

1521
;       ʠ) ñ öö

÷

õ
ææ
ç

å
- dx

x
x

2
; 

ʚ) ñ
+-+-+

dx
x

xxxxx
2

2344
1197456

;   ʢ) ñ dx
x

2
sin

2 ;  

ʛ) ñ-
dx

x

x

1
2

4

;           ʣ) ñ+
dx

x

x

1
2

2

; 

ʜ) ñ+
dx

x
2

4

3
;           ʤ) 

2

2

2 sin

sin

x
dx

x

-
ñ ;  

ʝ) ñ- 2
9 x

dx
;           ʥ) ñ xdx

2
th .  

2 ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ () xxf sgn=  ʥʝ ʠʤʝʝʪ ʧʝʨʚʦʦʙʨʘʟʥʦʡ 

ʥʘ ʣʶʙʦʤ ʧʨʦʤʝʞʫʪʢʝ, ʩʦʜʝʨʞʘʱʝʤ ʪʦʯʢʫ 0=x . 

 

ʇʨʠʤʝʨʳ ʦʬʦʨʤʣʝʥʠʷ ʨʝʰʝʥʠʷ 

1 ʀʩʧʦʣʴʟʫʷ ʦʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʥʝʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʥʪʝʛʨʘʣʘ, 

ʚʳʯʠʩʣʠʪʴ ʠʥʪʝʛʨʘʣʳ: 

ʘ) 
2

2 3
x x

dxÖñ ;    ʜ) 
3

(1 )x dx-ñ ; 

ʙ) 
2

tg xdxñ ;          ʝ) 2
cos

2

x
dxñ ;  

ʚ) 

2

sin cos
2 2

x x
dx

å õ
+æ ö

ç ÷
ñ ;      ʞ) 

2

2
1

x
dx

x-ñ
;   
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ʛ) 
4 3 2

2

3 2 5 7 8x x x x
dx

x

+ + - +
ñ     ʠ) 1 sin 2xdx-ñ . 

ʈʝʰʝʥʠʝ. ʘ) ʠʤʝʝʤ: 

( )2 2 18
2 3 2 3 18

ln18

x
x

x x x
dx dx dx CÖ = Ö = = +ñ ñ ñ . 

ʙ) ʠʤʝʝʤ: 
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æ
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-= Cxxdx
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dx
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cos
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22
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ʚ) ʠʤʝʝʤ 

2

2 2
sin cos sin 2sin cos cos

2 2 2 2 2 2

x x x x x x
dx dx
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+ = + + =æ ö æ ö
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( ) ñ ññ +-=+=+= Cxxxdxdxdxx cossinsin1 . 

ʛ) ʠʤʝʝʤ:  
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3 2 5 7 8 7 8
3 2 5
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ln75
23 . 

ʜ) ʠʤʝʝʤ: ññ =ö
÷
õæ

ç
å -+-=- dxxxxdxx
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331)1(  

ñ ñ ñ ñ =+-Ö+Ö-=-+-= C
xxx

xdxxxdxdxxdx
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Cxxxxxx +-+-=
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ʝ) ʠʤʝʝʤ: =+=
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2

cos1
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ʞ) ʠʤʝʝʤ: ñññ =ö
÷

õ
æ
ç

å

-
+-=

-

+-
=

-
dx

x
dx

x

x
dx

x

x
22

2

2

2

1

1
1

1
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1
 

C
x

x
x +

-

+
+-=

1

1
ln

2

1
. 

ʠ) ʠʤʝʝʤ: ññ =+-=- dxxxxxdxx
22

coscossin2sin2sin1  

( )ñ ñ =-=-= dxxxdxxx cossincossin
2

 

( ) ( )Cxxxx +-Ö-= sincossgncossin . 

 

ʊʝʤʘ 2 ʆʙʱʠʝ ʤʝʪʦʜʳ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ 

1 ɺʳʯʠʩʣʠʪʴ ʤʝʪʦʜʦʤ ʟʘʤʝʥʳ ʧʝʨʝʤʝʥʥʦʡ: 

ʘ) ;         ʠ) ;  

ʙ) ;        ʢ) ;  

ʚ) ;        ʣ) ;  

ʛ) ;        ʤ) ;  

ʜ) ;        ʥ) ; 

ʝ) ;        ʦ) ;  

ʞ) ;     ʧ) . 

2 ɺʳʯʠʩʣʠʪʴ ʤʝʪʦʜʦʤ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʧʦ ʯʘʩʪʷʤ: 

ʘ) ;       ʛ) ;  

ʙ) ;      ʜ) ;  

ʚ) ;       ʝ) . 


