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HOCBAHIAETCAH 30-nremuio
Beaopyccroti wroave no

meopuu eepoamuocmeti u
MAMEMAMUYECKOT CMAMUCTUKE
u ee cozdamento I.A.Medsedesy

[IpenucioBue

Hauano paszsutust ucciaefoBaHuil 1Mo TEOPUH BEPOSTHO-
creit n MaTemMaTuvueckoi crarucruke B Pecybinke Benapycs
cBsizaHo ¢ mpuriaamenueM B 1974 romy mpodeccopa l'enna-
gust AjekceeBuua MenpeseBa Ha JTOJPKHOCTB 3aBEIYIOIIIE-
ro OTKPBIBIIENCsS KadeIpbl TEOPUU BEPOATHOCTEH U Mare-
Mmarngeckoit craructuky BILY. MM co3mana ussecTHasg Oe-
JIODYCCKAsl BEPOSITHOCTHAS TITKOJIA, BKJIFOYAIOIIAS TaAKHe Ha-
[paBJIEHUsT UCCIEOBAHUN KaK TEOPUsS MACCOBOIO OOCTYKU-
BaHud, TEOPUd CIy4YalHbIX [POLECCOB, MHOI'OMEPHBIH CTa-
TUCTUYECKUN AaHAJIU3, TEOPHUs CTAIMOHAPHBIX IPOIECCOB U
BPEMEHHBIX PSA/IOB, (PUHAHCOBASsT U aKTyapHas MaTeMaTHKa
u gap. upokyro m3BecTHOCTH B Mupe mosyumia bemopyc-
CKas TIKO/IA TI0 TEOPUH MACCOBOTO ODCIYKUBAHUS, KOTOPAS
PEryJISIPHO TPOBOJUTCH B BUJIE TEMATHIECKUX MEXKIYHAPOJ-
ubix KoH(epenruit nagwaag ¢ 1985 roxa. [locaegmsas, 17-as
koHdepeHusi, 107 HazpanneM "CoBpeMeHHbIE MATEMATHYE-
CKHEe METOMbl aHAIN3a W ONTUMUBAINNNA TEIEKOMMYHUKAIH-
OHHBIX cereil" mpoBonuaack B I'OMeTBCKOM TOCYZapCTBEH-
voM yuupepcutere uM. O.Cropunsr 23 — 25 centsabps 2003
roja. VHTepechl naabHERIero pa3surus 6eI0pyccKoil Bepo-
SITHOCTHOU MIKOJIbI JJUKTYIOT CO3/IaHue YIeOHUKOB U TOCOOMi
[0 PA3UYHBIM pa3aeaaM (hyHIAMEHTATBLHOTO U TPUKJIATHO-
0 BEPOSITHOCTHOTO AHAJN3A.

JamHoe mocobme HAMMCAHO Ha, OCHOBE JIEKIHi 10 obIre-
MY JIBYXCEMECTPOBOMY KYPCY TEOPUU BEPOSITHOCTEH U Mare-



MaTUYECKOH! CTATUCTUKU, KOTOPhIE YUTAIOTCS €€ aBTOPOM Ha
martemarndeckom dakyabrere I'TY mvm. @.CropuHbl Hauw-
Has ¢ 1973 roga. [lapaiiensHo B PyHKIIMOHAIBHOM aHAIU3E
B TeYeHe [IEPBOI'0 CEMECTPA CTYAEHTHI U3Y4aloT TEOPHIO Me-
pot m maTerpasa Jlebera. [Toaromy mmeeTcs BO3MOKHOCTD UC-
MOJIF30BAHUS TTOMYIAEMBIX TaM CTyAeHTaMu cBenenuii. [lpm
[IPETO/IABAHNN TEOPHUH BEPOATHOCTENH BOBHUKAIOT TPYAHOCTH,
CBSI3AHHBIE C TEM, YTO, C OJHOU CTOPOHBI, HEOOXOIUMO Ha-
YYUTH CTY/IEHTOB [TOCTPOEHUIO BEPOSTHOCTHBIX MO/IeJIel CiIy-
YaHBIX SKCIIEPUMEHTOB, BOSHUKAIOIINX HA IPAKTUKE, U Pa3-
BUTH Y HUX BEPOATHOCTHYIO WHTYHIIHIO, &, C JPYIOil CTOPO-
HEI, TaTH JOCTATOTHO CTPOTOE AKCHOMATHIEeCKOe M3JI0YKEHNE,
WCIOJIL3YIOIIEe COBPEMeHHbIe ujen (PYHKIIMOHAJILHOIO aHa-
Jgu3a. B macrositiem mocobuu n3/10:KeHNe OCHOBBIBAETCH Ha
HEKOTOPOM KOMIIPOMHUCCE MEXKJY JABYMS YKA3aHHBIMH IIPO-
THBOPEYUBBIMU TEHICHIUIMU.

Knura cocrouT m3 aByx 4JacTeil-TyiaB: riiaBa 1 mocBsiie-
Ha, COOCTBEHHO TEOPWW BEPOSITHOCTEH, a raaBa 2 — Mare-
MaTHIEeCKOH cTarucTuke. B mepBhIX deThIipex maparpadax
TJIaBbI 1 pPaCCMaTpUBaCTCA aKCHMOMATHUKa TEOPUN BEPOATHO-
cTelf, BKJIIOYAOIIAsl, B YaCTHOCTH, OIpEIe/IeHHe BEPOATHO-
CTH B AUCKPETHOM IIPDOCTPAHCTBE 3JIEMEHTAPHBIX HNCXOJ0B,
KJIACCHYIECKOE U FeOMETPHUIECKOE OIPEIC/ICHIS BEPOATHOCTH.
Jlnst ymobcTBa M3I0KEHBI 9JI€MEHTHl KOMOMHATOPUKH C TIOJI-
HBIM BBIBOZOM (hOPMY.JI IJIsI TocIeTa Hanbosiee 9acTo BCTpe-
JAIOIINXCA KOMOMHATOPHEIX CXeM. ABTOp He CUHTAaeT HyK-
HBIM PACCMOTPpeHnEe OY€Hb CIO?KHBIX KOM6I/IHaTOprIX 3ada4
Ha, KJIACCUIECKOE OIpPeIe/IeHIe BePOSITHOCTH, IIOCKOIBKY 9TO
MOXKET BBIOUTH MMOYBY y 00YYAIOINXCH U K TOMY K€ CO3/1aTh
HEBEPHOE IPEICTABICHAE O TEOPHUH BEPOSITHOCTEH B IIEJIOM.
B 5-om maparpadre paccmarpuBaeTcd yCIOBHAS BEPOITHOCTH
U HE3aBUCUMOCTh cObbITHIL, B 6-0M 1 T-oM — cxema Bepryi-



JIN U TIpejie/ibHbIe TeopeMbl s Hee. V3ydyeHnto ciydaliHbIX
BE/JIMYNH, 3aKOHOB PACIPEIe/eHUsS W TUMOB CIyYaliHbIX Be-
JINYMH TTOCBsIIeHb! maparpadbt 8 — 10, u3ydeHnto MEOrOMEp-
HBIX Caydaiiaeix Beauana — 11-w1it maparpad. 12-biit mapa-
rpad mocBgaIeH BAXKHOMY TOHATUIO HE3ABUCUMOCTH CJTy Iaii-
HBIX BeJmauH, 13-bIif maparpad — 3aKOHAM pacIpejeeHns
dbyuKIMt 0T cayuaiubix Beauuand, 14-biii maparpad — u-
CTOBBIM XapaKTePUCTUKaM CIyJYalHbIX BeandwH. B 15-om u
16-om maparpadax u3y9daroTCsa BHUIBI CXOAWMOCTH CIydaii-
HBIX BEJIUYUH W 3aKOHBI DOJIBIIUX YUCEs, BKJIFOYAsl BEPOSIT-
HOCTHOE JT0KA3aTeIbCTBO Teopembl Beitepirpacca 0 paBHO-
MEpPHOM MpUOIMKEHUN HEMPEPBhIBHON Ha OTpe3ke (DYHKIUH
MHOTOYIeHaMU. 17-biff maparpad MOCBAIIEH W3YUIEHUIO Ta-
KUX [peobpa3oBaHuil pacupee/ieHuii CJIyJYaiHBIX BeJUYUH
KaK MPOM3BOAAIIAA (PYHKINS, XapaKTepucTuaeckas HyHK-
must, npeobpazosanue Jlamraca-Cruarbeca. Hakonern B mo-
cienneM, 18-oM maparpade, paccMOTpeHa IeHTpaJIbHAs [pe-
JeJIbHAA TEOPeMa U ee MPUMEHEHWEe K MPUO/INKeHHOMY BbI-
YUCIEHUI0 UHTErPaJioB.

Ouenb HAEIOCH, 9TO KHUTA DHYIET MoIe3Ha KaK JJIst PO-
deccnoHATBHBIX MATEMATUKOB, TAK U JJIs BCEX MCCIEI0BaA-
Tesell, KOTOPbIe TPUMEHAIOT BEPOATHOCTHO-CTATACTHICCKIE
MeTosbl B (busuKe, XUMUK, OUOJOTUN, TEXHUKE, SKOHOMUKE,
dbuHaHCAX U T.1.

B zakmrouenne, aBTop BhIpaxkaeT niybokyr Oiaromap-
HOCTH wienaMm Kadenpwr Teopum yHKIN, (HYHKINOHAH-
HOT'O aHaJIN3a, TEOPUU BEPOATHOCTEN W IIPUKJIAJIHON MaTe-
MaTuKu I'pOIHEHCKOTO rOCYapCTBEHHOIO YHUBEPCUTETA, UM.
Auxu Kynamer, B3gBimM Ha cebd HeJIerKuil TPy, pereH3npo-
BaHN JaHHOro mocobus, u pernensenry H.H. Tpymy 3a Bech-
Ma, TIOJIE3HBIE 3aMETAHUA.

2.I'omean, uroneo 2004 e. 10. Masunxoscrud



[JIABA 1. TEOPUS BEPOATHOCTEN

TJIABA 1. TEOPUY BEPOITHOCTEN
Bsenenue

Teopus BeposgTHOCTE — MaTeMaTWIECKAd HAYKA, WU3Y-
Jarllasd 3aKOHOMEDHOCTU CJAyYalHBbIX dABJCHUN, B KOTO-
PBIX TIPOSIBISETCS CTATHCTHIECKAs PEryasspHocTh. Cra3aH-
HOE MOXKHO TOSCHUTH Ha TpuMepe mnoibpacbiBanus 'mpa-
BWIbHOU" MOHeTHI. flcHO, UTO 3apaHee HEBO3MOXKHO C OIpe-
JTEJIEHHOCTHIO MPEJICKA3aTH MCXOM, KaKI0TO MOI0PACHIBAHMS.
PesynbTaThl OTAebHBIX 9KCIIEPUMEHTOB HOCAT Kpaline Hepe-
TYJIAPHBIN XapakTep, W KaXKeTCst, ITO HeT BO3MOYKHOCTH II0-
3HATH KaKWe-HUOYIb 3aKOHOMEPHOCTH, CBA3AHHBIE C TAKAMHI
DKCIIEpUMeHTaMu. 1eM He MeHee, eC/ii MOHETY MOADPOCUTH
MHOTO Pa3, TO TPOSIBISIETCS BIIOJHE OMPEIe/eHHasT CTATHCTH-
geCKad PeryjadpHOCTb — OTHOCUTE/IbHAA 9aCTOTa BbITTAQJCHUA
"rep6a" (ornomenue N(2)/N, rne N — unciao nonbpachiBa-
uuit, N(2) — qancio seimagenuii "repba') OGymer Gm3ka K
1/2.

Crarucrudeckast yeTONIHMBOCTD TACTOT, TIPOSIBIISTIOITASICS
BO MHOTHX JIPYTHUX IKCIEPUMEHTAX, MPUBOJUT K TOMY, UTO
MOYKHO KOJUYIECTBEHHO OIEHUTH CTENEeHb BO3MOXKHOCTH IO-
ABJIEHUS TOI'0 WJIM MHOIO COOBITUSA A, IPOMCXOALIEro B pe-
3YJIbTATE IKCIIEPUMEHTOB. 'Teopns BePOATHOCTEH TPHHIMAET
CYIIECTBOBAaHUE y COOBITHA A OTpeIeeHHol YUCIOBOH Xa-
pakrepuctuku P(A), Ha3bBaeMOil BEPOATHOCTHIO 3TOTO CO-
oeiTust. HazoBem orHOIeHuE

Py(A) = N(A)/N, (B1)

rae N — 9ucIo MpoBeIeHHBIX dKcrmepuMenToB, N (A) — guc-
JIO 3KCIIEPUMEHTOB, B KOTOPBIX MOSBUIOCH coObITHe A, OT-
HOCUTEJIbHOU 4acToToil coObitusi A. OUBITHBIM ITyTeM



Brenenne

OBLIO YCTAHOBJIEHO, UTO JIJIsT MIMPOKOTO KJacca SIBIEHUi ¢
POCTOM HYHMCJ/Ia SKCIIEPUMEHTOB N OTHOCHUTEJIbHAad YaCTOTa
Pn(A) crabunmmsupyercss BOKpyr HekoToporo uucia P(A),
KOTOPOE €CTECTBEHHO IPUHATH 33 BEPOSTHOCTH COObITHS A.
JI1st pacCMOTPEHHOrO BBIIIE TIPUMEPaA 9TO O3HAYAET, ITO Be-
pPOATHOCTDL BhImagenusi "repba" mpu mombpaceiBamuu "mpa-
BUJIbHOT" MOHeThl HaJ[0 cunTarTh papHoil 1/2.

[TousTre BEpPOATHOCTH HB/ISETCS OAHON W3 Hambosee
MOIITHBIX KOHIIENTINH coBpeMeHHOM Hayku. Bce coBpemenmoe
€CTECTBO3HAHME TPOHU3AHO BEPOATHOCTHBIME naeamu. DyH-
JlaMeHTaJbHOEe 3HAaYeHNe BEPOSTHOCTHBIX HJlel W TpelcTaB-
JIeHUI B COBPEMEHHOHI HayKe HeOQHOKPATHO IIOAYePKUBAJIOCH
BhIIAIOMUMUCS yaeHbiMu. Hanpumep, H. Bunep cBs3piBaeT
PaInKaILHOE CTAHOB/IEHUE BEPOATHOCTH B HAYKE, PA3BUTHE
BEPOATHOCTHON TOYKW 3pEHUs] Ha YCTPOMCTBO MUPaA W OCHO-
BaHUS MHOIMX Hayk c nMmenem ['ubbca.

Bepoaraocts Bomta B dusmky B mporecce paspabor-
KU MOJEKyJsipHO-KuHeTu4deckoii Teopun. Ho eme Gombimee
3HAYEHNE BEPOATHOCTHBIE WAEW TPHUOOpPEe/n B COBPEMEHHOMN
dusnKe, HATPUMED, B KBAHTOBOW MEXaHWUKe, KOTOpas ObLIa
On1 BOOOIIe HEBO3MOXKHA 0e3 moHATHSA BepodaTHOCTH. MHO-
rue pasfebl OUOJOTUU KCHOAb3YIOT BEPOSTHOCTHBIE MOJIE-
JI, OCODEHHO TeHeTHKa, TaK KaK MEXaHW3M HaCIeJICTBEHHO-
CTW WMEeT BePOSTHOCTHYIO mpupomay. Teopusa BepodgTHOCTEMH
SIBJISIETCST TEOPETHYIECKOH 6a30# TaKUX MPUKJIAIHBIX pasie-
JIOB COBPEMEHHOH HayKW KaK TeOpWd HaIe’KHOCTH, TEeOPHS
MaccoBOrO 0OCTyKUBaHUsI, TeOpust (DUHAHCOB (OCOOEHHO B
9aCTH, CBA3AHHON C OMUCAHWEM CTOMMOCTH TIeHHBIX OyMar, B
TEOPUHU CTPAXOBAHWS W MEHCHOHHBIX (DOHIIOB).

Hepasa ¢yndamenmanrvhyio posv 6 cospemennoti nayxe,
NOHAMUE BEPOAMHOCTNY ABAALMCA CYULECTNEEHHBIM IAEMEH-
mom cospementoti gurocopuu.



[JIABA 1. TEOPUS BEPOATHOCTEN

Pazurne rteopum BeposaTHOCTEH MOXKHO pa3buTh Ha
CTIETYTOTITIE JTATTHI.

1. IIpedvicmopus meopuu sepoammnocmeti. B sTor mepuon
CTABWJIMCH U PEIIAJINCH JIeMeHTapHbIe 33,1291, KOTOPbIE 103~
JKe OTHECJIH K TeopuH BepoaTHocTell. HuKakmx cnenma bHBIX
METOJIOB B 9TOT TIEPHUOJ HE BO3HUK,IO.

C BepOSITHOCTHBIME MPEJCTABICHUSIMU OB 3HAKOMBI
aHTUYHble ydeHble, HampuMep, lemokpur, JIlykpemmit Kap,
KOTOPbIE TPEIBUIETN CTPOCHNE MATEPUu C OECIOPIIOTHBIM
JIBHOKEHUEM MEJKUX YACTHUI], PACCYKJIAJIA O PABHOBO3MOXK-
HBIX UCxofax. Ho anTrdHas HAayKa HE MOINLIA 0 BHIIEICHUST
MOHATHUS BEPOSITHOCTH.

B cpennue Beka B paborax Jl.Ilawonu, H.Tapraabu u
JI.Kaprano memaercss MOMBITKA BBIIECJIUTH HOBOE MOHATHE —
OTHOIIEHHE IIAHCOB — IIPH PelIeHHH Psala 3aJad, Ipexkie
BCEro KOMOWHATOPHBIX. HO Takwe MONBITKHA BCTPEUAOTCS
TOJIBLKO SIMU30UIECKH.

2. BosnuxHosenue mMeopuy sepoamuocmeti KoK HOYKU.
BozuukHoBeHME TEOpUY BEPOSATHOCTEH KAK HAYKU OTHOCUTCS
kK cepequuae XV III Beka m cBsi3aHo ¢ mMmenHamn llackass
(1623-1662), ®epma (1601-1665) u I'toiirenca (1629-1695).
O06te MeTOMBI PeIleHnsT 33739, CBA3aHHBIX C ITOJCIETOM
IIAHCOB B a3apTHBIX HIpax, ObLIM JaHbl B 3HAMEHUTO
nepenucke Mexkay llackamem mw @epma W B MepBOil KHUTe
no rTeopun BepoarHocreil "O pacuerax B aszaprTHoil mrpe'
I'toiirernca. IMeHHO B 9TOT IEPHO BLIPAOATHLIBACTCI BazKHOE
moHATHe ''MaTeMaTHUecKoe OXKuIaHue', yCTaHABIMBAIOTCS
TEOpEMbI CJIOKEHUS W YMHOXKEHUsl BeposdTHocTeil. B 310
BpEMST TEOPHUsT BEPOSTHOCTENH HAXOIUT CBOU TIEPBBIE TTPUME-
HEHUs B JeMorpaduu, CTPaAxXOBOM JIeJie, B OIEHKe OIMTHO0K



Brenenne

HabJIIONeHmIE.

3. @axmuueckas UCMOPUA MEOPUL, 6ePOAMHOCTEY Ha-
quHaercd ¢ paborer f.Bepryman (1654-1705) "Ucekycerso
npeanoaoxkeruii", B Koropoii 6bL1a CTporo JoKa3aHa IepBas
npeiebHas TeopeMa TEOPUU BEPOSITHOCTEN — 3aKOH OO0JIb-
mmx wuces, u paborsr e Myaspa (1667-1754) "Amamuruae-
cKasg CMech'", B KOTOPO# BIepBbie HbLTa CPOPMYIUPOBAHA U
JI0Ka3aHa IeHTpaJIbHAsT TpeJesbHasi TeopeMa, TEOPUU BEPO-
ATHOCTE! B cuMMeTpudHoit cxeme bepmyaau. A.Bepuymmn
ObLII, BEPOSITHO, TIEPBBIM, KTO OCO3HAJ BaXKHOCTH PACCMOTPE-
HIS GECKOHETHBIX TOCTE0BATENHHOCTEH MOBTOPHBIX MCITHI-
TAHUU ¥ KTO JeJiaj YeTKOe pa3ndne MEXIY MOHSITUEeM Be-
pPOSTHOCTH COOBITHS W YacTOTh! ero nosdsJjenusd. Jle Myaspy
MPUHAJJIEXKUT 3aCIyTa B ONpEeeHUN TAKUX TOHSTHH, KaK
HE3aBUCUMOCTH, MATEMATHIECKOe OXKMIAHNE, YCIOBHAS Be-
POSITHOCTb.

B 1812 r. BeixoguT Gosbmioit Tpakrar Jlammaca (1749-
1827) "AmanmmTudeckas Teopus BepOATHOCTER", B KOTOPOM
OH M3JIaTaeT CBOU COOCTBEHHBIE PE3y/bTAThI B 0OJIACTH Te-
OPHH BEPOATHOCTEH, & TakKzKe Pe3yJIbTaTbl CBOUX IIpEJIe-
CTBEHHUKOB. B wacTHOCTH, OH 00001m1 Teopemy MyaBpa Ha
HECUMMETPUYHBIN cay4ail cxembl Beprysau. Jlammac, npu-
MEHHWB BEPOSITHOCTHBIE METOBI K TEOPUH OIMMOOK HabIIroIe-
HII, BBICKA3aJl IJIOJOTBOPHYIO HIe 00 omubKe Habrome-
HAA Kak cymmapHoMm 3ddekre OOMBIIOr0 Yncaa He3aBUCH-
MBIX JIEMEHTAPHBIX OIINOOK.

K sTomy ke mepuony B pa3BUTHH TEOPUU BEPOSTHOCTEI,
KOI/Ia IIEHTPAJIbHOE MECTO B WCCJIEJOBAHUAX 3aHUMAJIN
npejebHbIe TeOpeMbl, OTHOCATCsT paboThl [lyaccona (1781-
1840) u Taycca (1777-1855). C mmvenem Ilyaccona cBsizaHo
nouartue pacmupedenenus llyaccona m mporecca Ilyaccona.



[JIABA 1. TEOPUS BEPOATHOCTEN

layccy mpuHAIIEKUT 3acayra CO3JAHUS TEOPUH OIMTHOOK
M, B YaCTHOCTH, OOOCHOBAHWE OJIHOI'O W3 €€ OCHOBHBIX
NPUHIUIIOB — MeTo/la HAUMEHBIINX KBaJIpPaTOB.

4. Ilemepbypeckutd, nepuod. Caeayrommii mepuo pas-
BUTHSI TEOPHUU BEPOATHOCTEH CBA3aH MIpeXKIe BCEro ¢
ITerepbyprckoit  mKOIOH, OCODEHHO TAKWMMU €€ APKH-
mu npexacrasurenamu  kak [1.J1.Yebpimes (1821-1894),
A A Mapkor (1856-1922), A.M.J/Ianyros (1857-1918), xo-
TOpLle co3maian dPPEKTUBHBIE METOALI T0Ka3aTeILCTBA
MpPeJIeBLHBIX TEOPEM I CYMM HE33aBUCUMBIX TPOU3BOJBHO
pacIpeleaeHHbIX CIYIafHBIX BEIUYHH. JIGmyHOB co3malt
MOIIHBIA MaTEeMaTHYCCKUN alapar — TEOPUI0 XapaKTepu-
crrueckux hyHKui, MapKoB BBeI IOHATHE IENH; Teleph
6e3 mermeit MapkoBa W MapKOBCKHUX ITPOTIECCOB HEBO3MOXKHO
MpPeJCTAaBUTE cebe pa3sBUTHE COBPEMEHHON HayKH.

5. Cospemennwili nepuod. CoBpeMeHHBII Iepro, B pa3Bu-
THH TEOPHUW BEPOSTHOCTEH HAYMHAETCS € YCTAHOBJICHUS aK-
CHUOMATUKU. HepBbIe pa6OTbI B 9TOM HallpaBJICHUN TIPpWUHAI-
gexkar C.H.Bepumreitny, P.Muzecy u 9.Bopesto. B 1933 1.
BhINLIa KHNTa Koamoroposa, " OCHOBHBIE TOHATHSI TEOPUHT Be-
positHOCTE#", B KOTOpO# OBLIa MpEIIoKeHa aKCUOMATHKA,
MOy YUBITIAs BCeODIee TTPU3HAHNE W KOTOPas UCIOIB3YeT-
cs B HacTodmiee BpeMsi. K JaHHOMY MOMEHTY TeOpHsi BEpO-
SITHOCTEHN CKJIAJBIBAETCH W3 GOJIBIITOTO TUCIA CAMOCTOSITE b=
HBIX HAYYHBIX aucrumani. Ha BepogTHOCTHON 6aze mocTpo-
€HBl MATEeMATHIECKasl CTATHCTHKA, TEOPUs CIYIAHBIX MTPO-
1eccoB, Teoprusa WHAMOPMAITNN, a TAKYKe TaKue MPUKIATHBIE
pa3fesbl Kak Teopusl HAJIEKHOCTH W TEOPHsST MAaCCOBOTO 06-
CIIy2KUBaHUA, CbI/IHaHCOBaH U aKTyapHad MaTE€MaTHUKa.
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§ 1. TIpocTparcTBO 3MeMeHTApHBIX WCX0n0B. CobBITHE.
OTHOCHUTEIbHAS YacTOTA

§ 1. IIpocTpaHcTBO 3JIEMEHTAPHBIX MCXO/I0B.
CoObiTne. OTHOCUTEIBHAA YaCTOTA

B moboit MaTeMaTWdecKodl AUCIUILIAHE WMEIOTCI IIep-
BUYHBIC IIOHATHUA, KOTOpPBIE HEBO3MOXKHO OIrpeae/InTh
gepe3 apyrue. HampruMep, B reoMeTpun TaKUMU TTOHATHSIMHA
ABJIAIOTCA TOYKaA, IPpAMad 1 IIJIOCKOCTb. He ABJIAETCA NCKJIIO-
JeHHneM W TeOpHud BeposTHocTell. B Teopum BeposTHOCTEN
NEePBUYHBIM IMOHATHEM, HE OIIpe/esisieMbIM Yepes Jpyrue, saB-
JFeTCs TIOHATHE IIPOCTPAHCTBA YJIEMEHTAPHDBIX NUCXOL0B
Q= {w} — HEKOTOPOTrO MHOKECTBA, COCTOSAIIEIO U3 HIEMEH-
TApPHBIX UCXOJ0B W. DJIEMEHTAPHBIE UCXOJbI COOTBETCTBYIOT,
KaK TIpaBUJIO, €AWHCTBEHHO BO3MOXKHBIM HEPA3JTO2KUMBIM
pe3ysbTaraM HEKOTOPOrO CIydaiflHOTrO 3KCIEPUMEHTA, XOTd
9T0 1 HeobsizarespbHO. CMBIC/I BBEJIEHHOTO TOHSTUST MOYKHO
BBISICHUTH, pacCMaTpuBasd KOHKPETHBIE IIPUMEDHI.

Ipumep 1. TlycTh 2KCIIEPUMEHT 3aKII0YAETCA B MOHOPa-
coiBanuy "mpaBuiabHO#" Mouerhl. B aroMm cayuae 2 = {e,p }
COCTOUT U3 JBYX MCXOJ0B W] = 2, W9 = P, COOTBETCTBYOIINX

BhImaIennio "repba'" um "pemku" cooTBETCTBEHHO.

Ipumep 2. Ilpu noadbpacklBaHUM UTI'PAJIBHON KOCTH BO3-
MOYKHBI ITIECTh ITEMEHTAPHBIX WCXOM0B: Wi — BhIMajeHne 1-
ro 0YKa, we — BBINAJEHUE 2-X OUYKOB, U T.J., W — BBIMAe-
HIe 6-TH O4YKOB. B 3TOoM ciiydae TPOCTPAHCTBO 3dTeMeHTap-
HBIX uCx040B ) = {wi,ws, w3, ws,ws,ws}. Ya06HO 0603HA-
9aTh WCXOI w; mpocro i, torma 2 = {1,2,3,4,5,6}, rae i
COOTBETCTBYET BBIMAJIEHUIO § OUKOB.

B sToM sKCmepmMeHTe MOXKHO BBECTH JPYTO€ MPO-
CTpaHcTBO 3eMeHTapHbix ucxonoB ) = {wi,we}, rme wy
COOTBETCTBYET BBIMAJEHUI0 YETHOIO YHCIA OYKOB, Wy CO-

11



[JIABA 1. TEOPUS BEPOATHOCTEN

OTBETCTBYET BBIMAJEHUIO HEUYETHOI'O YUCIa OYKOB. 37€Ch
UCXOABl YK€ He dABJIAI0TCA HEPA3JIOXKMUMBIMU, HAIPUMep,
WCXO w1 pacKJIaJbIBaeTcs Ha UCXOAH 2,4,6 W3 TpOCTpaHCTBA
Q. OHako B DOJBITUHCTBE CIyYaeB yI00HO pacCMaTpUBATH
IpOCTPAHCTBO {1, COCTOAIIEE U3 HEPA3JIOKHUMBIX MCXOJI0B, &
HE TPOCTPAHCTBO ().

Ipumep 3. Tlpu mombpackiBanum ABYX 'TpaBUIbHBIX"
MOHET B KaeCTBE 3JIEMEHTAPHOr0 UCX0Ia, YI0OHO B3ITH Mapy
w = (i,7), vae i =e, eciim Ha 1epBoil MoHere Bbinasn "rep6",
U i =p, ecJii Ha TIepBOii MOHeTe BhIasa "perka', j =e, ecyin
Ha BTOPO# MoOHeTe BhITaa "repb", m j =p, eciim HA BTOPOIL
MoueTe Bhinaja "perrka". [IpocTpaHcTBO 3€MEHTAPHBIX UC-
XOIOB

Q:{(Z,Z), (Zzp)a (p,Z), (p,p)}

ABJIACTCA AEKAPTOBBIM IIPOU3BEJACHNEM IIPOCTPAHCTBA IIPU-
Mepa 1 Ha cebs.

B KageCTBe IIPOCTPaHCTBA JIEMEHTAPHBIX MCXOJ0B MOXK-
HO GbLIO Gbl TAKKE B3ATH () = {22, 2p, cmech}, Tae 22 —
BhITaenne AByX ''repbos", 2p — BrImajerue qByxX "permek",
"cmech" — BhIIaJEHME Ha OXHON w3 MoHeT "repba', a ma
napyroit — "pemku". @akTuuecku 31ech 22 coBnagaer ¢ (2,2)
u3 mpocrpancTsa 2, 2p — ¢ (p,p), a "cmecs" momygaercs
CoeTTMHeHIeM UCXofoB (2,p) u (p,2). OfHaKO MPOCTPAHCTBO
() HUKOTJA HE HCIOIL3YEeTCsI, TAK KaK €ro MCXOJbl MMEOT
Pa3IMYIHBIE BEPOATHOCTH.

IIpumep 4. Tlpm mnombpachiBaHWu [BYX WIPAIBHBIX
KOCTell B KA4YecTBe IJIEMEHTAPHOTO WCXO/a TaKKe yI100-
HO B3Th mapy w = (4,f), rje & — 9UCIO0 OYKOB, BbI-
maBIIuX Ha 1-if KOCTH, j — YHCJIO0 OYKOB, BBINABIIUX
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§ 1. TIpocTparcTBO 3MeMeHTApHBIX WCX0n0B. CobBITHE.
OTHOCHUTEIbHAS YacTOTA

Ha 2-#1 kocth. IlodTOMy TMPOCTPaHCTBO 3jeMEHTAPHBIX
HUCXOJOB COCTOUT 3 36 2JIeMeHTapHBIX wuCxomoB: () =
{(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2, 1), (2,2), (2,3),
(2,4),(2,5),(2,6),(3,1),(3,2),(3,3), (3,4),(3,5), (3,6), (4, 1),
(4,2),(4,3),(4,4),(4,5),(4,6), (5,1), (5,2),(5,3), (5,4), (5,5),
(5,6),(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)} u srsiercss me-
KapTOBBIM MIPOW3BEJIEHNEM ITPOCTPAHCTBA MpUMepa 2 Ha
cebsi.

ITpumep 5. Tycrs Ha orpesok [a,b] "waymaay" 6poca-
eTcd TOYKA. 3a MCXOJ, TaKOr0 SKCIIEPHMEHTa eCTEeCTBeHHO
B35TL KOOPJUHATY TOYKH, B KOTOPYIO OHa HomajeT. Tak Kak
TOYKA MOXKET MOINacTh B JIOOYI TOYKY OTpeska [a,b], To

Q={w: wela,b]} =a,bl.

ITpumep 6. Tlycrs Ha orpesok [a,b] "waymauy" 6poca-
IOTCS JIBe TOYKH. 3a MCXOJ MOXKHO B3sTh mapy w = (z,y),
rae T — KOOPIMHATA IepPBOil TOYKH, § — KOOpAMHATA BTOPOIL
touku. [TosTomy

Q={w=(r,y):a<z<ba<y<b}

SIBJISIETCS JTEKAPTOBBIM ITIPOU3BEJEHIHEM TPOCTPAHCTBA, TPHU-
mepa 5, T.e. orpeska [a,b], Ha cebsa. Mubmvn ciosavn, Q —
KBaJpaT B KOOPAWHATHOHN riockocTn 0zy.

Ipumep 7. Ilpu ompenenennn BpeMeHU YKU3HU dTeMeH-
TAPHOW YACTHUIBI TPOCTPAHCTBO 3IEMEHTAPHBIX HMCXO/0B
npezcTaBisier coboit momymnpsimyto 2 = [0, 00).

Ipumep 8. IlycTh MO MACTOPTHLIM TaHHBIM MaHEBPOBBIA

JIOKOMOTHB MOXKeT 0e3 KaluTaJbHOIO DPEMOHTA KCIIOJIb30-
BaTbCs B TeueHue BpeMeHu 1. DKCIEPUMEHT COCTOUT B

13



[JIABA 1. TEOPUS BEPOATHOCTEN

HaOJIIOIEHNH BpeMeHHn ero OecrepeboifHoi paboThl, TOIIa,
DIEMEHTAPHBIN MCX07 w — BpeMmda bOecrepeboitroit paboTs,
IPOCTPAHCTBO IeMeHTapHbIX ucxonos 2 = [0, 7).

[IpernmomoxuM BPEMEHHO, 9TO TPOCTPAHCTBO 3IIEMEH-
TapHBLIX WCXOIOB KOHEYHO WM CYeTHO. DyaeM Ha3bIBaTh
TaKOe MMPOCTPAHCTBO AUCKPETHBIM.

Onpenenenne 1.1. (Cnygaiinbiv) cOOBITHEM HA3BIBA-
eTcst J1i060e TIOIMHOKECTBO A TPOCTPAHCTBA 3/IEMEHTAPHBIX
MCXOMOB. DJEMEHTHI MHOYXKECTBa, A HA3BIBAIOTCA  3JIe-
MEHTAPHBIMU HCXOJaMu, OJIaronpusiTCTBYHOMIIMA
MOABJEHUIO COObITUA A nin 6JaroTpUATCTBYIOIUMEI
cobbiTuio A.

Crenyroitiee  ompesiesieHne HeEb3sl HA3BATH, CTPOTO
OBOPsI, MaTEMATHYECKHM, IIOCKOJILKY OHO MCIONL3YET He
OTIpENIeJIEHHOE PaHee MOHATHE "OCYIIeCTBAeHWUS" 3IeMeH-
TApHOTO HCXO4a. DTO ONpeneeHue CIYKUT JUIIL IJIsl TOro,
9TOOBI CBA3ATH MATEMATHIECKYH) TEOPUIO C BO3MOXKHOCTHIO
OpUMEHeHHUs] IpH Pelledny MpakKTHIecKuX 3ajad. OHo Jaer
BO3MOXKHOCTH TIEPEBOJIA, C A3BIKA TEOPWUU Ha, A3BIK MPAKTH-
YECKUX MPUIOXKEHU.

Omnpegenenne 1.2. [osopar, uro cobbiTue A mnpo-
WCXOOUT WIN OCYLIECTBJISIETCH, €CJIU B pPe3yJbTare
IKCIIEPUMEHTA OCYTITECTBIIIETCS MEMEHTAPHBIN 1Cxom, O1a-
TOMPUATCTBYIOMINH COOBITHIO A.

Ipumep 9. IllycTb SKCOEPUMEHT COCTOUT B MONOPACHIBA-

HuM urpasbHoil koctu, T.e. 0 = {1,2,3,4,5,6}. Coberruto
A = {1,3,5} OGuarompusircTByeT BbITajeHWe 1, 3 wiam
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§ 1. TIpocTparcTBO 3MeMeHTApHBIX WCX0n0B. CobBITHE.
OTHOCHUTEIbHAS YacTOTA

5 OYKOB, W OHO NPOUCXOJUT, €CJW Ha WUIPAJBHON KOCTH
Bermager 1, 3 wim 5 oukos. JIpyrumu cioBamwm, COOBITHE
A 3aRI09aeTCs B BBIMAJCHUN HEYETHOTO UHCTA OYKOB.
Amnanorununo, cobertue B = {2,4,6} cocrour B BBINAJCHUE
TETHOTO TUCTA OUKOB.

Ipumep 10. Tlycts B mpumepe 8 Bpemsd W3MEPAETCA B
cytkax u myctb A = [3, 20] (mpexnmomaraercst, aro T° > 20).
Torga cobbiTre A 3aKIHOYAETCS B TOM, 9TO JIOKOMOTHB
npopaboraer becmepeboitiro ot 3-x gm0 20-tm cyrok. Ecam
661 OKazasoch, aro T < 20, To cobwiTrie A cocTosiio OB B
Oecmepeboitroit pabore ot 3 1o T cyToK.

CobbiTus OymeM 0DO3HAYATE MPOMUCHBIMU JIATHHCKUMHI
oyksamu A, B,C, D, Hy, Ho, H3 u T.1.

Bce mpocrpamcTBo ) SBASIETCS MTOZMHOXKECTBOM CAaMO-
ro cebs m, cormacHo omnpegenennto 1.1, saBasteTca COOBITH-
eM. OHO Ha3bIBaeTCs JOCTOBEPHbLIM cobbiTuem. Tak Kak
eMy OjaronpuaTcTBYeT 000U IEMEHTAPHBIN HUCXO0H, KOTO-
PBIM MOKET OKOHYUTBCS IKCIEepuMeHT (1r000e w € ), 1o 2
POUCXOIUT Beerya (KOHEYHO, B YCJIOBHAX, KOTJIA SKCIIEPHU-
MmenT onmceiBaercs §2). Takum 06pazoM, MPOCTPAHCTBO 3Te-
MEHTapHBLIX MCXOIO0B {2 BBICTYIAET B ABYX KAaUeCTBaX: B Ka-
gecTBe COOCTBEHHO MHOYKECTBA BCEX TEMEHTAPHBIX UCXOI0B,
KOTOpBIE MOTYT IPOM30HTH B PE3y/IbTaTe YKCIEPUMEHTa, U
B KaueCcTBE JOCTOBEPHOTO COOBITHsI, T.e. COOBITHsI, KOTOPOE
IPOUCXOINT B KayKJIOM TAKOM SKCIIEPHUMEHTE.

[Iycroe MuOXKecTBO () TaKKe ABISIETCS IOIMHOXKECTBOM
Q, Te. gBaseTca COOBITHEM, KOTOPOE HA3BIBAETCH HEBO3-
MOXKHbIM. KakuMm OBl MCXOZOM HU 3aKOHUYMJICS SKCIEPH-
MEHT, TO, HOCKOJIbKY w & (), HeBO3MOKHOE COObITHE HUKOIJIA
HE TIPOUCXOINT.
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[JIABA 1. TEOPUS BEPOATHOCTEN

CobuiTug Q u () aBiagroTCd eIUHCTBEHHO BO3MOXKHBIMU
HecygaiupiMu coObrTusiMu (§) nmpoucxoauT Beerna, () HuKo-
1 He TpoucxoauT). Bee ocrambHble COOBITHST SIBJISIFOTCS CITY-
YalHbIMU, T.€. MOI'YT KaK IIPOM30UTH, TaK U HE IIPOU30UTHU B
pe3yabTaTe IKCIEPUMEHTA.

Beenem omepanuu was cobbitusMu. OHU BBOJASTCS Kak
COOTBETCTBYTOITHE OMEPAIMU HAJl MHOXKECTBAME (Beb COOBI-
THe, COIVIaCHO ompeenaeHuio 1.1, aBideTcss MOIMHOKECTBOM

Q).

Omnpenenenne 1.3. Cymmoii cobbituii A u B Hazbl-
Baerca obbeauuenne AU B muOokecTB A u B (cocrosimee n3
JIEMEHTAPHBIX WCXO0B, TPUHAJIEKAIINX XOTs ObI OJTHOMY
u3 mHOokecTB A win B).

Cornacuo onpenenenwnio 1.2, AU B TIPOUCKXOIAT TOTIA 1
TOJILKO TOTJA, KOTIA MPOUCXOIUT w € AU B, T.e. w, npuHa-
Jiexkaniee XoTs 6ol omHoMmy m3 MHOKecTe A wiaum B. B cuiny
ompeaeaeHus 1.2 9TO O3HATAET, ITO MPOUCXOAUT XOTA OBI O
uo u3 cobpitnii A mwan B. Takum obpasoM, cymma cobvimud
AUB - amo cobwimue, Komopoe npoucztodum moada U moab-
K0 moada, Kozda npoucrodum roms v 00no us cobvimuti A
uau B.

Jlonroe BpeMs TEOpPHS BEPOATHOCTEH W TEOPHsS MHO-
JKECTB PAa3BHBAJKCH HE3ABUCHMO. lIpum 3TOM B Teopun
BEPOATHOCTEH IMEPBUYHLIM IOHATHEM SIBJSJIOCL CODLITHE,
TIOHATHUE HpOCTpaHCTBa SHQMQHTaprIX nCcxXog0B HEe BBO-
amiIoch Boobme. A cymmoii coObituii A m B Ha3bIBaIOCh
cobBITHE, COCTOAINEE B HACTYTJIEHUH XOTA ObI OJHOTO W3
cobprtuii A wiu B. OTCcyTcTBIE DOHATHS IPOCTPAHCTBRA, /16~
MeHTaprIX ncxog0B HpI/IBOILI/IJ'[O K U3BECTHBIM HapaﬂOKcaM.
st cozpannsg aKCHOMaTHKH U, B YaCTHOCTH, IPEOIOICHIS
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§ 1. TIpocTparcTBO 3MeMeHTApHBIX WCX0n0B. CobBITHE.
OTHOCHUTEIbHAS YacTOTA

stux mapaaokcos A.H. KomMoroposbim 6bL1a mpemioskena
TEOPEeTUKO-MHOXKeCTBeHHas 0a3a, Jieykalias B OCHOBE COBpe-
MEHHOI TEOpUU BEPOATHOCTEH.

Omnpenenenne 1.3 mMoxkeT OBITH 0DOIIEHO HA TPOU3BOJIb-
HOE 9HCT0 CAraeMbIX.

Ecim I — MHOXKeCTBO WHIEKCOB MPOU3BOJIBHON MOIII-
HOCTH, TO CYMMOii cobblTuii A,, @ € [, Ha3piBaeTcs

obbemunenne | J A,. OueBWgHO, OHO MPOMCXOMUT TOTIA W
ael
TOJIBLKO TOTIa, KOT/IA IPOUCXOIUT XOTA OBl OJHO M3 COOBITHI

Ay, o€l

Onpepneaenne 1.4. Ilpoussenenmem cobbiTmii A
u B wasbiBaerca nepeceuenne A N B wmuoxects A n B
(cocrosiee U3 9/IEMEHTAPHBIX UCXOOB, MPUHAIEXRKAMNX A
u B).

B cuny onpenenenns 1.2 npoussenerne AN B — 310 co-
OBITHE, COCTOMAIIEE B OZHOBPEMEHHOM ITOABIEHUN COOBITHN A
u B. Ilpouspenenne cobpiTuii yacro oboszHadaercsa Kak ADB
win A - B. Takum obpazom,

ANB=A-B=AB.

IIpousseaenmem cobwiTuii A,, o € I, HasbiBaerca

nepeceuenne (| A, MuOXKecTB A,. Ouesumno, [ A

acl acl
MIPOUCXOIUT TOrJIa W TOJBKO TOTHA, KOTJa OJHOBPEMEHHO

POUCXOIAT BCe cobbiTud Ag,.
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[JIABA 1. TEOPUS BEPOATHOCTEN

Omnpenenenne 1.5. Paznocrhio cobwbitnii A u B
HazbIBaeTCs pasHocTh A\ B muOoxkecTB A u B (MHOXECTBO
w, IpUHAIexKAUX A, HO He IpHHAITexRAIUX B).

B cuny ompenmenenws 1.2 A\ B npoucxomut TOrga u
TOJBKO TOT/IA, KOTIa A TPOUCKXOInT, a B He MPOUCXOIHUT.

Oupenenenne 1.6. Ecin A C B(A sasagerca mop-
MHOXKECTBOM B), TO roBopar, 4to cobbiTMEe A BJ€YeT
cobbiTue B unm uro B caenyer u3 A.

[Iycts mpousonwuio cobnitue A. Ilo onpenenenuio 1.2 sTo
o3HauaeT, 9To ocytrecTeuicsa w € A. Tak kak A C B, 10 910
w € B. 3HaunuT OCyHIIeCTBUJICS dJIEMEHTAPHbBIN UCXOI w € B,
T.e. mpomzonio B. UTtak, Beakuit pa3, KOTJa MPOUCKOIUT
cobbiTre A, mpoucxoaur Takxke u cobwitue B. Obparho,
[yCTh TIOCJIE/IHEE YTBEPXKJEHUE BBINOTHsAEeTCH. Kakum Ob
QJIEMECHTAPHBIM HCXOJO0OM W HHU 3aKOHYMUJIOCH CO6bITI/Ie A, TO
B cuty Toro, uro A C B, 310 w € B. UTak, 0CyIecTBUIOCH
w € B, 1.e. mpousonuio cobeitne B. Takum obpazom, A C B
mozda U moavko moada, Ko20a KaHcOwl pas nNpu NOABACHUL
A npoucrodum maxoice u cobomue B.

Onpeneaenne 1.7. Cobbitus A u B HasbiBaloTcd
HECOBMECTUMbIMHU I HECOBMECTHBIMM, €C/IH MHOMKE-
crBa A m B He mepecexatored, T.e. AB = ().

[lomb3ysace ompenenenneMm 1.2, mepeBeseM 3TO OmMpeesie-
HUE Ha TPAJUTIMOHHBIN BEePOATHOCTHBIN s3biK. CobbiTne AB
3AKIIOYAETCST B OJTHOBPEMEHHOM OCYIINECTBICHUN COOBITHH A
u B u oHO aBjsgercss HeBo3MOXKHBIM. [TosTomy A u B Hecos-
MECTUMEBI, eCjIi W TOJTbKO eCIM OHU He Mo2ym npousotimu
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§ 1. TIpocTparcTBO 3MeMeHTApHBIX WCX0n0B. CobBITHE.
OTHOCHUTEIbHAS YacTOTA

00H0BPEMEHHO.

Oupenesnenne 1.8. Cobeirue A = Q) \ A, asasromieecst
JIOTIOJTHEHNEM K MHOXeCTBY A B mpocTpancTse (), Ha3bIBa-
eTcs MMPOTUBOIMOJIOXKHBIM K COOBITHIO A.

C nomompio onpegenenus: 1.2 jerko nposepsercs (06s-
3aTe/IbHO TIPOBephTe), 9To A IIPOMCXOMHT TOTIA M TOTBKO
Torga, Koraa A He mporCcxXOmuT.

[Mpumem crenyiommee cornamtenne. Eenun A m B HecosMme-
CTUMBI, TO CyMMYy 3TuX cobbiTmii bymem obosnauats A + B.
Touno Taxk ke, ecnmum cobbiTHst cemeiictBa {Ay, o € I}

[ONAPHO HECOBMECTHMBI, TO cymMmy cobbituii | J A, Gyzem
ael
obozrauate Y A,. B TeopeTwko-MHOKECTBEHHOW WHTED-
acl
nperanuu 9T0 O3Hadaer, 4ro 3HakoMm maroc"  wam ") "

obo3HavgaeTcad OObEIUHEHNE MOIMAPHO HEMePeCeKAIONINXC s
muO)kecTB. Fenm A C B, 10 pasunocrs B\ A Gyuem o6o-
suagaTh B — A (Belpazkasick durypajabHo, 3uak "MumHyc"
OPUMEHSIETCs, KOra u3 coObiTust B BhIunTaerca "Menbimee"
cobbitre A).

Onpenenenne 1.9. Tosopsat, uro koHewnbri (cuer-
HbIiT) HAbOp cobbrtuit Hy, Ho, ..., H, (Hi, Ha,...) 06pa3y-
€T TIOJHYIO I'PYNILY, €Cln

Hi+Hy+.. . +H,=Q (3 H,=9).
k=1

B reopun MHO2kKeCTB MbI ObI BEIPA3UIN 3TOT (haKT TaK: CO-
ObITHsT 0OPA3YIOT MOJHYIO TPYIINY, €CJN OHU 00pasyiom pas-
bueHue NPOCMPAHCNEA SIAEMERMAPHOLT UCTO008 HA Henepe-
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[JIABA 1. TEOPUS BEPOATHOCTEN

cerarowueca wacmu. LoBopsi, mcmonn3yst ompenenenne 1.2,
BEDPOSITHOCTHBIM $SI3BIKOM, YCTAHABIUBAEM, UTO COOBITHS 00-
Pa3yIOT MOJHYIO TPYIIY, eciu zomsa O0v. 00no u3 HUT 064-
3AMEALYHO NPOUCTOOUM, HO HUKGKUE 080 U3 HUT He MOo2ym,
npousotlimu B pe3yJIbrare PACCMaTPUBAEMOI'0 SKCIEPUMEHTA..
Tax kak H; — oIMH U3 BO3MOXKHBIX TPOTUBOPEYANINUX JIPYT
JPYTY BApUAHTOB, KOTOPBIMU MOXKET 3aKOHUUTHCS CJIydaii-
HBII 3KCIIEPUMEHT, TO COOBITHsI, 0Opa3yIOIINe TOTHYIO IPYyI-
My, 9aCTO HA3BIBAIOT TUTIOTE3aAMMU.

BameruM, uro cobbitust A u A, IpPOTHBOIONOKHBIE IAPYT
K JpYyTy, 00pa3yioT MOJHYIO IPYIINY U3 JABYX UIOTES.

ITIpumep 11. Pacemorpum Q = {1,2,3,4,5,6}, coor-
BETCTBYIOIEe MOAOPACHIBAHUIO "TIPABUIBHON"  HUrpaIbHOIN
koctu, u myctb A = {1,3,5}, B ={2,4}, Hy = {1,2}, Hy =
{3,4}, H3 = {5,6}. [IporuBomnonoxkubM K cobbITHIO A, CO-
CTOAIIEMY B BBITQJCHUN HEYCTHOI'O YNC/Ia OYKOB, ABJJIACTCA

BLITIA/IeAAe 9eTHOro ncta o9kos A = {2,4,6}. Cobwrrus
H,, Hy, H3 obpaszyior nommyto rpymnny. Cobeitug B n Hs
aBysiioTCst  HecoBMectuMbiMu.  Kpome toro BH, = {2}

COCTOWT B BBINIAJIEHNH JBYX 04KOB, a A — B = {6} cocrour
B BLIIIQJCHUHN IIIECTU OYKOB.

[TockoIbKY COOBITHSI — TIOMHOXKECTBA MPOCTPAHCTBA
DIEMEHTAPHBIX UCXOIOB, & OMEPAIUU HAJ COOBITUAMU — CO-
OTBETCTBYIOIIHE OTEPAINE HAJ MHOKECTBAME, TO sl OTle-
pammit HaJ COOBITUAMI COXPAHAIOTCST BCE M3BECTHBIE TOXKIE-
crBa m3 Teopur MHOXKecTB. Hampumep, mis cobbiruii cripa-
BEJ|/IMBbl COOTHOIIEHUs JiBOMcTBeHHOCTN ((hopMmMyJib
ne Moprana):
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§ 1. TIpocTparcTBO 3MeMeHTApHBIX WCX0n0B. CobBITHE.
OTHOCHUTEIbHAS YacTOTA

U= Ao (A= U

acl acl acl acl

Kak namu ynoMmHasmoch, BEPOATHOCTb — WJI€AJU3UPO-
BaHHAasl OTHOCUTEJbHAS YacTOTa, T.e. TO YUCI0, BOKPYD KO-
TOPOro CTAbUIIN3NPYETCH OTHOCUTEIbHASA YACTOTA TP HOJIb-
IIIOM YHCTIe SKcrepuMeHToB. [losToMy B KadecTBe akcuom Be-
posttroctu A H. Koamoropos mpeoxui B3sTh DyHIAMEH-
TaJIbHBIE CBOIICTBA, KOTOPBIM YOBJIETBOPSIET OTHOCUTETHHAS
gacToTa. Bor onm:

I. OTHOCHTENBHAS FACTOTA TIOABIEHUS CIYIANHOTO COOBI-
THS HEOTPHUIIATE/bHA!

Py(A) > 0.

JleficTBATENEHO, 9TO CJIEAyeT M3 OIpeIeeHns] OTHOCH-
resbHON vactorsl (Bl), tak kak N > 0, a N(A) > 0 g
Jr060ro cobniTus A.

II. OTHOCHTEIbHAS YaCTOTA, IOABICHU JOCTOBEPHOIO CO-
OprTrs () paBHa €INHUIIE:

Py(Q) = 1.

B camom nesie, Tak Kak ) TPOUCXOIUT B KAXKIOM 3IKC-
nepumente, To N(Q2) = N, u o dopmyne (Bl) Py(2) =
N(Q)/N = N/N = 1.

III. Ecrm cobbitust A 1 B HECOBMECTHMBI, TO OTHOCUTETb-
Had 9aCTOTa IMOABJICHUA UX CYMMBbI PaBHA CyMM€ IaCTOT I10-
SIBJTEHUS STUX COOBITHIA:

Pn(A+ B) = Pn(A) + Py (B).

JletictBuTeibHO, Tak Kak A u B He MOrYyT NpoOM30UTH B
OJIHOM DKCIIEPUMEHTE OIHOBPEMEHHO, TO YUCJIO 3KCIEPUMEH-
TOB, B KOTOPBIX ITPOUCXOIAT XOTh OHO U3 HUX, CKJIAIbIBAET-
Csl U3 YUCJIA AKCIIEPUMEHTOB, B KOTOPBIX TTPOUCXOJUT KaXK10€
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[JIABA 1. TEOPUS BEPOATHOCTEN

U3 HUX:

N(A+ B) = N(A) + N(B).

Cnemosaresbpro, o dopmyse (Bl),
Py(A+B)=N(A+ B)/N =N(A)/N + N(B)/N =

= Py(A) + Py (B).

Ceotictsa 1 - III apnarorca dyHaaMeHTATEHBIME B TOM
CMBICJIE, YTO JIHOOBIE NIPYTHE MBICJUMbBIE CBOWCTBA OTHOCH-
TeJIbHON YaCTOThI MOTYT 6bITb JOKa3aHbI, UCXOOd 13 CBOMCTB
I - III. Harpumep, oTHOCHTE/IbHAST 9aCTOTa 00Ia/IaeT CIeTy-
oM cBoiicteom: eciin A C B, to Py(A) < Pn(B). Heii-
CTBUTENHHO, eCIH BCSAKUH pa3, KOTJAA MPOUCXOAUT A, mpo-
ucxoqur Takxke u B, o, ouesugHo, N(A) < N(B), orky-
nma, B cuny (Bl), Py(A) < Pn(B). D10 CBO#CTBO Ccliexyer
u3 cBoiicts I, III, tax kak w3 A C B cimenyer, uto B =
A+(B—A), a, no ceoiicrey III, Py(B) = Py(A)+Py(B—A).
B cuy crotictBa I BTOpoe ciraraemMoe B ITociieiHell cyMMe siB-
JISI€TCS HEOTPUIATENIbHBIM, cliejjoBaTeasHo Py (B) > Py (A).

A H. KosMoropos mpeioskuji akKCHOMBI JIJIsT BEPOSITHO-
CTH, KOTOPBIE IOBTOPAIOT (pyHIaMeHTaJIbHbIE cBOCTBa I - 111
OTHOCUTEJIHHOM TacTOThI. [Ipr 9TOM OH mOTPEebOBAT BMECTO
ceoficrsa Il BeITOSIHEHNE 719 BEPOSATHOCTH OOJlee CUJIBHOTO
CBOHCTBA, CHETHON ATUTUBHOCTH:

Iv. P(i Ap) = i P(A).
n=1 n=1

XOTH B TaKOM BHJC aKCHOMa HE BbITCKacT M3 CBOMCTB OT-
HOCUTEIHLHON YACTOTHI, OHA HEOOXOTWMa, JJIsT MPUBICICHIUS
ammapara COBPEMEHHO# MaTeMaTuku (B 9aCTHOCTH, TEOPUH
Mepel). Be3 9Toit akcHoMBI Tpomano 61 GOraTCTBO TEOPUH
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§ 2. BepodTHOCTE B JUCKPETHOM MPOCTPAHCTBE
3JIeMEHTAPHBIX MUCXOJIOB. ..

BEPOATHOCTEH M HEBO3MOKHO OBLIO OBI MOJYIATH HETPUBH-
AJIbHBIC PE3YJIbTATDI. A npueMJjIeMOCTb 9TOI AKCHUOMBI 1I04-
TBEPXK/IAETCS TEM, UYTO PE3YJIbTAThl, MOJyUYEHHBbIE C €e UC-
MMOJIB30BaHUEM, HU PA3y HE MPUBOAWUIN K IIPDOTUBOPEYUAM C
pe3yIbTaTaMy 3KCIEPUMEHTOR.

B crenyrormem maparpade Mbl TOCTPOUM BEPOATHOCTHY IO
MOJIeSIb Hanbosiee MPOCTHIX CJIYYANHBIX SKCIIEPUMEHTOB, KO-
TOPbIC OIMMUCBIBAIOTCA JUCKPETHBIM IIPOCTPAHCTBOM 3JJICMEH-
TAPHBIX MCXOT0B. AKCHOMATHIECKOE BBEIECHUE BEPOSITHOCTH
JUTST CTydasi MPOCTPAHCTBA JIEMEHTAPHBIX WMCXOA0B TPOU3-
BOJILHOU MOIIIHOCTH OTJIOXKUM Ha OoJiee 1Mo3/1Hee BpeMsi.

§ 2. BepodaTHOCTh B AUCKPETHOM IIPOCTPAHCTBE
3JIeMeHTapHBIX 1cxXoa0B. Kiaccuaeckoe
onpeae/ieHEe BEPOATHOCTH

HamoMuunm, 9ro He Gojiee 4eM CYETHOe MPOCTPAHCTBO 3JIe-
MEHTapHbIX HMCXOA0B {) Mbl Ha3BaIu AUCKPETHBIM U YTO
UMEHHO IS CAYYaiHOrO SKCIIEPUMEHTa, CBSI3aHHOI'O C Ta-
KAM TPOCTPAHCTBOM, OBLIN BBEIEHBI COOBITHUS W OMEPAINN
HaJ HUMH. B aToM u cienyomeM maparpadax Bce paccMma-
TPpUBaEMbI€ IIPOCTPAHCTBA JIEMEHTAPHBIX MCXOAO0B IIPEAIIO-
JIAralOTCs JTUCKPETHBIMHE.

MHuozkectBo {w}, cocTosimiee U3 €UMHCTBEHHOTO JIEMEH-
TAPHOTO WMCXOMA W, SIBASETCS COOBITHMEM W JOJXKHO WMETh
HEKOTOPYIO BepositHocTh P({w}), KoTopyto Mbl 0603HATHM
p(w) u HA30BEM BEPOSITHOCTHIO IEMEHTAPHOIO HKCXO-
Ja w. Tak Kak oTHOCHTEIbHAA YacToTa 00IaaeT CBOCTBOM
I, MBI mosrxHBL TOTpebOBATH, YTOOBI 3Ta BEPOSITHOCTL OBLIA
HeorputiaressbHoit. B cusy csoiicrsa Il ornocurenshoil va-
CTOTBI MBI JIOJIZKHBI TOTPEBOBATE, 9TOOBI BEPOSATHOCTD JOCTO-

BepHOro cobbiTns paBHsaaack equnuie. Tak kak @ = Y {w},
weN
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[JIABA 1. TEOPUS BEPOATHOCTEN

to mo cBoiicTBy III (ecsm mMpPoCTPAHCTBO KOHEYHO) WJIH YCH-
JIEHHOMY CBOHCTBY c4erHOi amgurusHocTn 1V (ecmum mpo-
CTPAHCTBO CYETHO)

1=P(Q) =) P({w}) =) pw).
weN we2
Tak xax g000e COOBITHE MOXKET OBITH MPEICTABIEHO B BHJIE
KOHEYHON WM CYETHON CyMMBbI OJHOTOYEIHBIX MHOXKECTB, U3
KOTOPBIX OHO cocrouT, T.e. A = Y {w}, To no csoiicrey III

w€eA
wm IV

wEA

DT co0DPAKEHUT MPUBOAT K CIEAYIOMIEMY CITOCOOY BBEE-
HUsI BEPOSATHOCTH B JUCKPETHOM ITPOCTPAHCTBE dJIEMEHTAP-
HbIX MCXOO40B.

KoHCTPYKTUBHO-aKCIOMATHIECKOE OIIpeesieHre
BEPOATHOCTU.

Kazk0My 2/1eMEeHTapHOMY MCXOy W CTABUTCS B COOTBET-
crBre 9ncao p(w) > 0, HA3LIBAEMOE BEPOSITHOCTHIO 3JIe-

MEHTApHOr0 MCX0/1a w Tak, 4To npu srom » . p(w) = 1.
we
BeposTHOCTBIO MPOU3BOJIBHOTO COObITUS A HA3LIBAET-

csl CyMMa BEPOSITHOCTeN 3JeMeHTapHBIX WCXOJIOB, KOTOPBIE
6TArOPUATCTBYIOT COOBITHIO A:

P(A) =) pw). (2.1)

w€eA
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§ 2. BepodTHOCTE B JUCKPETHOM MPOCTPAHCTBE
3JIeMEHTAPHBIX MUCXOJIOB. ..

[Iycte F — COBOKYIHOCTBH BCEX TOAMHOXKeCTB (), T.e.
BCeX BO3MOXKHBIX cobObrtuit. Tpoiika (Q, F, P), rge P
— BEPOATHOCTDH, BBEJEHHAsl C IMOMOIILI0 KOHCTPYKTHUBHO-
AKCHOMATUIECKOTO OTIPEJIe/IeHMsI, HA3bIBACTCS] BEPOSATHOCT-
HBIM MPOCTPAHCTBOM WM BEPOATHOCTHON MO/IEJIHIO
CJIy9aifHOrO 3KCHEePHUMEHTA.

Wrak, KOHCTPYKTHBHO-aKCHOMATHYIECKOE OTPEeIe/IeHIe
no dopmyse (2.1) craBuT KaxaoMy CcoObITHIO A, T.e. KazK-
nomy A € F, B coorBercTBHE jejicTBuTeNbHOE Tncio P(A)
— BEPOATHOCTH ITOTO cOObITHA. [Ipm aTOM

I. P(A) > 0 mns mo6oro cobbrtust A.

II. P(Q2) = 1.

III. Ecnu coboitusa Ay, As, ... IODapHO HECOBMECTHUMEL,

P> 4n) = 3 P(Ay).
n=1 n=1

B camowm gmene, I cnemyer us toro, uro p(w) > 0 u (2.1),

II cnegyer us toro, aro Y, p(w) = 1 un (2.1). Hakoner, III
wen

TO

CJIeJlyeT U3 TOr0, YTO

PO A= ) pw=)> pw+ Y pw+...
n=1 wGiAn w€eA w€EAg

:P(A1)+P(A2)+... .

31eCh MBI BOCIIOJIL30BAIUCH TEM, YTO JIJIsl CXOIANIUXCS PAIOB
C HEOTPpUIATETIbHBIMU YICHAMU MO2KHO KaK YT'OJHO I'DYyIIu-
POBATh YIEHbI psijia B GJOKH, COCTOSIINE U3 KOHETHOTO UJIH
CYETHOTO YMCJIA CIATAeMBIX.

ObpaTHO, MycTh KAXKIOMY COOBITHIO A MOCTaBJIEHO B CO-
orsercreue uncio P(A), t.e. 3amana dyakuus P : F — R,
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[JIABA 1. TEOPUS BEPOATHOCTEN

KoTOpasi yaosiersopsier akcrnomam I — III (akcrmomaruaeckoe
onpesesienne BeposiTHOCTH ). Tor/ja, B 4acTHOCTH, 1 KarKJ0MY
OIHOTOYETHOMY COOBITHIO {Ww} MOCTABIEHO B COOTBETCTBHE
anciao P({w}), koropoe mbl nepeobosnadaem kak p(w), npu-

gem B cuiy akcuombl I p(w) > 0. Tak kak Q = > {w}, 1o
we

no akcwomam Il u III 1 = P(QQ) = ;ﬂ P{w}) = ggp(w).

IIpu srom mist cobbitust A = Y {w} B cuny akcuomsr 111
weA
By/eT BBINOJIHATHCS paBeHCTBO (2.1).

Hmax, 6 caywae OUCKPEMHO20 NPOCMPAHCMEA IAEMEH-
MAPHOIT UCT0008 KOHCMPYKMUBHO-GKCUOMATUYECKOE U K-
CUOMATNUNECKOE ONPEICACHUA BEPOAMHOCTIU IKEUBAACHIN -
HOL.

Paccvorpum cienyromuit wacTabIi caydait. [IycTs

1) mpoCTPAHCTBO — 3TEMEHTAPHBIX — MCXOA0B ) =
{wi1, wa, ..., wy} KOHETHO;

2) sMeMeHTapHbIe UCXOBl PABHOBO3MOYKHBI (DPaBHOBEPO-
arHbl), T.e. p(w1) = p(wa) = ... = p(wy).

ockombky > p(wi) = p(wi) +p(w2) +... +p(ws) =1,

w; €Q
a coaraeMble B CyMMe OQuHakosbl, TO p(w;) = 1/n. Ec-
aun cobpiTnio A GuaronpusaTcTByeT k 37eMEeHTAPHBIX HCXO-
nos, te. A = {wi,, wiy, ..., Wi, }, TO 10 KOHCTPYKTHBHO-
AKCHOMATHIECKOMY omnpesesiernio (2.1)

11 1k
P(A) :p(Wi1)+p(wi2)+...+p(wik) - 54_54_'“_’_5 — E

UTak, KOHCTPYKTUBHO-aKCHOMATUIECKOE OIpeJiesIeHne TIpe-
BpalaeTcs A8 SJAHHOTO CIydasl B TaK Ha3LIBAEMOE

Kiaccuveckoe ompenesnienne BepoAaTHOCTU. Ecin
[IPOCTPAHCTBO JIEMEHTAPHBIX UCXOJ0B KOHEYHO, a BCE UCXO-
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§ 2. BepodTHOCTE B JUCKPETHOM MPOCTPAHCTBE
3JIeMEHTAPHBIX MUCXOJIOB. ..

JIbI pABHOBO3MOYXKHBI, TO BEPOATHOCTBHIO cOObITUs A Ha-
3bIBAETCS OTHOIIEHWE YNCJIA SJIEMEHTAPHBIX MCXOJI0B, OJ1aro-
OPUSTCTBYOIMINAX TTOSIBICHIIO COOBITH A, K IUCTY BCEX BO3-
MOYKHBIX JIEMEHTAPHBIX MCXOI0B!

k

P(A) = —.

()=~
Ipumep 1. I[Ipu  mombpaceiBanmm "IpaBUIh-
Hoit" wmrpampHOit koctm Q = {1,2,3,4,5,6}. Ilycrs

A=1{1,3,5}, A=1{2,4,6} — cobbITHS, COCTOATIIE COOTBET-
CTBEHHO B BBINAQJEHHU HEIETHOTO M TIE€THOTO YUCIA OYKOB.
Kaxpomy w3 mux 067aronpusaTcTByeT 3 JIEMEHTAPHBIX WC-
xona. COoracHo KJaCCHYECKOMY ONPEIEIeHUI0 BEPOSITHOCTH

P(A) = P(A)=3/6=1/2.

Ipumep 2. llpw mnonbpaceiBanuum 1ByX 'mpaBuiib-
HbIX"  WDPAJIBHBIX KOCTEH BCero mMmeeTcst 36 saeMeHTap-
HBIX HWCxonoB (cM. mpumep 4 maparpada 1), m3 KoTo-
peix 6 wmcxomoB OJIATONPUATCTBYET TOABICHUIO COOBITHST
A = {(1,6),(6,1),(2,5),(5,2),(3,4),(4,3)}, cocrosimero
B TOM, 9TO CYMMa BBITIABIIINX Ha KOCTAX OYKOB pPaBHA 7

[Tosromy P(A) =6/36 = 1/6.

Ipumep 3. llondpaceiBaerca "mpaBunbHas" MoOHETa 70
TeX MOPp, MOKa BIEPBHIE HE BhIMAAET repd. BosMokHbIE HCXO-
JIbI IAHHOTO SKCIEPUMEHTA TAKOBBI: w1 =(2) — repb BbIma-
JAET TPU MEPBOM IIOAOPACHLIBAHAN M SKCIIEPUMEHT IIPEKpa-
maercst, wo =(p,2) — Npu NEPBOM MOAOPACHIBAHUN BBITIA A~
eT peIlKa, a IIPU BTOPOM NOAOPACHIBAHUN BBLITAJAET Tepo,
U 9KCIEPUMEHT MPEKPAIaercs, ws =(p,p,2) — MpHU MePBBIX
IBYX TOAOPACHLIBAHUAX BBLINAJAET PEIIKa, & IPH TPEThEM
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[JIABA 1. TEOPUS BEPOATHOCTEN

o I0PAChIBAHUY BBIMAJAET Tepb, ¥ SKCIIEPUMEHT MTPEKPAIa-
eTcd W T.J. DJIEeMEHTAPHBIA ucxof, k-l 0 cYeTy, nMeeT BUJ
wi =(p,p,...,p,2) — upu nepBbIX k— 1 mOnOpACHIBAHUIX BbITTA-
JaeT pernka, a mpu k-M moa0pPaChiBAHUY BHITIALAET repd, mo-
CJIe Yero 9KCIEPUMEHT MpPeKpaIaercd. TeopeTndecku MOXK-
HO JIOMYCTHUTH €Ie OJUH WUCXOI Woo =(p,p,...,D,...) — T€PO
HUKOTI4, HE BBITAJIET W YKCIEPUMEHT OYIeT TPOI0I2KATHCT
6eckoneuno. Ha MHTYUTHBHOM YpOBHE TaKO! MCXOJ BpsiJ JiH
BOBMOXKEH W TTOTOMY JO/PKEH WMETh HYJIEBYIO BEPOSTHOCTD.

KaknM ke 00pazoM OMpeesnTh BEPOSTHOCTH 3T~
MEHTapPHBIX HCXOJOB JUCKPETHONO NpPOCTpaHcTBa () =
{wy, wa, ..., Weo}? st ompenesieHnst BEPOSTHOCTH HCXO-
Ja W] PacCMOTPUM CJIy4alHbId SKCIEPUMEHT, COCTOAIIUN B
OTHOKPATHOM TTOAOPACHIBAHNN MOHETBI, B KOTOPOM BEpPOSIT-
HOCTB BbIMaIeHust repba pasHa 1/2. [lomoxknm p(wy) = 1/2.
AHaJOrUYHO, IS ONPEIEeHNs BEPOSATHOCTH W) PACCMO-
TPUM CIYYalHBIH SKCIIEPUMEHT, COCTOSIINI B MOnOpachiBa-
Hrn MoHETHI k pa3. IIpocTpaHcTBO 3/1€MEHTAPHBIX HCXOI0B
TAKOT'O SKCIIEPUMEHTA, COCTOUT U3 UCXOJIOB (11,12, ... , i), TIe
KaxKa0e il MOXKET IMPpUHUMATh TOJIBKO JIBd BO3MOXKHBIX 3HaA-
YeHNs 2 WM P, T.e. COCTONT n3 2F 37eMeHTapHBIX MCXOI0B.
B sToMm mpocTpancTBe mCxony wjy OJATOIPUITCTBYET €IWH-
CTBEHHEBI{l HCXOJI, TIOSTOMY €ro BepoATHOCTH pasHa 1/2F =
27k Tlonoxum p(wy,) = 27%. Urak, mas onpepenenns: Bepo-
SITHOCTE! UCXOIOB BEPOSITHOCTHOTO TTPOCTPAHCTBA, COOTBET-
CTBYIOIETO TOAOPACKIBAHUIO MOHETHI JI0 TEPBOTO BBITATe-
HUA Fep6a, HaM TIPUIIJIOCH HAXOJAUTH 3TU BEPOATHOCTHU B CO-
BEPIEHHO JIPYTHX BEPOSITHOCTHBIX TTPOCTPAHCTBAX, COOTBET-
CTBYIOIMNX k-KPATHOMY MOAOPACHIBAHUIO MOHETHI TIPU Pa3-
guaaeix k. [Toka He 6yaeM onpeaesiTh BEpOSITHOCTE HCXOTA
Woo- CommacHo KOHCTPYKTUBHO-aKCHOMATHIECKOMY OMPEe/Ie-
JIEHUIO BEPOSITHOCTH CyMMa, BEPOSITHOCTEH BCEX MCXOOB TIPO-
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§ 3. DieMeHTHl KOMOMHATOPUKHT

CTPAHCTBa JOMKHA PAaBHAThHCA 1, T.e.

Plon b3 plen) = o)+ Y27 = pla) L =1
k=1 k=1

oTKYIa P(Woo) = 0. DTO BIOTHE COTTACYETCS ¢ HAINIMMU WH-
TYUTUBHBIMU opeacTaBJIeHnAMI, O KOTOPBIX TOBOPUJIOCH BBI-
mre.

Bepositrocts cobbitust A = {w1, ws, ws, ... }, cOCTOSIIE-
TO B TOM, 9TO IKCIIEPUMECHT 3aKOHYUTCA Ha HEICTHOM IIIare,
paBHa

P(A) = p(w1)+p(ws)+p(ws)+... = 1/24+1/234+1/2°+. .. =

__1/2 _
= 1o Y

IlIpumep 4. B maprum nu3 N geraneit mmeercs M cras-
maprabix. Haymagy orobpamo n meraseii. KakoBa BepoatT-
HOCTB TOT'0, YTO CPEJIM HUX OKAYKETCs POBHO 1M CTAHIAPTHBIX
meraJiei?

Jlns perieHust MOCTABIEHHON 3a/1a491 MPEXKJE BCErO Ha-
a0 HAWTH YHCI0 BCEX BO3MOXKHBIX NCXOOJ0B JKCIIEPpUMEHTA.,
T.e. 9HCI0 CIOCOOOB BbIOOpa n gertaseit u3 N meraneii. Pe-
[IUTH TAKYyIO 33124y 0e3 3HAHU 3IEMEHTOB KOMOMHATOPUKHI
odeHb TpyaHO. [loaTOMY MBI OCTaBUM 3TOT HpuUMep Ha OYIy-
mee. JIaa Tex, KTo 3HaKOM ¢ KOMOMHATOPUKOM, CKAXKeM, UTO
HUCKOMasi BEPOATHOCTh DaBHA

P(4) = LN
N

rae Cy — 1ncao codeTanuit u3 N 3/1eMEHTOB I10 71 3JIEMEHTOB.
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[JIABA 1. TEOPUS BEPOATHOCTEN

§ 3. DieMeHTHI KOMOMHATOPUKM

HaquM n3JI02KEeHUE C IBYX BCIIOMOTATE/IHHBIX yTBep}K,ﬂeHI/Iﬁ
— gemM 3.1 m 3.2, KOTOpBIE COCTaBIAIOT TaK HAa3LIBAEMOE
OCHOBHO€ TTPABUJI0O KOMOUHATOPUKU.

Jlemma 3.1. U3 m ossemenmos nepsot 2pyn-
nol A1, A2, ... , Gy U N IAECMEHIMOS 6MOPOT  2pYnnov
b1, ba, ..., by MooicHO cocmasumb POBHO MN PA3AUMHLT
ynopadouennoir nap (a;, bj), codeporcawgur no odromy
2nEMENMY U3 KAAHCIOT 2pYynnbL.

HJoxkazaTenasbcTBOo. BumumeM Bce BO3MOXKHBIE TTAPHI,
[pUYeM B IIEPBOIl CTPOKE YKayKEM BCe Iaphl, COJEpIKaIliie
a1, BO BTODPO#l CTPOKE — BCE TIApbI, COAEPXKAIIUE G2, U T.J.
Monyunm tabmuiy

(alv bl)v (alv b2)7 (alv b3)7 cee (alv bn)v

(an bl)v (an b2)7 (an b3)7 SRR (a27 bn)v
((13, bl)u ((13, b2)7 ((13, b3)7 cee ((13, bn)7

(aﬂ% bl)u ((Im, bQ)u (amu b3)7 .. 7(am7 bn)

[TockosibKy B Heil m CTPOK U 1 CTOJIBIIOB, TO BCETO B HEWl mn
map. JHAYUT, YUCI0 BCEBO3MOXKHBIX AP PABHO M. O

Ipumep 1. PaccMOTpUM IBe TPYIIILL 3JEMEHTOB: #d —
nuku, & — Tpedwr, O — 6ybub, O — wepsw u 6, 7, 8, 9,
10, Baner, mama, Koposab, Ty3. llo jgemme 3.1 wmciao map
Oyzer paBHo 4-9=36. DT0 Kak pa3z — UUCIO KAPT B KOJOJE
(kazk7asi KapTa OIpPEeIeJIseTcsi TMapoil 37IeMEeHTOB (MacTh,
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§ 3. DieMeHTHl KOMOMHATOPUKHT

3HaYEHMUE)).

Ilpumep 2. TlogbpacwkiBaroTcs JBe WIPAJIbHBIE KOCTH.
DJIeMeHTapHBII UCXOJ OompeeisieM Kak mapy w = (i, j), rae
1 — YHWCJ0 OYKOB, BBITIABIINX HA TEPBOM KOCTH, j — YHUCIO
OYKOB, BBITIABIINX Ha BTOpoit koctu. Torma ¢ Beibupaercs: us
rpymnst 1, 2, 3,4, 5, 6, j Beibupaercss u3 3TOH »Ke TPYIIIIbI.
ITo semme 3.1 4mci0 BCeX D7€MEHTAPHBIX WCXOJ0B (T.e.
BCEBOBMOYXKHBIX Tap (4, j)) Gyzer pasno 6 -6 = 62 = 36.

Jlemma 3.2. Hs n; oaaemenmos nepgoti epyn-

nol Ay, G2, ..., Ap,, N2 IAEMEHMOS 6MOPOT  2pYNNovL
bi, ba, ..., bp,, u m.0., nawoney, ni osemenmos k-
4 epynnul X1, T, ..., Ty, MOICHO COCMAGUMDL POGHO
N1 N9 - ... N PASAUNHUT YNOPAJOYEHHBT KOMOUHAGUUT 6U-
da (aj,, bj,, ..., Tj,), CO0EPACAUUT NO 0OHOMY dACMENMY

u3 Kaoicdot epynnoi.

HdoxkazaTeabcTBO. JoKa3zaTeqbcTBO MPOBENEM C TIO-
MOIIBIO MATEeMATUIECKON MHAyKIMK 0 uucay rpymmn k. [lpu
k = 2 jemma 3.2 crpaBemjiBa, TaK KaK IIPEBPAIIAETCS B
gemmy 3.1. Ilpenmonoxum, aTo gemma 3.2 CipaBenuBa, i
k rpymm, durypupyomux B ee yciaosnn. JlobaBuM K HEM
eme oy (k+1)-10 rpynmy yi, Y2, - - -, Yny,, - KoMOuHamuio
(ajy, bjys -+ s jy, Yjppy) MOXKHO PACCMATPHBATH KaK TIapy,
COCTOAIIYIO M3 CJIOXKHOTO 3jeMeHTa (aj,, bj,, ..., xj,) n
IPOCTOTO JTE€MEHTa Yy, .- 110 NMPEeImoNoKeHuio WHILY KUK
YUCIO CIOXKHBIX IEMEHTOB PAaBHO N - N2 - ... - Nk, TUCIO
[IPOCTHIX SJIEMEHTOB PABHO Nk 41. 110 stemme 3.1 gmcso Takux
map, a, 3HAYUT, U YUCI0 KOMOWHAINM 3/eMeHTOB u3 k + 1
IPYII PABHO (M1 M2 .. M) Ml = N1 N2 e o v s N+ M1«
Wrak, mpemnoaokus, 9To jJeMMa 3.2 BepHa I Kk TPYIII, MbI
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JIOKa3aJIM, 9TO OHa BepHa u mid k + 1 rpynn. Ha ocHoBamun
NPUHIOUNA MAaTEeMAaTHYeCKOH WHAYKIWAW 3TO 3aBepllaer
JIOKa3aTeILCTBO. [

Ipumep 3. TonmbpacwBarorcs "waymaay" Tpu urpasib-
HBbIe KOCTH; JIEMEHTapHBIH wucxon w = (i, j, k), vae i —
YUC/JIO BBIIIABIIINX OYKOB Ha 1—ﬁ7 j — YUCJIO0 BBIIIaBIINX
OYKOB Ha 2-U, kK — YMCJI0 BBINABIIUX OYKOB Ha 3-if KOCTH.
ITo smemme 3.2 9mMCa0 TAKWUX DIEMEHTAPHBIX HCXOI0B PABHO

6-6-6=6=216.

IIpumep 4. N3 nyurra A B myukT B mpoxomut 15 mopor,
n3 nmyuakTa B B myakt C' — 4 goporu, u3 nyukta C' B TyHKT
D mpoxogut 5 mopor. [Ipu arom Bee moporn, Beaymmue u3 A B
D, npoxoasit cHauasa gepe3 B, a 3arem depes C'. Ilo smemme
3.2 w3 mynkta A B myukT D mpoxogut 15-4 -5 = 300 mopor.

OrMmeTuM, 9TO Ha S3BIKE TEOPUM MHOMXKECTB JIeMMY 3.2
MOXKHO 11epeOPMyTUPOBATH CIEIYIOMINM 0DPA30OM.

Jlemma 3.2'. Ecau Ay, Ao, ..., A, — KoHeunvie MHO-
2HCECTNBA C MOUSHOCTAMU N1, N2, ... , N COOMEEMCMBEHHO,
MO MOUHOCTL JeKapmo6020 npoussedenus Aq X Ao X ... X Ay
PABHA TV * N« ... » T,

Hpe,HHOJIO}KI/IM, qTO HNMeeTCd KOHeYHOe MHOXKECTBO

{a1, ag, ..., ap}, w3 KoTOpOTO BHIOMpAETCs k SJIEMEHTOB,
KOTOpbIEC MBI 3alldllIeM B TIIOPpAJKEe WX IIOABJICHUA KaK
(aj,, ajy, ..., Gj,) ¥ Ha30BeM BLIDOPKOiI obbema k u3 n

ajeMeHTOB. [lo cnocoby BeIbOpa 3/1eMEHTOB BHIOOPKH Ie-
JIATCS Ha BBIOOPKHU C BO3BpaIlieHnueM u 6e3 Bo3Bpaiiie-
Hud. [Ipu BbIOOpE € BO3BpAINEHHMEM CHAYAIA BHIOMPAETCS
SJeMEHT @Gj, U3 [IepBOHa4Ya/IbHOIO0 MHOXKECTBa, 3aTeM 3Je-
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MEHT aj, BO3BPaIaeTcs B HEro, IOCJIe Yero 3JIeMeHT @, TaK-
JKe BBIOMPAeTCa W3 MePBOHAYAIBLHOTO MHOXKECTBA 1 T.1. [Ipn
9TOM 00beM BLIDOPKH k MOXKET IPUHUMATE JI00bIe 3HAUEHUST
u3 muoxkectBa {1, 2, ... }. IIpu BeiGope Ge3 Bo3BpaleHus no-
ce BEIOOpa IMEPBOTO BJIEMEHTa G, STeMEHT ¢, BEIOUpaeTCs
U3 OCTABIINUXCS JIEMEHTOB B [IEPBOHAYAJIBHOM MHOXKECTBE U
T.7. B Takom ciygae Bcerma k < n, Tak KaK mociae BHIGOpa N
9/IEMEHTOB B [I€PBOHAYAJBHOM MHOXKECTBE HUYEr0 HE OCTa-
HETCH W JAJbHENInil BEIOOD CTAHOBUTCS HEBO3ZMOXKHBIM. B
3aBUCUMOCTHU OT TOT'O, YUUTHIBAETCS B BEIOOPKE MOPSIJIOK CJie-
JIOBAHWS /IEMEHTOB UJIU HE YUIUTHIBAETCS, BHIDOPKU I€JISIT-
cs Ha YIOpsIIOYEeHHbIE U HEyIopsnodeHnbie. Kein Beibopku
¢ OJIMHAKOBBIM COCTABOM 3JIEMEHTOB, OTIUYAOITUECS TOPSII-
KOM UX CJIEJIOBAHUS, CAUTATH PA3THIHBIME, TO TAKUE BBHIOOD-
KU HA3bIBAIOTCA YIOPAA0YUYEHHBIMU. ECin 0TOXIeCTBAATE
BBIOOPKHU C OAMHAKOBBIM COCTABOM, TO TaKWe BHIOOPKY HAZHI-
BalOTCSd HEyHnopsii04eHHbIMU. TakuM 00pa30oM, BO3MONK-
HBI U€THIPE TUIA BBIOOPOK: YIOPSAI0UEHHBIE C BO3BPAIIEHU-
eM, ynopsijoueHHble 6e3 BO3BpaIleHNs, HEYIOPSII0UYeHHbIE C
BO3BPAIEHNEM W HEyIOpamodennbie 6e3 po3ppamtenud. J{s
HAIAHOCTH B Tabsuie 1 yKasaHbl BCe BO3MOYXKHBIE BBIOOD-
Ku obbema k = 2 u3 muoxecrsa {1, 2, 3}. Ob6o3uaunm wumnc-
Jia, BO3MOXKHBIX BBIOOPOK KaXKJIOT'0 THIIA TaKUM 00pa30M, Kak
ykazaHno B tabsmie 2.

[To apyromy ymopsimouernbie BeIOOpKY 6€3 BO3BpAIEHUS
HA3BIBAIOTCS PA3MEIEHUSIMU, 8 HEYTOPSI0UeHHbBIE BEIOOPKY
6e3 BozBpaleHna — coueranusMu. Taknum obpasom, AF —
YUCIO PA3MEIIEeHUu U3 N IEMEHTOB 110 kK, ij — YHUCJIO COote-
TAHWI U3 N JTEeMEHTOB 110 k.

33



[JIABA 1. TEOPUS BEPOATHOCTEN

Taba. 1. Boibopku obbema 2 u3 MHO)KecTBa {1,2,3}.

Buibopku yIOPAIOUYEeHHBIE | HEYTOPAI0IEHHbBId
(1,1) (1,2) (1,3) | (1,1) (1,2) (1,3)
¢ Bospamennem | (2,1) (2,2) (2,3) (2,2) (2,3)
(3,1) (3,2) (3,3) (3,3)
(1,2) (1,3) (1,2) (1,3)
6e3 Bossparenust | (2,1) (2,3) (2,3)
(3,1) (3,2)

Tabsa. 2. HYucra Boi6opok obbeMa k n3 MHOXKECTBA

{al, ag,. .. ,an}.
Bri6opkn YIIOPAIOYEHHBIE | HEYIIOPSATOTEHHBIE
C BO3BpaIEHHeM Ak Ck
6 Ak Cck
3 BO3BDAIICHUST k *

VropsmoderHbie BHIOOPKHU C BO3BPAIIEHUEM II0 APYTOMY
HA3BIBAIOT PAa3MEIIEHUsIMUA C MOBTOPEHUSIMU, a HEYIIOPSIO-
JEHHBIe BRIOOPKH C BO3BPAICHIEM — COYeTAHUAMHI C MOBTO-
perugvu. Ilosromy Ak — gmeno pasmemennit uz n saemen-
ToB 1o k ¢ noeropennamu, Ck¥ — wucno coueranuii u3 n se-
MEHTOB 110 Kk C TOBTOPEHUSIMHU.

BriBenem opmysibl fist moscueTa Yucia BEIDOPOK Kak-
moro Tuma. PaccMoTpmM mpOW3BOMBHYIO BBIOOPKY 0Obema
k u3 n snementos (aj,, aj,, .- -
pAmOUeHHAsT C BO3BPAINEHHEM, TO KaXK/IBI W3 ee 2IeMeH-
TOB BBIOMpAETCS U3 TPYINBL a1, G2, ...

, aj,.). Ecmu BpIGOpKa yII0-
, Qp, COlepzKalei
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n anemenToB. llo siemme 3.2 umciao Takux BBIOGOPOK pPaBHO
n-n-...-n=nF Takum obpazom,

Ak = pF, (3.1)

n

Ecnu Beibopka ymopsamodentas 663 BO3BPAIIEHUA, TO €€
HEPBBIN JIEMEHT @, BBIOUPAETCA U3 IPYHIILI a1, A2, - .. , dp,
cocrodieil U3 1 3/AEMEHTOB, BTOPOIl ee 3/IeMeHT aj, BhOu-
paeTcs W3 OCTABIIEHCS IOCIE 9TOr0 TPYIIBLI M3 N — 1 aie-
menToB u T.1. Ilocnennnit smeMerT BBIOODKH aj, BBIOMpaET-
ca u3 rpynmel n — (k — 1) = n — k 4+ 1 snemenTos, ocras-
IINXCs B [IEPBOHAYAJILHON TpYyIIe mociae yIAAJIeHHsI U3 Hee
k — 1 ameMeHTOB 7719 0OPA30OBAHUS TPEALIAYIIUX JIEMEHTOB

Qjy, Qjyy - . 5 G, BeIOOPKU. Ilo emme 3.2 4ncIo Takux Bbl-
6opok pasao n-(n—1)-...-(n—k+1). ITosromy
A =n.(n-1)-n—2)-...-(n—k+1). (3.2)

Ymuoxkup u pasgenus (3.2) va (n—k)! = (n—k)(n—k—
1)...2-1, moayuum Apyryto (GopMysry s HOACYETa THCTA
pa3Menennin:

n!
AP = ———
" (n—k)!

COBOKYIHOCTh k DAa3IMIHBIX 3JIEMEHTOB, 3aTMCAHHBIX B

(3.3)

MPOM3BOJIBLHOM TOPSIIKE, HA3BIBACTCS IMEPECTAHOBKON 13
k smementon. st obpazoBaHMs MepecTaHOBKHA HEOOXOIMMO
BBIOpaTh 06€3 BO3BpAIlEHUs] BCE Kk JIEMEHTOB M 3aIUCATh UX
B TIOPAKe mogBaeHusd. [[09TOMY 9HMCIO mepecTaHoBOK u3 k
9JIEMEHTOB PABHO YHUCIY YIOPSIOYEHHBIX BHIOOPOK 00beMa
k 3 k smemenToB:

k
P, = Ak = k! (3.4)
Paccvorpum IPOU3BOILHOE coueTaHue
(aj, jy, ..., aj,). Emy coorBerctByer posno Py pas-

JIMIHBIX paBMeHleHI/Iﬁ C TaKHM K€ COCTaBOM 3JIEMCHTOB.
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[TosToMy umciao pasmereHuit u3 n 31eMeHToB 1o k B Py pa3
HosibIlle YnCIa COYETAHWUN M3 1 JIEMEHTOB 110 K:

Ak
Ak = ck.p,, orkyma Ck =21 (3.5)
Py
Moxcrasnsia (3.2)-(3.4) B coorHomenne (3.5), nonyuanm cie-
aytouge age hOPMyJIbL /IS TIOACIeTa TUCIA COTeTAHUN U3 N
no k:

n-m—1))-n—=2)-...-(n—k+1)

Cn = W —mr°

PaccmorpmM  mpoms3BoibHOE codeTaHWe ¢ MOBTOpe-

(3.7)

HEeM (HEYHIODSIZIOUEHHYI0 BBIOODKY C  BO3BDAIIECHUEM )
(ajy, jy, ..., aj,). TIpenmonoxknum, 9T0 B HEH TEMEHT aq
BcTpedaeTcd ki pas, 9JeMEHT ao BCTpedaercs ko pas, u T.1I.,
HaKOHEI[ JIEMEHT @, Bcrpedaercda ky, pas3. OQueBuaHO, 4TO
ki 4+ ko + ... + k, = k 1 9T0 KaxKg0e coueTaHue C IIOBTO-
peHneM IOJHOCTBIO onpesessercs Habopom (ki, ko, ... kp),
YIOBJIETBOPSIONIAM 9TOMY  VCIOBHUIO. 3aKOAUDPYEM  9TOT
HADOp TOC/TEIOBATELHOCTHIO €WHNI] W HyJiell, cTaBd CHa-
qaa k| eTUHUI, 3aTeM ONHH PAa3geUTEIbHBIH HOTh, 3aTeM
craBa ko eIWHWIL, 3aTe€M OIWH Pa3IeJUTEIbHBIA HOIbL 1
T.JI., HAKOHEIl CTAaBs Pa3IeJUTEIbHBIH HOJMb, a TOCTe HEero
qucao eauHuil, pasHoe k,. Mexay HabopamMu U KOIAMU,
a CJIe0BATEILHO, MEXKIY COYETAHUSAMH C MOBTOPEHUSIMHU
M KOJAMHU YCTAHABIMBACTCA TAKAM O0OOpa3oM OHEeKITs.
Hanpuwmep, coueranwto ¢ mnosropenusmu (a1, ai, ..., ai)
coorBercTByer Kom 1,1,....,1,0,0,...,0, cocrosmuii n3
k emuuuny w n — 1 HyJeil, a COYETAHUIO C MOBTOPEHUSIMHU
(an, an, ..., ap) coorsercryer kox 0,0, ..., 0,1,1,... 1,
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cocrosmuii u3 n — 1 myneit u k eguuun. Ilostomy umciao
COYeTaHU! C TOBTOPEHUSIMH COBIIQJAET C UHCIOM BCEX
Kom0B. B KaxkmoMm kome comep:xkurca 1 + k — 1 CHMBOJIOB:
k emuuury u n — 1 nyneit. CiaemoBaTeqbHO, YUCIO KOIOB
PaBHO YUCIY CITOCODOB, C TOMOIIBIO KOTOPBIX s N+ k — 1
BAaKAHTHLIX MECT MOXKHO BBIOpATh k MECT I/ €IUHHI], a
OCTaJIbHBIE MECTa, BAIOJHUTEL HYI9MU. TaK KaK ITH MECTa He
VIOPAIOYINBAIOTCS U BbIOHpaioTcs 0e3 BO3BPAIIEHNSA, TO UX
9HUCJIO0 PABHO Cff 41 Takum obpaszom, 4mcio coveraHmii ¢
MOBTOPEHUSAMH U3 N 10 k paBHO:
Ch =Ch i1 (3.8)
Ipumep 5. CKOMbKUMHE CITOCOBAMHU MOKHO KYIUTH 7 IIH-
POXKHBIX, €CAU MMEIOTCa nupoxkubie 4 copros? Ilpemmona-
rasg, 9TO B Mara3uHe UMeeTCsl He MeHee 7 MHUPOKHBIX KazKI0-
0 COPTa, MBI MOXKEM CYUTATh, ITO MHOXKECTBO COCTOUT W3
4 nupoKHBIX (M0 OIHOMY KasKJOTO COPTA) W MBI BBIOWpaeM
U3 HEro ¢ BO3BpalleHneM 7 TUPOXKHBIX. OUeBUIHO, BEIOOPKH
HEYIIOPAIOYEHHbIe, TaK KaK JJIs HAC He MMeeT 3HAYEHUs, B
KaKOM TIOPsKe BhIOMparoTca nupoxkubie. [losTomy mupox-
HBIE MOXKHO KYIIHUTH
10-9-8

Cl = Clir1=Cly=Cfy = —5.5 — 120

crocobaMu.
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Cesoticmea covemanuti.

1. Ck = Cn*,
2.C0=Cn=1.
3.0 =Cnt =n.
4.Ck 1y ck=Ck .

CeoiictBa 1-3 cieayioT HEMOCPEACTBEHHO U3 (OPMYJIBI
(3.7) nnn (3.6). CeoiicTBO 4 BBIIOIHAETCS, TAK KAK HA OCHO-
Bauun (3.7)

k—1 kE n' n' .
Cn O = ka1 M=k
n! (n+1)! &
_ k) = — .
ko P ek == a e = G

Ormernm, 910 cBOiCTBO 1 ymOoOGHO MPUMEHSTH TIPU BbI-
gucrernsx "Bpyunyo", Korma ucnonssyercsa dopmyaa (3.6)
u k > n/2. Muoxurenn B qucaurese (3.6) HATUMHAIOTCS € N
u yowiBaroT Ha 1, a ux gucno pasuo k. Hampumep, mockombky

6 > 8/2, To
Cs =C5 = — = 28.
[Tpumem 10 OmpemeIeHNIO, 9TO Cg = 1. Ha caoiictse 4
OCHOBAHO IIOCTPOEHHE TaK Ha3bIBAEMOr0O TpeyroiabHuka lla-
CKaJIsT — TabJIUIIBI, TO3BOISAIONIEH OBICTPO HAXOINTH C,lf npu

He 0YeHb Oombmux 1 u k. OHa UMeeT CJICIYIOMMH BUI:
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Co
cy of
cd ol c2
cd o) c: c3
cy Cf G ¢} )
c o c: o oot CP

B cuny cpoiictBa 2 1o 60KOBBIM CTOPOHAM TPEYTOJbHUKA
MUTIIEM eIUHUIBI, a Ha OCHOBAHWN CBOMCTBA, 4 KaXK10€ THCI0
BHYTPHU TPEYTOJBHUKA TOIyYIaeM CI0KEHNEM JIBYX COCETHUX
JICKAIIUX HaJ HUM YHCEJI:
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Teopema 3.3. Cnpasedausa Ppopmysa 6urnoma Horomo-

Ha
n

(@+y)" =) Chakyr*. (3.9)

k=0

HdoxkazaTeabcTBO. JoKa3zaTeqbcTBO MPOBENEM C IIO-
MOIIBI0 MAaTeMATHIECKON wHAyKIuy o n. [Ipu n = 1 dop-
myna (3.9), oueBuaHo, Bepra. [Ipeanomoxnm, 910 OHA BEPHA
JUIsT HATypaJibHOrO Yucia n. Jokaxkem, UTo OHA BepHa JJis
n + 1. JeiictBuTebHo, B cuty CBOMCTB 2 n 4 coueTanwmii,

(@+y)" " =(+y) (r+y)" = (@+y) ZC’“ Fyrh =

_ Z Ck k+1 n k + Z Ck k n k+1 _ n+1 +yn+1+
+Z Ck k+1 n k + Z Ck k n k+1 _ n+1 +yn+1+
+Z Ck 1 k n k+1 + Z Ck k n k+1 n+1 _l_yn+l+

n
+Z( Csfl + Cﬁ) xk ynkarl _ anrl + ynJrl +

k=1
n n+1

+3 Gy ety Tk 23 gk gy )k,
= k=0

Ha OCHOBaHHWHW ITPWHITHUIIA MaTeMaTUYeCKOH UHAYKIOUU 3a-
KJIFOUaeM, YTO JIOKa3biBaeMasi (popMyJia BepHa JJisi JIF0OOro
HATYPaIbHOTO 9mcia Nn. [
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Teopema 3.4. Hmeem mecmo NoAUHOMUGALHOE DA3AO-
alcenue

(x1+$2+ —l—xk)":

|
_ E n 1 .72 Tk
—_— ﬁml IEQ ... .Ik ) (3.10)
1:72: ... Tk
ri+ro+...+rp=n

2de cymMMuposanue Gedemca no 6CEM UEABM HEOMPUUG-
MEADHUM YUCAGM T1, T2, ... ; Tk, 6 CYMME OQIOUUM N.
HoxazaTenabcTBOo. JloKa3aTeshCTBO MPOBEIEM C TIO-
MOIIBIO MaTeMaTudecKoit muayknun mo k. Ilpu k = 2 dop-
MyJia, OYE€BUIHO, BEPHA, TAK KAk TPEBpAIaeTcs B (hOpMyTy
6uroma Hetorona (3.9). Tlpenmonoxkum, 910 JOKa3bIBAEMOE
PABEHCTBO BBITIONHEHO [T HATYPATBHBIX UHUCE], MEHBIINX
6o paBHBIX k. okaxkeMm, 9TO OHO BEPHO jJid amcia k + 1.
HeiictBurensHo, B cuty dopmysibl 6uroma Hetorona (3.9),

n
(x1+ x4+ ... o+ apy1)" = Z Cfl(z 961)5902;19 =
s=0 i=1

n
n! s! _
:Z s!(n—s)!( Z 1 ki ) B

T1: « o Tk
s=0 r1+...4+rp=s 1 k

CrenaeM 3aMeHy WHJIEKCOB CYMMWDOBAHWs, BBOISI Tkl =
n — s. Torpa npu namenenuu s or 0 10 N 4uCyIO Tkt Oyner
n3MeHaATbCda oT 1 1o 0. [losTomy

n
n!

0 (n = P! g !

Tk+1=

n_rkl! r
g 7( +1) ot e okt =

rilrgl Lo kt+1
rit+ret+...+rg=n—rg4q 172 k
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|
n: 71 Tk Tk+1
Z Z ril ! 11 k k41

Te41=0 71+ +rEg=n—rg4q

n! -
_ 1,72 Tk+1
= E —'$1 Ty "'karl'

rilrel Lo rpaq!
rit+ret+...+rgp1=n 1:72 k+1

Teopema mokaszama. [

Teopema 3.5. IIycmo r1, ro, ..., Ty — UEADE HEOMPU-
YAMeAvHouLe YUCAG, Npuvem 11 + o+ ... + 1 = n. Tozda
YUCAO CROCO608, € NOMOULHIO KOMOPHLT T IAEMEHTNOE MOIHCHO
pa3bums Ha k 2pynn max, wmobvl 6 Nepeyo epynny 60ULLO
71 9AEMEHMOS8, 80 6TNOPYIO 2PYNNY — T'o IAEMEHMOE U M.0.,
HAKOHEY, 8 Kk-10 2pYnny 80ULAO T}, IAEMEHMOS, PAEHO

n!
7”1!7“2! N ?”k!.

JlokazaTenabcTBO. Bynem Beibupars cHagasa r1 die-
MEHTOB TIEPBOIt IPYIIILI U3 7 3TEMEHTOB, YTO MOYKHO CIETATDH
C)! cnocobamu. Ocraercss n — 7] 3/IEMEHTOB, U3 KOTOPBIX T2
3JIEMEHTOB BTOPOIl IPymIbl MOXKHO BhibGpars Cp? . crocoba-
M. [Toce 9T0Or0 OCTAETCS N — 71 — 'y YTEMEHTOB, U3 KOTOPHIX
73 SJIEMEHTOB TPEeThell IPymibl MOXKHO BhOpaTh C}° .
crocobamu. [Ipomomkast majiee TaKoi mMPOIece, MbI TOCTIE BbI-
6opa (k—2)-it rpymmbl 6ygem uMeTb n—r;—ro—. .. —Tp_g 1€~
MEHTOB, U3 KOTOPBIX T'k_1 HIEMEHTOB npeanocieaaeii (k—1)-
i rpynmsl MOXKHO BbIODaThb C;]i_rll—rg—...—rk,Q crocobaMu.
OcramyTea n—r1 —rg—...—Tk_1 = Ty JIEMEHTOB, KOTOPHIE
€JIMHCTBEHHBIM CIIOCOO0M 00pa3yIoT MOCAETHIO k-10 TPYIIILY.
ITo ocHOBHOMY TIpaBITy KOMOUHATOPUKY (7eMMe 3.2) Trcio
pa3buenuii n IEMEHTOB HA k I'PyNN ykKa3aHHbIM B OpMYy-

JITPOBKE TEOPeMbI CriocoboM OymaeT paBHO

Cpt- G2, - O R =

n—ri n—ri—ro n—ri—reg—...—Tg_o

42



§ 3. DieMeHTHl KOMOMHATOPUKHT

B n! (n—mrp)! (n—r1 —19)!
ri!(n—r)! rol(n—ry —ro) rgl(n—rpy —rg —r3g)! 7
(n—ry—rg— ... —TK_9)! n!
rpel(n—r—ro— .o —rpq)! - rilrel Lol

O

Teopema 3.5 ycTaHaBIWBaeT CMBICT MOJMHOMHUAIBLHBIX
koaddunpentos B pasnoxkennu (3.10).

Ipumep 6. 1. CronpKuMHU crocobamMu n pasInaInMbIX
JPOOMHOK MOXKHO Pa3MeCTUTh M0 k 3aHYyMEPOBAHHBIM Vp-
HaM TakK, 9T00bI B 1-10 YpHY MOMAaja0 r| JPOOUHOK, BO 2-f0
YPHY — T'9 APOOWHOK W T.JI., HAKOHEI], B k-0 YPHY TIOMAIO0 ')
IpOOMHOK (1] + 79 + ...+ rp = n)?

2. CkosbkuMu crocobamMu 7 Pa3IUYUMBIX JAPOOHHOK
MOXKHO Pa3MEeCTHTDb IO k 3aHYMEPOBAHHLIM ypHAM?!

3. CxospKuUMHU crOCOOAMU 7 HEPA3TUYUMBIX JTPOOUHOK
MOYKHO PA3MECTHUTh TO k 3aHYMEDOBAHHBIM yPHAM

[To Teopeme 3.5 uuciio criocobos myHKTa 1 TpuMepa paBHO

n!
rilrel Lol

Jlns oTBeTa Ha MyHKT 2 TpuUMepa HeOOXOAMMO CJIOXKUTH
9nCIa CmocoboB MyHKTa 1 10 BCEM I1€/IBIM HEOTPUIATETHHBIM
71, 72, ... , Tk, JAIOIUIAM B CyMMe n:

n!
Z rilrel Lol
r1+ro+...+rp=n
Ho mo dhopmyse (3.10) sra cymma pasHa

(I+14+14...+1)" =k

Taxum obpazoMm, 4nciao croocoboB B HmyHKTe 2 paBHo k.
MoKHO MOMYYUTH TOT Pe3yabTaT bHojiee MPOCTHIM  CIIO-
cobom. IlycTb pazmuunmble TpOOMHKH 3aHYMEPOBAHBI KaK
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[JIABA 1. TEOPUS BEPOATHOCTEN

ai, ag, ... , ap. Mcxon paccMaTpuBaeMoro KCIepuMeHTa o1
HO3HAYHO Olpejeadercs HabopoM (i1, 49, ... , ipn), D€ 4 —
HOMED YPHBI, B KOTOpPYyIO monaJa gpobunka a;. Kaxmoe 4
BRIOMpAETCA M3 MHOXKECTBA k YPH C BO3BPAIEHUEM U YIIO-
pagodeHHbIM 00pa3oM. [1o9ToMy UMCI0 MCXOMOB TAKOTO KC-
[EPUMEHTA COBIIAJAET C YUCIOM YIOPSI0YEHHBIX BBIOOPOK
obbema n ¢ Bo3BpalieHueM u3 k 2€MEeHTOB, T.e. PABHO

AT = k"

Jlist oTBeTa Ha TMYyHKT 3 3aMETHWM, UTO MCXOH DKCIIEPU-
MEHTa, OIpPEeAeIsIeTCs TaKHUM 2Ke HabOpoM, KaK W B IIyHKTE
2, 33 WCKJIIOYEHWEM TOTO, 9TO BHIOOPKA HEYIIOPSTOUCHHAL.
ITosToMy 49mC/TO MCXOIOB TAKOTO DKCIIEPUMEHTA COBIIAIAET C
YHUCIOM HEYIOPSIOYEHHBIX BLIOOPOK 00beMa 1 ¢ BO3BpaIlle-
HUeM u3 k 97IeMEeHTOB, T.e. PABHO

—5 _ m
k — Ck:-l—n—l'

Bepuemca xk mpumepam Ha KJIACCHYIECKOE OIPEIe/ICHUEe
BeposiTHocTU. B mpeabiaymiem nmaparpade paccMaTpuUBaICs
CJICTY oI

Ipumep 7. B maprum u3 N gnetaseit nmeerca M cran-
maprabix. Haymagy orobpamo n meraseii. KakoBa BepoatT-
HOCTB TOT'0, YTO CPEJIM HUX OKAYKETCs POBHO 1M CTAHIAPTHBIX
JeTaJiei?

JIrobyto 3a/auy Ha KJIACCHYECKOe OIpEeeHe BepOsT-
HOCTH CJIeAYeT HAYWHATH C IMOCTPOEHUS MPOCTPAHCTBA JIe-
MeHTapHbIX ucxonos ). IlonpasymeBaercst, 9TO neraju Bbl-
ouparorca H6e3 Bozspaienns. Korma BeiOupaerca n geraseit
u3 gerangeit ai,as,...,ans, bi,bo, ... ,by_pr, OIS HAC IIO-
PAIOK, B KOTOPOM OHH IIOABJIAIOTCH, HE HMeeT 3HAUCHUd,
BayKHO JINIIb KaKUe JIETATH MOSABATCS (371€Ch I yIoOCTBa
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§ 3. DieMeHTHl KOMOMHATOPUKHT

CTaHJapTHBIE JeTajn 0603HaYeHbl OYKBOH @, a HECTaHIAPT-
ubie — OykBoit b). TToaTOMY 37€MEHTAPHBIMU UCXOJAMHU SIB-
JISTFOTCsT HEYTIOPsIIOYeHHBIEe BBIOOPKH obbema n u3 N 3e-
MmenToB (coueranns). Creq0BaTeNbHO, BCETO B MPOCTPAH-
cre ) nmeerca C} ucxonos. BraronpusTHble HCXOABI MMe-
10T BUI (Gj, Qjy .- 5 Qjos bigs bigy - by, ). Crangapr-
HBIe JETAIH MOXKHO BhIOparh C}) cmocobaMu, HECTAHIAPT-
wpie — C\_');. Ilo ocHOBHOMY mpaBmIy KOMOWHATOPHKI
(memme 3.2) amcio 61IaronpUATHBIX UCXOM0B PABHO

in—m

m n—m
CviCn_-
Wckomas BepOATHOCTH pPaBHA

Cm n—m

P(A) = MNZM

Cx
Ha6op Beposiraocreit {P(m), m = mgy,mo+1,..., mi},
rie
Cm n—m
P(m) = AN
Cx

mo = max (0, M — N +n), m; = min (M, n),

HA3BIBAETCS I'UIIEPreOMeTPUYECKUM PACIPe/IeJIEHUueM.

Ipumep 8. Tlpu urpe B cmoprioro u3 49 BumoB crop-
Ta, 3aHyMepOBaHHBIX Kak 1, 2, ..., 49, 3adepKuBaIoTCs JIIO-
6bie 6 BusoB. Ilpu poswirpeirie 49 mepeHyMepoOBaHHBIX IIa-
POB TIMATESBHO TEPEMENTUBAKTCS, TIOCIe Uero u3 Hux "Hay-
naqay" BeiOupaercsd mepebiit map. OcraBiiuecs mapbl BHOBb
EPEMENUBAIOTCS, MoCae dero u3 Hux "Haymaay' Beibupa-
eTCsl BTOPOM Iap M T.J. J0 TeX [Op, [OKa He Oymer BBIOpa-
o 6 mapos. Fcim Bce 6 3auepkuyThix Bamu nomepos coB-
naJyT C Pa3bl’PaHHBIMU, TO BbI momydaere MakCUMa bHBIN
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[JIABA 1. TEOPUS BEPOATHOCTEN

BBIUTPBIII, €GN U3 3a9€PKHYTHIX HOMEPOB POBHO TPH JIFOOBIE
HOMEpA COBITAYT C KAaKUMW TO TPeMsS M3 Pa3bIrPAHHBIX, TO
Bam nocranercsi MUHUMAJIBHBIN BRIMTPHITT. KakoBa BeposiT-
HOCTH MaKCHUMaJIBHOT'O 1 MUHUMAJIBHOT'O BBIUTDBINIA Ha OAWH
6uer ciopTaoTo?

OdeBuaHO, TaHHAA 3aa9a — YACTHBIN CIydail TpeabIIy-
mwieii. JleficTurensro, y Hac nmeercs 49 Bugos cnopra (nera-
Jieit), U3 HUX 6 BBIMTPBINIHBIX (CTaHIAPTHBHIX). Boibupaercs
6 momepor cnopta (meraneit). Ecim cobeirme A cocrout B
MOJIyYEHUN MAKCUMAJIBHOTO, a coObITHe B — B HOAyYeHUN
MUHUMAaJBHOTO BRIMTPHIMIa, T0 A — u3 BeIOpanubix 6 jgeTa-
Jieit Bce 6 — crammaprubie, B — u3 Buibpannbix 6 gerasieit
poBHO 3 craugaprHbie. Ciie10BaTEBHO,

3.3
P(A) = Ciﬁ =7.151-10"% P(B) = % = 0.017650.
49 49

Ipumep 9. B nmudt 11-3TakHO0TO 10MA HA MEPBOM ITa-
JKe Bolwio 7 desoBek. Ilpenmonmaraercs, ITo KaxKILIH MOXKET
BBIATH Ha JIOOOM M3 3Takeil, HadmHasg cO BTOporo. Kako-
Ba BEPOATHOCTH TOTO, YTO &) BCE BBIAMYT HA 7-M 3TaXKe; 0)
BCE BBIMIyT Ha OJHOM W TOM K€ dTayKe; B) BCE BBIAIYT Ha
Pa3HBIX 3TaXKax !

Wcxon naHHOTO BEPOSITHOCTHOTO 3KCIEPUMEHTA, OMpee-
JIFeTCA YKA3aHWEeM HOMEPOB DTaXKel, BHIOPAHHBIX KaXKIbIM
u3 Jsinit. [loaTomy B KadecTBe 3716 MEHTAPHOT'O UCXO0/1A BO3bMEM
w = (a1, ag, ..., ay) — BEIOOPKY M3 MHOYKECTBA BCEX JIOIY-
crumbix sraxkeit {2, 3, ..., 11}. IIpu srom BbIGOPKK Cresy-
eT paccMaTpuBaTh Kak ynopsipodennbie ("Koss Bbimesn Ha
2-m, a Ilers — ma 3-m" w "llerg peumen wa 2-m, a Ko-
asg — Ha 3-M" ecTh He OJHO W TO K€) W C BO3BDAIICHU-
eM (HeKOTOpre JIUIa B TIPUHIAIIE MOTYT BBIATH Ha OJHOM
u oM ke sraxke). Urak, @ = {(a1, az, ..., a7) 1 a; =
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§ 3. DieMeHTHl KOMOMHATOPUKHT

2,3, ...,11 (1 =1,2,...,7)}. Iosromy umcio BCex BO3-
MOXKHBIX UCXOJIOB PaBHO

n:A—IO:107.

IIycTs
A = {Bce BoliigyT Ha 7 3TaxKe},

B = {Bce BBIfiIyT HA OTHOM U TOM K€ STayKe},
C = {Bce BBIfiIyT HA PA3HBIX ITAXKAX }.

Cobpitnio A 6aronpUATCTBYET — €IWHCTBEHHBIN — WC-
xom (7,7,7,7,7,7,7), coberuro B — 10 wucxo-
o (2,2,2,2,2,2,2), (3,3,3,3,3,3,3), e
(11, 11, 11, 11, 11, 11, 11), coberruio C — A7, wucxomos.
CrenosarebHO,

1 _ 10 _ Al
P(A) = 07 P(B) = 07 = 107°; P(C) = o7 = 0.06.

Ipumep 10. B auynane naxonurca n nap 6oruaok. 3 Hux
Haynady BeiOmpatorcst 2r 6oTmHOK (2r < n). Kakosa Bepo-
STHOCTH TOTO, 9TO CPEIU BLIOPAHHBIX OOTHHOK OTCYTCTBYIOT
mapHbie?

Pasymeerca BbIOOp GOTHHOK OCYIIECTBISIETCS 0€3 BO3-
Bpamenns. Hac narepecyer coctaB BEIOpAHHBIX DOTUHOK; TT0-
PSIOK, B KOTOPOM OHHU BBIOMPAIOTCS, HE MMEET 3HAUEHUS.
[TosToMy HAZIO MOJIB30BATHCS HEYIOPSIOYEHHBIMU BHIOOPKA-
Mu 0e3 BO3BpAIEHUS, T.e. COUETaHUsIMHU. Bcero 2r BOTHHOK
u3 2n G0TUHOK MOYKHO BbIOPATH 022; criocobamu. [t mom-
CUeTa IUCIa TEMEHTAPHBIX MCXOO0B, OJIaronpUaTCTBY IOMNAX
cobeitnio A = {cpenn BbIOpAHHBIX OOTHHOK OTCYTCTBYIOT
napHble }, MbICJIEHHO BbiGepeM 27 map U3 MMEOIIUXCs 1 nap,
9TO MOXKHO CHEeJIaTh Cff crocobaMu, MOCIe Yero B KarK IO

47



[JIABA 1. TEOPUS BEPOATHOCTEN

mape MOXKHO BHIOparh oamH u3 6oTmHKOB 2 cmocobamu. [lo
OCHOBHOMY TIPABUIY KOMOMHATOPUKN 9UCTO OTATOIPUATHBIX
rexooB pasHo 227 C2". [losToMY HCKOMAast BEPOATHOCTD PaB-

Ha -
22T
P(A) = —2.
) Csh

[Mpm pemennu 33729 HA KIACCHIECKOE OMpEIETeHIe Be-
POSITHOCTH TIPOCTPAHCTBO JEMEHTAPHBIX HUCXOIOB MOXKHO
BRIOMPATH IO PA3HOMY.

Ipumep 11. n apy3eit HAyAATy PACCAKUBAIOTCS 33 KPYT-
JBIM cTo/ToM. HaliTi BEepOATHOCTH TOTrO, 9TO JBa (PUKCHPO-
BaHHBIX Jiniia A u B canyt psioom, npuuem B ciesa ot A.

1 ¢nocob. Beero n apyseit MOXKHO paccaguTh n! crmocoba-
M. JIumo A MOXKHO TOCAIUTH Ha JII0O0E M3 M MECT M CIo-
cobamu, Torna B cagurca ciaesa oT A eIMHCTBEHHBIM CIIOCO-
6OM; OCTAIOTCS N — 2 JIATA, KOTOPBIE MOYKHO PA3MECTHTH Ha
ocrasmmecs n — 2 mecra (n — 2)! cnocobamm. Tlosromy umc-
JI0 BJIATONMPUATHBIX UCXOJ0B PaBHO n - 1 - (n — 2)!. uckomas
BEPOATHOCTDH €CTh

n(n —2)! 1

P(a) = n! Tn—-1

2 cnocob. THTYUTHBHO TOHSTHO, 9TO JIUIO A MOXKHO IT0-
cajuTh Ha (BUKCHpOBaHHOE MecTO. Torya ocrajbHbIE JIUIA
MOKHO pazMectuTh (n — 1)! crocobamu. Jlumo B MOKHO 1m0-
CAIUThH CieBa oT A euHCTBEHHBIM CII0CO60M; OCTal0TCA 11— 2
JIUIA, KOTOPBIE MOXKHO Pa3MECTUTh Ha OCTABIIHECS N — 2 Me-
cra (n—2)! cmocobamu. TTosromy amcio 61arOMPUATHBIX UC-
X070B paBHO 1 - (n — 2)!, a ©CKOMasi BEPOSITHOCTh €CTh

(n—2)! 1

P(4) = m—1)! n—1
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§ 3. DieMeHTHl KOMOMHATOPUKHT

3 cnocob. UHTYUTUBHO MOHSITHO, 9TO Pa3MEIIeHNEe JIUII,
oTimuHbIX 0T A m B me umeer 3magennsa. Beero jmna A n
B wvoxno paccannth A2 = n(n — 1) cnocobavm. s 6maro-
OPUSTHOTO Caydas JUIO0 A MOXKHO MOCauTh 1 CIOcobaMu,
rorga B eauHCTBEHHBIM criocobom caaurea ciaesa or A. Ilo-
9TOMY YHCJIO OJIArONPUATHBIX MCXOJ0B PaBHO N - 1. Mckomast
BEPOSITHOCTH €CTh

n 1
P(A):n(n—l) T n—1

4 cnocob. IHTYWTHBHO sICHO, 9TO JHIO A MOYKHO moca-
IUTH HA (PUKCUPOBAHHOE MECTO W MHTEPECOBATHC, KAK OTHO-
CUTEJIbHO Hero csifieT B, He paccMaTpuBasi Criocobbl pa3me-
IIEHWST OCTATBHBIX JIUIL. JIUIo B MOXKHO MOCaInTh HA J000e
3 ocTaBuxcsa mocae A mect n — 1 crmocobamu; brarompu-
ATHBIA criocod — oauH, kKorga B cager ciesa or A. Mckomas

BEPOATHOCTH €CTh
1

n—1

P(A) =

[IpuBemem mpuMep, MOKA3ZBIBAIONIUN MPEAIOUITATE b
HOCTD PeIIeHrs 33Ja49n 13 mpruMepa 11 mepBbIM cmocoboMm.

Ipumep 12. Haynaay noadpachiBalOTCA IBE MPABUILHBIE
MoHeThl. KakoBa BepOSITHOCTL BBHIMAJEHUsST PA3HBIX CTOPOH
Ha 9TUX MOHETax?

1 cnoco6. B kadecTBe TPOCTPAHCTBA, /IEMEHTAPHBIX UCXO-
noB BosbMeM ) = {(2,2),(2,p),(p,2),(p,p)}, Tie nepBas mo3u-
[IKs B TTape — UCXO7 TO0PaAChIBAHIS TEPBO MOHETHI, BTOPa
MO3UINS — HUCXOI MoAOpachIBaHus BTOPoi MoHeThl. CoObI-
o A = {BbInajeHne pasHbIX CTOPOH} GJArONPUATCTBYET
asa ncxona (2,p),(p,2). losromy P(A) = 2 = 1.

2 cnocob. B kagecTBe MPOCTPAHCTBA, SJIEMEHTAPHBIX NCXO-
110B BO3bMeM ) = {22,2p,cmecv}, The 22 — BBIMAICHUE JBYX
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[JIABA 1. TEOPUS BEPOATHOCTEN

"repbos", 2p — BoImagenne aByXx 'pemex, cmech — BhITa-
JeHne Ha ofHON m3 Mouer "repba', a ma gpyroit — "per-
ku". CobpiTnio A 6IaroMpUATCTBYET €INHCTBEHHBIH WCXOJ
"emecn", mosromy ero BeposgtHOCT P(A) = %

Pazymeercs 2 criocob pelrieHust HEITPABOMOYEH, ITOCKOJIb-
Ky nposesernas daxropusanus § (ucxomast (2,p) u (p,2) 06b-
enuHeHbl B ucxol ""eMech") puBesia K TOMY, UTO B TPOCTPAH-
crBe € nexompl He paBHOBEpOSTHBL. CIIe10BATEBHO, KIACCH-
YECKOe OTpejiesieHne HEeITPUMEHUMO.

Bosppamasice k npumepy 11, ormerum, 9To hbarTopn-
3aIMsl TPOCTPAHCTBA 3JIEMEHTAPHBIX HWCXOMOB crmocoba 1 B
crocobax 2-4 3akI09aIach B OOLEINHEHNN B HOBLIE HCXO-
AbI OANHAKOBOTO 9HCJ/Ia PABHOBEPOATHBIX MCXOO0B. HOSTOMY
HOBBIC MCXOAbI OKA3aJIUCh TaKZKE PABHOBEPDOATHBIMH. qTO6bI
HE OKa3aTbCd B CATyalnu 2-ro cmocoba mpumepa 12, peko-
MEHAYETCA B Ka9eCTBE JIEMEHTAPHBIX MCXOA0B CPa3y BbI6I/I—
paTh "maubosee Meskue, HeneauMble" UCXOIBI CIydaifHOrO
9KCITEPUMEHTA.

§ 4. 'eomeTpuueckasi BEpOATHOCTb.
Akcmomaruka Teopum BepOSTHOCTE

[Ipeanonoxum, aro Ha OoTpe3oK ) = [a, b] "Haymaay" Gpo-
caerca Touka. Ilom cmoBamu "maymauy" mompazymeBaer-
¢ TOT (PAKT, 9TO BEPOSTHOCTU TIOTMAJAHUS TOYKM B pas-
JINYHbIE YaCTH OTPE3Ka OJUHAKOBOI JIJIMHBI COBIAJAIOT. B
JaCTHOCTHU, OOJIZKHBI COBIIQJaTh BEPOATHOCTHU ITOIIAJaHUA B
OJHOTOYEYHBbIE MHOXKECTBa. [IpUMUIIEM KayKIOMY OHOTO-
geqnomy MmHOXKecTBY {w} BepositHocts P({w}) = p(w) =
P, MOJOOHO TOMY, KaK 3TO JEJAJ0Ch TPU KOHCTPYKTHBHO-
AKCHMOMATHYIECKOM OIPEJIEIEHNT BEPOATHOCTH B JINCKPETHOM
POCTPAHCTBE dJIEMEHTAPHBIX UCX0J0B. Ecim A — MHOXKe-
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§ 4. Teomerpuaeckast BEPOSITHOCTb. AKCHOMATHKA TEOPUU
BEPOATHOCTEH

CTBO DaIMOHAIBHBIX 4HCeT OTpesKa [a, b], To B cuity TOrO,
aro A C [a, b], mvmeem

P(A) < P(Q) =1 (4.1)
Ecimp > 0,10 P(A) = > p(w)=p+p+p+... =00, 9r0
weA

nporusopednt (4.1). IloaToMy OTHOTOUETHBIM MHOMKECTBAM
MbI JOJJZKHBI TPUINNCATH HYJEBYIO BEPOATHOCTD. B cury
CYETHON aJIUTUBHOCTU BEPOSITHOCTH HYJIEBYIO BEPOSITHOCTH
OyayT mMerh Bce He 00/ee YeM CYEeTHBIE MOAMHOKECTBA
orpeska [a, b]. Kpome Toro, eIMHUIHYIO BEPOSITHOCTEL By/IeT
umeThb () M BCE €ro MOJAMHOKECTBA, OTJUIAMONIMECT OT HETO
Ha He 6oJiee 9YeM CYeTHOe MHOXKEeCTBO TodeK. s ompeeste-
HUA BepOHTHOCTeﬁ BCeX HMHOBIX HECYCTHLIX IMOIMHOXKECTB Q
urdopMan 0 ToM, 9To p = 0, HEJOCTATOYHO, TAK KaK Olle-
palysl CyMMUPOBAHUSI OMPEIEISIeTCsl B MATEMATHKe TOJIBKO
JIsT KOHEYHOTO (0OBIYHAS CyMMa) M CIeTHOrO (Cymma psijia)
YHUCTa CIaraeMbiX. B 4acTHOCTH, MbI HE MOXKEM OIPEIe/UTh
BEPOATHOCTH MOMAAAHUST OPOIIEHHOW TOYKH HA OTPE30K
0, 232]
paBHa % [Tpr K/IACCHYIECKOM ONPEJIEEHUH B KAYECTBE
BEPOSATHOCTH Opajioch OTHOIIEHWE YHCIa OJIaronpUsSTHBIX

, XOT$ WHTYUTHUBHO $ICHO, 4YTO 3Ta BEPOATHOCTH

UCXOA0B K YHCITY BCEX BO3MOXKHBIX HNCXOAOB. B paccMa-
TpUBaEMOM ciiyudae oba 3Tux uncia Geckoneunbl. [losTomy
€CTEeCTBEHHO 3aMEHUTH 39TU [YNC/Ia Ha COOTBETCTBYIOIINE
anuabl. O600IIeHneM TOHITHA JINHBI SIBIsIeTCs Mepa J1ebe-
ra. OJHAKO He BCe MOJMHOMKECTBA OTPe3Ka [a, b] m3MepuMBl
mo Jlebery. CreoBare/ibHO, MBI HE MOXKEM ONPEIEJINTh Be-
POSITHOCTH OPOITEHHON TOYKYM B MHOXKECTBO, He M3MEPUMOe
o Jlebery. EcrecrBenno mostoMmy cobbITusiMu HA3bIBATH
He BCe TIOJIMHOMKECTBA [a, b], a TOJBKO Te W3 HUX, KOTODBIE
SABJISIOTCS W3MEPUMBIMH. XOPOII0 W3BECTHO, YTO WU3MEpH-
MBI€ TOJMHOXKECTBAa OTpe3ka |a, b] obpasyior o-aarebpy,
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[JIABA 1. TEOPUS BEPOATHOCTEN

KoTOpyto Mbl obo3naunm F. [lpuxogum K Tak Ha3BIBAEMOMY
reoMeTpuieckKoMy OmpesieJIEHUI0 BEPOATHOCTU.

Omnpenenenne 4.1. CoObITUEM HA3BIBAECTCA DIEMEHT
A oc-anrebpel F. BepodTHOCTBIO TOMagaHUSA HAyLady
OpoIeHHoi Ha 0TPE30K [a, b] Toukn B MHO>KeCTBO A Ha3bI-
BAETCS TUCIIO
1(A)

b—a’
rae u(A) — mepa Jlebera muOXKeCTBA, A.

P(A) =

DTO ompejiesieHne ecTECTBEHHBIM obpazom obobiaercst
Ha Caydail, Korma TOYKa OpOCaeTca B N-MEPHOM TPOCTPAH-
cree. Ilycrs 2 — muoxkecTBOo B R", mMeromnee KOHETHYIO 71~
mepryto Mepy Jlebera (), F — o-anrebpa u3MepuMbIX 110
Jlebery moaMHoOKecTB MHOXKecTBa (). DeMeHThl F Ha3bIBa-
forca codbrTusaMu. Ecim n-meprasg Touka "maymauay" 6po-
caercd B ), TO BEepPOATHOCTL ee momnazauus B A € F
OTIPEJIENTSIETCS B COOTBETCTBUH C TPABUIOM T€OMeTpHtie-
CKOI1 BEPOSITHOCTH:

p(a) = 14
1(
rjie 4 — n-MepHasi Mepa Jlebera.
OTMeTI/IM, YTO B IPUJJIOKCHHUAX KaK IIPaBHUJIO BCTpPEYa-
FOTCA MHOXKECTBa, HUMEIOIINe N-MEpHBIH 00eM, KOTOPBIA u
BBICTYIAeT B KadecTBe Mepsbl JleGera. Hampumep, B R! aro
ecTb jumHA, B R? — miomans, B R? — obbem.

~—

Ipumep 1. CTyneHT W CTYAEHTKA JOTOBOPUJIUCH BCTPE-
TUTLCS B OpeiesIeHHoM MecTe Mexay 12 m 13 wacamu. [lpn-
TN KAET APYTOoro B Tedenne 20 MUHYT, TIOC/IE YETO YXO-
nut. [lpenmosarasi, 9To KaXKJblii U3 HUX BBIOMpAET MOMEHT
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§ 4. Teomerpuaeckast BEPOSITHOCTb. AKCHOMATHKA TEOPUU
BEPOATHOCTEH

CBOEro MPUX0/Ia B TeUEHHE YKA3aHHOTO Yaca "Haymady", Haii-
AUTe BEPOATHOCTH TOr'0, 9TO BCTPpeYa COCTOUTCH.

Hnsg ynoberea 6ynem HazwpiBarh 12 u 13 9acoB coorTBer-
creenro 0 m 1 wacamu gus (119 TOro, 9TOOBI OTCYET BpE-
menn mHaumnaasacsa or ). B kauecTse smemeHTApHOTO MCXOMIA
BO3BMEM YTODSIOUYEHHYIO Tapy w = (z,y), Tae T — MO-
MEHT MPpUXOoJa CTYAEHTa, Yy — MOMEHT IIPUXO0dd CTYJCHTKH.
Torma TPOCTPAHCTBO MEMEHTAPHBIX WCXOJOB TPEICTABISIET
coboro kBagapar Q = {w = (x,y) : z,y € [0,1]}. CobbI-
THE, COCTOSIIEE B TOM, UTO BCTPETA COCTOUTCS, TPEICTABIIS-
er u3 cebs Te TOUKU eIUHUIHOrO KBajpara {2, s KOTO-
PBIX PA3HOCTB MEYXKJIY MOMEHTAMW MPUXOJA CTYICHTA W CTY-
JIEHTKN TI0 MOAyJt0 He mpesocxoauT 1/3uaca (=20 mwuH.):
A={w=(z,y): |ly—=| <3, =,y €0, 1]}. Ha Puc.1

y y=x+1/3
1
y=x-1/3
1/3
0 1/3 1 X
Puc.1
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[JIABA 1. TEOPUS BEPOATHOCTEN

cobpiTie A m300parkKeHo B BUIE 3alITPUXOBAHHON TaCTH KBa-
npara. ITo mpaBmiy reoMeTpUYIecKoil BEPOSITHOCTU MCKOMAs
BEpPOSITHOCTb PAaBHA OTHOIIEHUIO ILJIOMIAEH:

S(A) — 2\2 5 1
P(A)=—==5(Q)-5(4 :1—<—> =—>—.
Bamerum, 9TO ecyiw OBl CTYJAEHT U CTYIEHTKA [TOTOBOPUIUCH
XKJIATh JApPYT JIpyra B TedeHue 15 MUHYT, TO BEPOSTHOCTb

BcTpeun ObLia ObI paBHA

P(A)=1— (§)2:1 <1

4 16 2
OrmernM, 910 BBIOOD SJEMEHTAPHBIX WCXOM0B IMIPU PeIle-
HUM 3329 Ha TeOMETPUIECKYH) BEPOATHOCTH He SBJIAETCS
ogrOo3HawHbIM. Hampumep, B mpumepe 1 B KadecTBe 3ie-
MEHTAPHOTO WCXOJa MOXKHO OBLIO B34Th w = (x,y), e
— MOMEHT MPWXOJa MePBOTO W3 JIUIL, Y — MOMEHT MPUXOIA
sroporo Juma. Torma Q@ = {w = (z,y) : 0 < z < y <
1}, A={w=(z,y) € Q: y—z < 3}. Tem ne menee cremyer
OTMETHTDH, YTO IIpU BHIOOpPE MPOCTPAHCTBA 3JIEMEHTAPHBIX
HCXOJIOB B 33/Ja49aX Ha TeOMETPHYECKYI0 BEPOATHOCTH HEO0-

XOOHUMO IIPOABJATE OCTOPOXKHOCTD.

Msr ybemuanch B TOM, 9TO HayKe B MPOCTEHIEM CIydae
HECYETHOTO (HEIMCKPETHOTO) MPOCTPAHCTBA JIEMEHTAPHBIX
UCXOJIOB B KadecTBe cOOBITHII Hamo OpaTh He IIPOU3BOJIb-
HbIE TOAMHOXKecTBa (), a TOJBKO Te, KOTOpble 00pasyror
HEKOTOPYIO o-aiarebpy. B obiem ciaydae B Teopunm BeposiT-
HOCTel TPUHATO (DUKCHPOBATH OIPEIEIEHHYI0 0-aaredpy
OJAMHOKECTB IIPOCTPAHCTBA IJIEMEHTAPHBIX HCX0H0B JF,
97IEMEHTBI KOTOPOI Ha3BIBAIOT coOBITHAMU. [Ipm aTOM J/TaA
DOAMHOKECTB u3 (), He NPHHAIIEKAMUX J, BEPOITHOCTH
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BEPOATHOCTEH

HE OTIPENIE/ISIETCS. 3aMETHM, UTO CIydail IMCKPETHOTO IMPOo-
CTPAHCTBA BIUCBHIBACTCH B PACCMATPUBACMYIO CXeMY, €C/IH B
KadyecTBe J B3dTh COBOKYITHOCTb BCEX MOJIMHOMXKECTB u3 2.
TaK KaK IIOHATHEe O'—a.HFe6pr HUCTIOJIB3YyETCAd B OCHOBAHUAX
TEOPUU BEPOATHOCTEH, HAIIOMHUAM €ro OIpPEeNeICHAe W HEeKO-
TOpBIE CBOMCTBA.

Onpenesaecnue 4.2. Cucrema A IDOOMHOMKECTB MHOXKE-
cTBa () Ha3bIBaETCS AJredpoil, ecau

1.Qec A, 0ec A

2. Be A, Be A, to AUB, AB, A\ B € A.

Takum obpazom, airebpa — cuCTEMa TTOIMHOYKECTB
Q, comepxaras () W 3aMKHYTass OTHOCHUTEIBHO KOHEUHO-
ro 9HMCIA TEOPETHKO-MHOXKECTBEHHBIX onepanuii (Mbl He
CTPEMUMCS B OTIPEIETEHUIX AareOphl U 0-aJrebphbl UCITOIhb-
30BaTh MUHUMAJIBHOE YUCJIO CBOﬁCTB, AOCTATOYHDLIX AJId WX
OIIpeJIe/IeHN ).

Onpepeaenne 4.3. Cucrema F IOAMHOXKECTB MHOXKE-
crBa () Ha3BIBaeTCs o-aJredpoii, eciim

1. F — anrebpa.
2. Ecm A, €¢ F (n = 1,2,...), 7o U A, €
n=1
F, N A, eF.

n=1

[MosTomy o-anrebpa — cucTeMa MOIMHOXKECTB (), CO-
nepxkamass () w 3aMKHyTas OTHOCHTEIbLHO He Oosiee dem
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[JIABA 1. TEOPUS BEPOATHOCTEN

CYETHOI'O YHCJIa TEOPETHKO-MHOXKECTBEHHBIX OHGp&HI/Iﬁ.

Ipumep 2. Cucrema F, = {0, Q}, cocroamas wu3
IBYX MOAMHOXKeCTB (), siBisieTcst o-anrebpoii (m tem Gosee
anrebpoit). Drta camas "Gemmasa'" o-anrebpa Ha3BIBAETCS
TpuBuaabHoii. Eciu F — mobasa o-anrebpa MoIMHOKECTB

Q, 0o Fr C F.

IIpumep 3. Cucrema F* = {A: A C Q}, cocrosmias u3
BCEX MOAMHOXKECTB (), siBaserca o-anrebpoit (m Tem Gomee
asnrebpoit). dro camas "Goraras" o-anrebpa. Ecm Fo—
stobast o- anrebpa moaMuaOXKecTB {2, To F C F*.

Hpumep 4. Cucrema Fq = {0, Q, A, A}, cocrosmas
3 derbipex moaMuHoKecTB 2, rme A C ), HasbiBaercs
o-anrebpoii, nopoxkaennoii muoxkecrsom A. Ecim FA
— qrobas g-anrebpa moaMmuOKecTB (), comepxkarmass A, To
Fa C FA

IIpumep 5. Ilycre D = {Dy, Do, D3, ...}
— cuernoe pasbuenne ) Ha HEMyCTble MHOXKECTBA
(= D1+ Dy + D3+ ...). Torna o-anre6pa mOIMHOKECTB
Q, cocrosimasi M3 BCeX KOHEYHBIX WM CYETHBIX OODbeIn-
HEHWII MHOXKECTB cucTeMbl [), Ha3biBaeTca o-ajaredpoii,
HOPOXKAEeHHOI pa3buenuem D u obosnadaercst o(D).

Jlemma 4.4. [Iycmos X — nexomopas cucmema noomMHo-
orcecms muooicecmea §2. Toeda cywecmsyom HAUMEHBULAA
anzebpa (X)) u naumenvwan o-anzebpa o(X), codeporcausue
cucmemy X.

HoxazaTenbcTBo. [lo KpaitHeit Mepe ogHa aaredpa
u o-aarebpa, comepxkKaias X, CyIIeCTBYeT (HalpuMep,
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F*). Ilyere «(X) — mepecedenne Bcex anarebp, a o(X)
— mepecedeHme BCex o-anredp, cogepxkammx cucremy X.
Ouesunno, «(X) — anrebpa (Kak TmepecedeHue ajredp),
o(X) — o-amrebpa (kak muepeceuenne o-anre6p). Onm
JABISIOTCI MHUHUMAJIbHBIMU. Hampumep, TOCKOJBKY eCIu
A € o(X), to A nmpunammexkur Jwboii o-amarebpe F,
copepxateii X, re. o(X) C F, crenosarensho o(X) —
MUHUMATLHA. g

Ormernm, uto o(D) B mpumepe 5 Kak pa3 u sIBJISIETCS
HaMMEHbIel o-aaredpoit, comepxkarieii cucremy D.

IMycte 2 — mOpPOCTPAHCTBO EMEHTAPHBIX HCXOMOB,
COOTBETCTBYIONIEE HEKOTOPOMY CIyIaiffHOMY SKCIEPUMEHTY,
F — mekoropas (PUKCHPOBAHHAA O-aaredpa MOIMHOXKECTB
MHOXKeCTBa, 2.

Omnpenenenne 4.5. CoObITMEM HA3BIBAETCA JFOOOM
sseMeHT o-ajarebpor F.

B oriuune oT yacTHOrO ciiyvas AUCKPETHOTO TPOCTPAH-
CTBA YJIEMEHTAPHBIX HCXOMOB B OOIEM Ciy4ae COObITHAMU
OyZyT SBJSATHCA HE BCe MMOJAMHOXKECTBa (), a TOJIBKO Te
W3 HUX, KOTOPBIE BXOIaT B o-aaredpy F. U toabko s
HUX OyJeT onpeiessTbCs MOHSITHE BepoATHOCTH. B ciyuae
JIMCKPETHOTO TPOCTPAHCTBA B KadecTBe J 00bIUHO Gepercs
COBOKYTHOCTH BCEX MOAMHOXKeCTB JF* mpocrpaHcTBa §2.
Takum obpazoM, ciaydail JUCKPETHOTO NTPOCTPAHCTBA —
YaCTHBIN CydYail pacCMaTPUBAEMON HUKe 0DIeil CXeMbl.

Onpenenenne 4.6. [apa (2, F), rue {2 — Hekoropoe
MHOXKECTBO, F — HEKOTOpas o-aarebpa IOIMHOKECTB MHO-
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[JIABA 1. TEOPUS BEPOATHOCTEN

kecTBa (), HA3LIBAETCSH U3MEPUMBIM [IPOCTPAHCTBOM.

Kaxmomy cobbituio A (t.e. kaxkgomy A € F) craBurcs
B COOTBETCTBHUE JeicTBUTERHOE uncio P(A), maswiBaemoe
BEPOSATHOCTBbIO cOObITUH A, TakuMm 00pa30oM, UTO IIpH
9TOM BBITTOJTHEHbI CJACAYIONNEe aKCUOMBI:

I. P(A) > 0 mag moboro cobeirusa A (akcnoma HEOTPU-
LIATEeJIbHOCTH );

II. P(Q2) =1 (akcmoma HOPMUPOBAHHOCTM);
o0 [e.e]

L. P()> . An) = >, P(A,) (akcnoma cderHoit anam-
n=1 i=1

TUBHOCTH).

Kak yxe rosopumiocs B maparpade 1, akcrmombl Bepo-
SITHOCTHU TIPEJICTABJISIOT HE UTO WHOE, KAK MaTeMaTHYeCKOe
oTpakenwne (PyHIAMEHTAIBHBIX CBOMCTB OTHOCHTEIHHON Ua-
CTOTHI 33 UCKJOYEHUEM TOT'O, UYTO JJIsT BO3MOXKHOCTH TTPUME-
HEHWd Teopuu Mepbl n muTerpasa Jlebera cBoiicTBO KOHEH-
HOI AJJIUTUBHOCTH OTHOCUTENBHON YacTOThI PACIIHPEHO [0
CBOMCTBA CYETHOI AIUTUBHOCTH BEPOSTHOCTH. [IOCKOIBKY
K HaCTOSAIIEMY MOMEHTY He TOJYyYeHO HU OJIHOT'O PEe3yJbTa-
Ta, OCHOBAHHOI'O HA MPUBEIEHHOW aKCHOMATUKE U MPOTUBO-
pedaniero 3KCIepuMeHTAJIbHBIM JaHHBIM, TaKO€ PaCIIupeHne
BIIOJTHE TTPUEMJIEMO.

Tpoiika (2, F, P), rme ) — OpocTpaHCTBO SJIEMEHTAP-
HBIX MCXOJIOB, F — HEKoTOpast o-ajrebpa MOIMHOKECTB MHO-
xecrBa (), P — BeposaTHOCTH (BeposTHOCTHast mepa) Ha F,
HA3BIBAETCS BEPOSITHOCTHBIM [IPOCTPAHCTBOM WU BEPO-
SATHOCTHOI MO/IeJTHIO CJTYyYaiiHOTO 3KcTiepuMeHTa. [Ipu
9TOM BEPOSTHOCTH PP — 3710 nefictBuTeibHas PyHKIINs, Ope-
JleJIEHHAs HA KJIACCe BCeX COOBITHMI JF U yI0OBIETBOPAIOIIA
akcrnomam I-III. B maremMarwke HeoTpHIATeJ bHAsT CYETHO-
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§ 4. Teomerpuaeckast BEPOSITHOCTb. AKCHOMATHKA TEOPUU
BEPOATHOCTEH

AIUTUBHAsA (DYHKIWSA [, ONpeJeseHHas Ha HEKOTOPOH o-
anrebpe n takag, aro u()) = 0, mazwpBaerca mepoii. Me-
pa, 1yst Koropoit p(§2) < 0o, Ha3bIBAETCS BIIOJHE KOHEUHO.
]'__‘JrZLI/IHCTBeHHoe7 YTO BbIACJIACT BEPOATHOCTD UJIN BEPOATHOCT-
HYIO Mepy U3 KJacca Bcex mep Ha F, 910 10, uro P(Q) = 1.
B teopun Mepsl BeposiTHOCTHOE TIpocTpancTBo (€2, F, P) MbI
OBl Ha3BaIM U3MEPUMBIM ITPOCTPAHCTBOM C Mepoii P.

HamomamM onuH BaKHBIA (PAKT M3 TEOPAHA MEPBI, KOTO-
PBIM MBI 9acTO OyIeM moabp30BaThea. Mepa (4 Ha m3MepuMoM
npoctparcTe (€2, F) Ha3plBaeTCsi O-KOHEYHOM, eC/u
cyuiecTByer nociegopareabHocth {Ap} usmepumbix (r.e.

o0
npuHatexkanmx J) MHONKeCTB A, Takux, uro = (J A,

n=1

u u(Ay) < oo.

Teopema o0 npojosKeHun Mepsbl. J10baa o-KoHewHas
MEDPQ b MODICEM OBIMD eOUHCMBEHHBIM CNLOCOOOM NPOOOAIHCE-
na ¢ anrzebpo A na naumenvwylo o-aazebpy F = o(A), co-
depoicauyyro anzebpy A.

Hamomemwm, wro 910 o3magaer. IlepBomagannHO Mepa
i ompenenena wa anrebpe A. Torma cymecrByer Mepa fiq,
onpenesnenHas Ha F u takas, 9ro p1(A) = p(A) naa Beex
A € A, xoropast W Ha3bIBAETCs MPOIOIKEHUEM MEpHI [ C
anre6bpnr A ma o-anrebpy F. EauHCTBEHHOCTE MPOI0IKEeHNS
O3HAYAET, YTO €CIU (1] U [lo — JBE Mepbl Ha F Takue, 4To
#1(A) = 12(A) = p(A) mrst neex A € A, 10 u1(4) = pa(A)
g seex A € F.

Samevanue 1. Fcam mpeamonoKuTh, 9T0 B CIydIae Auc-
KPETHOTO TIPOCTPAHCTBA SMEMEHTAPHBIX HCXOJ0B BEPOSIT-
HOCTH OTIPEJIe/IeHa He I BCEX €ro MOAMHOYKECTB, a JIUIITh
HA HEKOTOPOH o-ajrebpe, TO HETPYAHO YOEIUTHCS, UTO Be-
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POSITHOCTL MOYKET OBITH IPOJOJIKEHA W HPUTOM GECKOHEY-
HBIM YHCIOM CIOCOGOB Ha -aaredpy BCex MOJAMHOMKECTB IIPO-
CTPaHCTBA 3JeMEHTAPHLIX ncxonos. Hampumep, ecam Gpoca-
ercs urpasbHas Kocrb, 10 Q = {1,2,3,4,5,6}. IIpexmono-
JKIMM, YTO BEpOSITHOCTH OIIpejiesieHa Ha o-aarebpe

F = {¢7 Qv sz}v

rone A = {1,3,5} — BbIaeHNe HEYETHOTO THCIA OUYKOB, A =
{2,4,6} — BbInaeHne YeTHOrO Yncaa 04KOB. IlycTh

P(¢) =0, P(Q) =1, P(A) =1/2, P(A) =1/2.

Ecnm sanemenTapabpiM ucxofgaMm 1,2,3 mpunncaTh TPOU3BOTb-
upie Bepoarnoctu py > 0, pa > 0 ps > 0 rakwme, 9To
p1+p2+p3 = P(A) = 1/2, a ucxonam 4,5,6 — BepogrHOCTH
ps >0, ps >0, pg > 0 Takue, aT0 ps+ps+ps = P(A) = 1/2,
TO Tosarast
€A

MBI TIPOJO/IKUM [EPBOHAYAIBLHO 3aJaHHYI0 Ha J Bepo-
SITHOCTh Ha o-ajaredpy BCeX MOIMHOXKECTB IPOCTPAHCTBA
Q. Jlng obobutenust 370l ujgen Ha Caydail MPOU3BOIBHOTO
JIMCKPETHOTO MIPOCTPAHCTBA () PEIuTe CIeAYIONYI0 3a/1a9y.

3adaua 1. Jokaxkure, 4yTo ecau 2 AUCKPETHO, TO Ja100ast
g-anrebpa ero TMOAMHOXKECTB MOPOXKIAeTcsd He Ooee ueMm
CUYeTHBIM pasbuenneM ) Ha HEIePEeCEKAIOIIHecsT TacTH.

Ecmm Ternephb F TTOPOXK TAETCST pazbmeHnemM
Dy, Dy, ... (D1+ Dy+ .. =Q), 70 1si TPOJOIIZKEHUST
BEPOSITHOCTH C 0-aaredPhl, TTOPOXKIEHHON 3TNM pasdueHneM,
Ha, 0-aaredpy BCeX MOAMHOXKECTB () TOCTATOYHO Ha KaXKIOM
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arome Dy pasbueHns NPUINCATH KazKIOMY BXOISIIEMY
B HEro 97eMEeHTAPHOMY WCXOJY IPOU3BOIBHBIM 00pa3oM
BEPOATHOCTh p(w), Jumb Obl BBIMOIHSIOCH p(w) > 0 m

> pw) = P(Dy). Bepoaruocrs just smoboro A C

w€Dy,
ornpenejdeM COIVIAaCHO KOHCTPYKTHBHO-aKCHOMAaTHYIECKOMY

OIIPEAEICHUI0 BEPOATHOCTH.

Wrak, He orpaHnvunBas OOIIHOCTH, B CIyIae JUCKPETHOTO
[IPOCTPAHCTBA 3/IEMEHTAPHbBIX UCXOJ0B MOXKHO CUNTATH H3ME-
PEMBIMH BCe TIOAMHO)KecTBa () (T.e. B KadecTBe o-aarebpsr F
fpaTh COBOKYITHOCTH BCEX TTOAMHOXKECTB (1). DT0 onmpasipl-
BaeT HAllle OIpeJeaeHne COOLITHS B JUCKPETHOM IIPOCTPAH-
CTBE JIEMEHTAPHBIX MCXOJ0B KaK [IPOU3BOALHOIO OAMHOXKE-
crBa €.

Csoticmea sepoamuocmu.

1. Bepoammuocmb He8o3MONHCH020 CODBIMUA PABHG HYAI:
P(0) = 0.

Ins Toro, urobbl HedOpMaTHHOE TIPEICTABICHUE O Be-
posttHOCTH Kak 00 "wmeanbHoit"
B CO3HAHWE W PA3BUBAJIO BEPOSTHOCTHYIO MWHTYHUITHIO, TTOIE3-
HO Tepe] (POPMATBHBIM JTOKA3ATETHCTBOM KazKIOTO CBOWCTBA,
npoeectu ero "wacroruoe" obocHoBanme. Tak Kak HEBO3-
MOYKHOMY COOBITHIO He GJIarONpUSITCTBYET HU OJUH BO3MOXK-
HBIT WCXO7[, TO OTHOCUTEIbHAS YACTOTA HEBO3MOYKHOTO CO-
ObiTus paHa (.

JlokazaTesnbcTBo. [TockonbKy

qacToTe FJ'[y6}Ke IITPOHUKJIO

Q=Q+0+04+0+...,

To ucnosb3ys akcnoMsl 11 m 111, momyamm:

1=PQ)=PQ)+P0)+PW0)+PO)+...,
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OTKyIIa

P0)+P®)+P@)+...=0.
C yuerom Toro, uro P(()) > 0 no akcuome I, n3 mocrennero
paseHcTBa creayer, uto P(()) = 0. O

2. Bepoamnocmv obaadaem ceolicmeom KOHETHOU ajI-
OUTUBHOCTH:

ZAk: Z P(Ay).

k=1

3adaua 2 (ouensb npocras). Jlokazkure, 9T0 3TO CBOHCTBO
SKBUBAJEHTHO KOHEYHOW aJIUTUBHOCTH JIJIs JBYX CJIarae-
MBbIX:

P(A; + As) = P(A1) + P(Ag).

DTO CBOMCTBO I/IsT OTHOCUTENLHOM TAaCTOTHI IIPOBEPSIOCH
pamee.

HoxazarenscTBo. Ina k=n+1, n+2, ... BBemem
Ay, = (). Ha ocnoBanun axcmomsl III n cBoiicTsa 1

n

P> Ap) = Z Ap) =) P(A) =D P(A).
k=1 k=1 k=1

k=1

3. Ecau A C B, mo P(B— A) = P(B)— P(A).

Tak kak A C B, To BCsKkui pas, xorma A TPoOUCxo-
nut, mpoucxoaut B. [Tostomy w3 N mpPOBOIMMBIX IKCIEPHU-
MEHTOB YHCJIO0 Te€X W3 HUX, B KOTOPBIX MPOUCXOONT B — A,
T.e. mpoucxoquT B, HO He mpoucxoauT A, paBHO pa3HOCTH
MEXKJIy YUCIOM 3KCIEPUMEHTOB, B KOTOPBIX MPOUCXOIUT B,
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U YUCJOM SKCIEPUMEHTOB, B KOTOPBIX TpoumcxomuT A, Te.

N(B) — N(A). Tlo dopmyse (B1)
N(B-A) N(B)—N(A)

Py(B—A) = N - N -
_ % _ % = Py(B) — Py(A),

T.€. OTHOCUTE/JIbHAA 9aCTOTa YIOBJICTBOPACT 3TOMY CBOﬁCTBy.

Hdoxkazarensctso. Ecm A C B, to B =
A + (B — A). Tlo ceoiicrBy 2 KOHEYHOMN a/JIUTUBHOCTH
P(B) = P(A)+ P(B — A), oTKyna CIeIyeT JOKa3bIBAEMOe
CBOHCTBO. O

4. Ecau A C B, mo P(A) < P(B).
DT0 CBOMCTBO /I OTHOCUTEJILHO YaCcTOThI IPOBEPSIOCH
paHee.

JlokazaTenbcTBO. B cuay mpembiaymiero CBOMCTBA
3 P(B—A)=P(B)— P(A), vo 10 axcnome 1 Heorpmia-
reswboctn P(B — A) > 0, re. P(B) — P(A) > 0, orkyna
P(A) < P(B). O

HanmoMunM, 9T0 CHMMETPHYECKONH PA3HOCTHI0 MHOMKECTB
A1 n Ay HA3EIBAETCA MHOXKECTBO

A1AAy = (A; \ Ag) + (A \ Ay).

5. Ecau P(A1AA) =0 mo P(A1) = P(A2). O6pammuoe,
soobwe 2060pa, Heeepho; o ecau A1 = Ag, mo P(A1AAs) =
0.

Hoxa3zaTeabcTs o. Ilo croiictBy 2 KoHeIHOH
A IUTUBHOCTH

P(A1AAz) = P(A; \ A2) + P(A2\ A1) = 0.
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Ilo akcmome I oba cnaraeMbIX HEOTPHUIIATEJBHBI; IIOITOMY
kaxj0e n3 Hux pasuo 0. Ho Ay \ Ay = A; — (A142) u o
cpoiictBy 3 P(A; \ A2) = P(A;1) — P(A1A2) = 0, orkyna
P(A;) = P(A1As). Ananoruuno, P(As) = P(A1A3). Orcio-
aa P(Al) = P(AQ)

3adava 3. llpuBeaure mpuMep, MOKA3BIBAOIINI, UTO U3

P(Al) = P(AQ) HE caenyer P(AlAAQ) =0.
6. Jas a106020 coboimun A 6bNOAHACTNCA HEPAEEHCMEO
0<P(A) <1

Tak kak 0 < N(A) < N, T0 111 OTHOCUTENIBLHON 9aCTOTHI
9TO CBOMCTBO BBIMOTHSIETCSI.

HoxkazaTtenscTBo. Ilo akcmome [ meorpumarennHo-
cru P(A) > 0. Tak kak Jiroboe cobbitne A C €, To 10

cpoiictey 4 mmeem P(A) < P(2), Ho B cuiay akcuombl 11
P(Q)=1. O

7. Umeem mecmo 060DIEHHAS] TEOPEMA CJIOXKEHUS:
P(AuB)=P(A)+ P(B) — P(AB).

st Toro, 9ToOBl MOCYUTATH YUCI0 SKCIIEPUMEHTOB, B KO-
TOPBIX Tpou30nLIo cobbiTHe AU B, T.e. X0Ts1 OBI OJIHO U3 CO-
6prTHit A mw B, HAT0 CJIOXKATH THCI0 SKCIIEPUMEHTOB, B KO-
TOPBIX TPOW3OMLI0 A, ¢ UNCIIOM SKCIEPUMEHTOB, B KOTOPBIX
npomsonuio B. [lpm sToM sKCHepmMeHTHI, B KOTOPBIX OHHU
MPOUCXOIUAIN OFHOBPEMEHHO, YIUTHIBAIOTCA B 000OUX C/rarae-
Mbix. [To3TOMY M3 MONy9eHHONH CyMMBI HAJIO BBIUECTH TUCIO
Takux dKcrnepuMeHToB. Takum obpazom,

N(AUB) = N(A) + N(B) — N(AB).

64



§ 4. Teomerpuaeckast BEPOSITHOCTb. AKCHOMATHKA TEOPUU
BEPOATHOCTEH

CireoBaTesbHO, JIJIst OTHOCHTEIBHBIX YaCTOT CBOWCTBO 7 BbI-
IIOJTHSIETCS.

HoxkazarenscTBo. OueBngao, AUB = A+(B—AB).
B cuiy KOHEYHO ainTUBHOCTH BEPOSITHOCTH (CBOHCTBO 2)

P(AUB)=P(A+(B—AB)) = P(A)+ P(B—AB). (4.2)
Tak kak AB C B, T0 10 ¢BO#CTBY 3
P(B— AB) = P(B) — P(AB). (4.3)

JlokazaresbcTBO  3aBEpIINTCA, eciau moacTaBuTh (4.3) B

(4.2). O

ITocmenmee cBoiticTBO JeTKO 000OITAETCS HA TTPOU3BOJIH-
HOEe KOHEYHOE YKCJIO CJIaraeMbIX.

7. P(AJUAU...UA,) = P(A1)+P(Ay)+...+P(A,)—
—P(A1Ay) — P(A1A3) — ... — P(Ap—14,) + ...+
+(=1)"TIP(A1 Ay .. A).

Hampumep, a7 Tpex craraeMbix CBONCTBO WMEET BUJ,
P(Al U Ay U Ag) = P(Al) + P(AQ) + P(A3)—
—P(A1Ay) — P(A1A3) — P(A3A3) + P(A1 Ay As).

3adaua 4. Jokaxure cBoiicTBO 7.

8. Bepo;mmocmb npomueonosodHCcCHo20 cobumus pasHa

P(A) =1 P(A).

TaK KaK BO BCAKOM 3JKCIIEpUMEHTE IMMPOUCXOAWT OJHO 1
TOJNBKO OJTHO U3 COOBITHIT A, A, TO IMCIO SKCTEPUMEHTOB, B
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[JIABA 1. TEOPUS BEPOATHOCTEN

KOTOPBIX IIPOMCXOAUT A, IIOJIyYaeTcs BEIYUTAHUEM W3 UHC-
JIa, BCEX DKCIIEPUMEHTOB YHUC/I3 DKCIEPUMEHTOB, B KOTOPBIX
OPOUCXOINUT A:

N(A)= N — N(4).
IlosToMy cBOiCTBO 8 BBIOTHSETCA I OTHOCUTETLHOMN
JaCTOTHI.

HoxkazarenscTtBo. Ilo ompememeHnuto MTPOTUBOIO-
JIOXKHOTO cobpitusa A = Q — A, npuuem A C €); o cBoiicTBy

3  P(A) = P(R2) — P(A). Ocraercss TOIBKO y4eCThb, 4YTO
P(©2) = 1 mo akcuome II. O

9. Ecau cobwmua Hy, Ho, ..., Hy, o6paszyrom noawnyro
2pynny, mo

P(Hy) + P(Hy) + ...+ P(H,) = 1.

YacToTHas HHTEpIpETAlldsl STOTO CBOWCTBa TaKas Ke,
KaK Jjig CBOWCTBA 8, HO TOJBKO HE JJIsT JBYX, a JJIsT 7 CO-
OLITHIA.

HoxkazaTeanbcTso. [lo onpenesenuto mOMIHON TPYIITLI
Hi+ Ho+...+ H, = Q; 10 cBOMCTBY 2 KOHEIHOH aIINTUB-
HOCTHU

P(H,)+ P(Hy) + ...+ P(H,) = P(Q) = 1. 0

OTMeTuM, 9TO CBOHCTBO 8 SIBJSETCH YACTHBIM CIyJaeM
cBoiicTBa 9 mpu n = 2, nockoabky A u A aBismiorcs mpo-
TUBOIIOJIOZKHBIMU COOBITUSIMU TOTJA W TOJIBKO TODIA, KOT/A
OoHM 06PA3YIOT TOJHYIO TPYIINY U3 JBYX COOBITHIT. 3amMeTum
TakK¥Ke, ITO CBOMCTBO 9 MMeeT MeCTO W JJIs CIytdasl MOJTHOMN
IPYNIBl W3 CYETHOTO 9HMCIA COOBITHI (B J0KA3ATETHCTBE
BMECTO KOHEYHON aINTUBHOCTH HAJ0 IMPUMEHUTH CUETHYIO
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§ 4. Teomerpuaeckast BEPOSITHOCTb. AKCHOMATHKA TEOPUU
BEPOATHOCTEH

AJTUTHBHOCTB ).

10. Bepoamwnocmo obaadaem ceolicmeom TOMYyaaIU-
TUBHOCTMH:

P(J 4n) <> P(4n).
n=1 n=1

Samenwanue 2. D10 CBOWCTBO BBIIOJIHACTCA U JIJId KOHEY-
HOTO YHCIa COOBITHIA.

OueBHUIHO, YMCIO SKCIIEPUMEHTOB, B KOTOPBIX ITPOUC-
XOJUT XOTsI OBl OJIHO W3 COOBITHII, HE TPEBOCXOAUT CyMMBI
YUC/Ta  JKCIIEPUMEHTOB, B KOTOPBIX TMPOUCXOIUT KaXKJ0€e
cobbrtre. TloaTOoMy J/1sT KOHEYHOTO d€HC/Ta COOBITHI 3ITO
CBOMICTBO JIjIi OTHOCUTEJIBHBIX YACTOT BBITOJHAETCS.

HoxazaTenbcTBO. Tak Kak

U A, =A1 + A1 Ay + A1 Ay Az + ...,

n=1

TO B CHJIy CUETHON AJIUTUBHOCTU U CBOHCTBA 4
oo

P(|J An) = P(A1) + P(A1 Ag) + P(A Ay Ag) + ... <
n=1

SP(A1)+P(A2)+P(A3)+.... ]

[Ipexx e, dem GopMyJIMpOBATH CJAEIYIOIIEEe CBOWCTBO,
BBe/IEM BaXKHOE /I TEOPUH BEPOSITHOCTEN TOHATHE CXOJIH-
MOCTH TOCJEJI0BATEIbHOCTA MHOKECTB.

Onpenenenne 4.7. TosopsT, 9TO MOCTEIOBATETHHOCTH
muOKecTB {A,} cxommrcsi Kk MHOXKeCTBY A CHU3Y U
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[JIABA 1. TEOPUS BEPOATHOCTEN

o0
mamyt A, T A, ecmm Ay C A CA3C...uA= | A,

n=1
ToBopsiT, uro nocnemoparenbHOCTh MHOXKecTB {A,} cx0-

anTest K MuaoXkecTBy A cBepxy u mumyTt A, | A, ecin
o
A1 DA DA3D ... u A= ﬂ A,
n=1
11. CBoiicTBO HEPEepbLIBHOCTH BepoOsiTHOCTU. Be-
POAMHOCTL Henpepusna cuusy, m.e. ecau A, T A, mo
P(A,) — P(A). Bepoammuocmo wenpepuena ceepry, m.e. ec-
au Ay | A, mo P(A,) — P(A).
DTO CBOWCTBO HE MOXKET OBIThH WHTEPIPETHPOBAHO B
TEPMUHAX OTHOCHUTENBHON UWACTOTHI, TaK KaK CBA3AHO C
6eCKOHeLIHbIMI/I IOCJICJOBATC/IBHOCTAMM MHOXKECTB.

JlokazaTenbcrso. [lockonbky A, € F, T0o ajsg 0boux
ciyaaeB A € F. Ilyers A, T A. Taxk kaxk A, C A,11, TO

A= U A, = 4 + (Ay — A) + (A5 — Ag) + ... Tlo
aKCI/IOTI\l/[:elIII CYETHON AJJUTUBHOCTHA W CBOHCTBY 3

P(A) =P(A))+P(Ay — Ay)) + P(A3 — Ag) +... = P(A))+
HP(A2) ~ P(A)] + +{(P(A3) ~ P(2)] + ... = lim P(4,)

(Bemb gacTHAsSI CyMMa MOCTeAHEero psita pasHa P(A,,)). Oue-
BUJHO, cxopumocth P(A,) k P(A) — MoHOTOHHAS.
[Mycrs Temeps A, | A. HerpymHo moHaTh U3 ompejese-

aust 4.7, aro rorma A, T A. Ilo nokazamnomy P(A4,) —
P(A). B cuny csoiicta 8 310 o3mauaer, uto 1 — P(A,) —
1— P(A), otkyna memeserro cieayer, uro P(A,) — P(A).
[l

3adavwa 5. Hokaxkwure, uro ecium P — KOHEYHO-
AIIUTUBHAA (DYHKIINA MHOXKECTB, OMPEIeJCeHHAS HA -

asrebpe F, To cienytorue 4 ycioBusi SKBUBAJEHTHBI:
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

1) P cueTHO-aIIUTUBHA;
2) P HempepbiBHA CHHU3Y, T.€.

ectn A, € F, A, 1A, to lim P(A,) = P(A);

n—oo
3) P menpepbiBHA CBEPXY, T.e.

eciu A, € F, A, | A, to lim P(A,) = P(A);

n—o0

4) P uenpepsiera B "Hyse" (mycTom MHOXKECTBe), T.e.

ecu A, € F, A, 10, o lim P(A,)=0.

n—~oo

[lonBoast UTOT, MOYKHO CKa3aTh, UTO GEPOAMHOCTL UAU
BEPOAMHOCTINGA MEPL — MEPA, ONPEJeNeHHaA NG T -aszebpe
F usmepumozo npocmpancmea (2, F), ydosaemeoparousasn
yeaosuro P(Q) = 1 u, caedosamenvho, obaadarouas ecemu
CBOTCMBAMYU BNOANE KOHEUWHOT, MEDDL.

§ 5. YcaoBHas BeposaTHOCTH. HezaBucumMocThb
coonIiTHuii. PopMyJia MOJTHOII BEPOATHOCTHU U
dopmyaa Baiieca

Yacro HGeiBaeT HEOOXOIUMO BBIYUCIUTH BEPOSITHOCTH COOBI-
Tug B B mpeamosioKennn, 9T0 HACTYIUIO HEKOTOPOe COOBI-
e A, MeroIee OTINIHYIO OT HYJISI BEPOSATHOCTD. s aT0-
TO €eCTeCTBEHHO PACCMATPUBATH TOJIBKO T€ SKCIIEPUMEHTDBI, B
koTopbix mpoucxomnt A. Ilpenmomoxwm, aro B N sKcIepu-
mentax A npomsounuio N(A) pas, AB upousouuio N(AB)
pa3. Ecmu paccMaTpuBaloTCsi TOJBKO Te€ SKCIIEPUMEHTHI, B
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[JIABA 1. TEOPUS BEPOATHOCTEN

KOTOPBIX TPOUCXOaUT A, TO cpeau Hux cobbiTre B mpouc-
xopur N(AB) pas. ITostomy orHOCHTENbHAS YacToTa B npu
YCJIOBUH, 9TO A HACTYIHIIO, paBHA

N(AB)
Pyx(B/A) = Ajf\g‘éﬁ) = NNA) . (5.1)
N

N(AB)
[MockonbKy npu Go/biux N OTHOCUTEIbHASA YaCTOTa —5;
crabunmsupyercss okoso BepostHoctH P(AB), a oTHOCH-
N(A)
TeIbHAH YACTOTA, —x— — OKO/IO BepoaTHocTH P(A), TO, Kak
BuzHO U3 (5.1), yemoBHast oTHOCHTeMbHAS JacTota Py (B/A)
_ P(AB)
Oyaer crabuam3mpoBaThcs OkosIo uncaa P(B/A) = PCAY -
DTO NMOKA3BIBAET €CTECTBEHHOCTD CJIE/YIOLIEro ONpeieseHuns

YCJIOBHON BEPOATHOCTMU.

Onpenenenne 5.1. [Tycrs (2, F, P) — BeposTHOCTHOE
npoctparcTBo, A u B — cobeitus (r.e. A, B € F), npuuem
P(A) # 0. YciioBHOIT BEpOATHOCTHIO COObITUSI B OTHO-
cureabio A miau npu ycaoBum A Ha3BIBAETCS YHUCIO

P(AB)
P(A)

P(B/A) = . (5.2)

Teopema 5.2. Ilpu duxcuposannom A maxom, wmo
P(A) # 0, ycaosnas seposmmocmov P(B/A) xax dpynryus
muooicecmea B € F asasemca eepoamuocmvio (6epoam-
Hocmuot mepoti) na F.

Hoxaszarenbcrso. [To dopmyne (5.2) kaxgomy B €
F craBUTCA B COOTBETCTBHE JeiicTBUTENbHOE Tncio P(B/A).
Ocraerca nposepurh sbinonaenue akcuom I-ITI. Tak kak

P(AB) > 0, P(B) > 0, To ana gwoboro B € F Gyner
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

P(B/A) > 0, re. cupasegyusa akcuoma L. [lasee, mocKoh-
Ky AQ = A, To

_ P(AQ)  P(A)
P(Q/A) = PUA) ~ P(A) = 1.
Hakowmen, ecmm Bj, By, B3, ... T1momapHo He Tiepe-

CEKAIOTCsI, TO TeM Oojlee TOMApPHO He TEePeCceKaroT-
¢t ABi, ABs, ABs, ... xkak ux dgacta. [losTomy
ABy + By + Bs + ...) = ABy + ABy + AB3 + ...,
CITeITOBATETHHO,

0 n; P
P(X Bu/A) = —3— =@ -

[e.e]

> P(AB,) 0o

=1 P(AB,,

- L R~ X P
n=1 n=1
T.e. BBITO/THEHA akcuoma I11. O
Taxmm o6pa3oM, yCI0BHAS BEPOATHOCTL HpH (PUKCHPO-
BanHoM A obsiajaer Bcemu coiictBamu (0BBIYHON) BEpOsIT-
roctn. Hampumep, P(B/A) = 1 — P(B/A); ecm B, 1
B, o P(B,/A) — P(B/A). Urak, ecim paccMarpuBarh
TOJMBKO T€ 3KCIIEPUMEHTBI, B KOTOPBIX MMPOUCXOIUT COOBITHE
A, TO UX MATEMaTUYECKON MOHEILIO SIBASETCS BEPOATHOCT-
Hoe mpocrpancrso ({2, F, P(-/A)). Unorna GuiBaer yao6HO
paccmaTpuBarh cykerme Mepbl P(-/A) Ha MHOXKecTBO A.
B stom ciyuae B kadecTtBe o-anarebpwr bepercs A N F =
{ANC : C € F}, u torga BepOSTHOCTHOE MPOCTPAHCTBO
— (A4, AnF, P(-/A)).
[Tose3HO paccMOTPeTh  CIAEAYIONLYI0 HWHTEPIPETAINIO

yC.HOBHOﬁ BEPOATHOCTU B YaCTHOM CjIy4Yae KOHEYHOTO IIPO-
CTPAHCTBa PABHOBEPOSITHBIX 3JEMEHTAPHBIX HCXOJ0B ) =
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[JIABA 1. TEOPUS BEPOATHOCTEN

{w1, wa, ..., wp}. IlycTs cobbiTuio A GraronpusiTCTByeT n 4
SJIEMEHTAPHBIX UCXOHA0B, COOBITUI0O AB — N 4p 3/1eMEeHTapHbIX
ucxomos. I1o OnpemeseHnIo yeJIOBHON BEPOATHOCTH

P(AB) mnap/n  nap
P(A)  na/n na’

P(B/A) = (5.3)
Ecnn paccmarpuBaTh TOMBKO T€ YKCHEPUMEHTHI, B KOTOPBIX
A IPOUCXOOAUT, TO M4 — HYHUCJIO BCEX BO3MOXKHBIX HMCXOOO0B,
NnAp — YHCIO MCXOHOB, OjarompusarcrByiomux B. Takum
00pa3oM, BBIUYMCICHUE YCIOBHON BEPOATHOCTH 1O (hopmye
(5.3) TPOMCXOMUT MO TOMY K€ CAMOMY KJIACCHIECKOMY OIpe-
JIeJIeHNIO, 9TO U BbluucjaeHne (6e3ycioBHOI) BEpOATHOCTH:
9TO OTHOIIEHHE YUCTa OJIArONPUATCTBYIOIINX UCXOI0B K YHC-
JIy BCEX BO3MOXKHBIX MCXO0B. TO.HBKO Ipu 3TOM MCKJIFOYa-
IOTCsT SKCIIEPUMEHTBI, B KOTOPBIX A HE MIPOUCXOIUT.
N3 onpenenenus 5.1 cremyer, 9To

P(AB) = P(A) - P(B/A). (5.4)

®opwmyaty (5.4) HasbBaOT (POPMYIION N TaKe TEOPEMOit
ymHoXkeHus. Takoe "rpovkoe" mHazBamme 3eMEHTAPHOTO
CJIEJICTBUS  ONPEJIEJIEHUsT  YCJIOBHOW — BEPOSTHOCTH — HCTO-
PUYECKH ONpaBJaHO, TakK KakK [EePBOHAYAJBLHO YCIOBHAS
BEPOATHOCTH BBOIUIACH U JIOJTO HCIIOIH30BATACH TOTBKO
B YCIOBHSAX KJIACCHIECKOTO OIPEIEIeHUs] BEPOSITHOCTH C
nomomsio pasenctsa  (5.3). Tlpm stom (5.4) Tpebosamo
JIOKA3aTe/bCTBA U MIOTOMY HA3BIBAJIOCH TEOPEMOI.

Teopema ymHOXx«keHusi ajiss N cobbituii. Fcau

A1, Ag, ..., Ay — cobmus u P(A1As ... Ap_1) # 0, mo
P(A1As... A,) = P(A))P(As /A1) P(A3/A1As) ...
... P(A,/A1Ay ... Apq).
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

Jloka3aTe/ bCTBO MOAYIAETCA C ITOMOIIBIO MTOCTE0-
BATEIBHOTO puMeHeHust hOpMy/ibl yMHOKeHHsT (5.4):

P(Ay... Ay 1An) = P(Ay ... Ay )P(An /A1 ... Ap_q) =
= P(Ay ... Ay2)P(Ap_1/A1 ... Ap_2)P(An/Ar ... Ap_q) =
= P(A1A5)P(A3/A1As) ... P(An_1/A1As ... Ap_s)-
P(Ap/A1 Ay ... Ay_1) = P(A1)P(As/A1)P(A3/A1 As) ...
o P(An A Ay An_y). O

Ipumep 1. Crynenr 3naer 20 u3 25 Bompocos. Kakosa
BEPOSTHOCTH TOTO, ITO OH OTBETUT Ha TPU HAYIAUY MOCTAB-
JIEHHBIE eMy TIPerojaBare/ieM Bompoca?

Beenem cobeitus: A = {cTymeHT orBeTHT Ha TpH
BOmpoca}, A; = {crymenr orerur Ha i-ii Mo cuery
sonpoc}, 4 = 1,2,3. OueBngro, A = A1 AsAs. Ecan cry-
JeHT oTBeTm1 Ha 1-it Bompoc, To Bcero ocraercs 24 "Ba-
KaHTHBIX" BOMpOCa, W3 HUX CTYyZeHT 3Haer 19, mosTomy
P(Ay/A1) = 19/24. Ecm cTyzeHT OTBETHJI HA MEPBBIE J1Ba
BOmpoca, To ocraercs 23 "BakauTHBIX' BOMpoOCa, U3 HUX CTY-
neHt 3Haer 18, ciaemosarenbro, P(Az/A1A2) = 18/23. Ilo
TeopeMe YMHOXKEHUd g 3-X COOBITHit

P(A) = P(A1A2A3) = P(A1)P(Ay /A1) P(A3/ A1 Az) =
20 19 18 57 1

T % 2423 115 2
SaMmeTuM, 4TO pelIeHre 3Toi 33,0341 C HOMOILLI) KJIACCH-
YEeCKOTO OTPEJIEICHIsT TIPUBOJUT K TOMY K€ Pe3y/IbTary (dro
HeyIMBUTETHHO) B (hopMe

70_30757

P(A) = = .
“) Cy 115
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[JIABA 1. TEOPUS BEPOATHOCTEN

Paccmorpum mpumep 10 u3 Tperbero mnaparpada, K
KOTOPOMY [PUMEHSJIOCh PaHee KJIACCUYECKOe OTIpejieieHue:

Ipumep 2. B aynane maxomurca n map 6orunok. 13 mux
Haynady BeiOmpatorcst 2r 6oTuHOK (2r < n). Kakosa Bepo-
SITHOCTB TOTO, UTO CPEIU BHIOPAHHBIX HOTHHOK OTCYTCTBYIOT
mapHbie?

Beenem cobbitus: A = {cpean BoIGpanHbIX GOTHHOK OT-
cyrerBytor mapabie}, A; = {cpeau mepBBIX i BHIOpAHHBIX
6orrHOK OTCyTCTBYIOT mapHble}, i = 2,3,..., 2r. OueBuj-
Ho, A = AyAs. .. Ay.. Ilo Teopeme yMHOXKEHUST

P(A) = P(AsAs ... As,) = P(As)P(A3/As) P(As /A A3) ...

e P(Agrfl/AQAg .. .AQT,Q)P(AQT/AQAg e Azrfl) =
2n—2 2n—4 2n—6 2n—4r+4 2n—4r+2
2 -1 2n—2 2n—-3 " 2 —2r+2 2n—2r+1
22 -1)(n—-2)...(n—2r+2)  27nl(2n—2r)l
C 2n-1D2n—2)...2n—2r+1)  (2n)(n—2r)

2r 2r
e
- 2r

Onpeneaenne 5.3. Cobbitus A u B HasbiBaioTcd
Hezasucumbimu, ecim P(AB) = P(A)P(B).

Ipumep 3. Haynauy mnonbpachiBaioTCs JBE MPABUJIb-

uble mMoHerbl. Ilycrs A = {Bminagenue repba Ha 1epBoii
MoHere}, B = {BeImajgenuwe repba Ha BTOPOil MOHETE}.
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

B namnom ciywae @ = {(2,2),(2,p).(p.2), (pp)}, A =
{(z.2),(ep)}, B={(22), (p,2)}, AB = {(2,2)}. Tlosromy

Pmm:i:

= P(A)P(B),

N | =
N —
SN )
NG )

T.e. A u B He3aBUCHMBEI.

IIpumep 4. B mpamoyroabHIK
Q={(z,y) eR*: 0<2<6,0<y<3}

"maymaay" Opocaercss Touka (coBo "Haymaday" o3Hauaer,
YTO UMEET MECTO OIpeJe/ieHre MeOMEeTPUYECKON BEPOSITHO-
cru). ITycrs

A = {rouxa nomager B npamoyrombauk A = {(z,y) € R?:

0<z<6,0<y<2}},
B = {rouxa nomaser B npsmoyronsruk B = {(x,y) € R?:
2<x<4,0<y<3}}

Torma AB = {(z,y): 2<z <4, 0<y <2} Ecm S(I) —
IO/ H npsiMoyrosbHuKa 11, To

S(AB) 22

P(AB) =

2
S(©Q) 3.6 9

_S8(B) 23 1
( )—m—ﬁ—ga

re. P(AB) = P(A)P(B). 3uaunr A n B He3aBUCHMBI (CM.
Puc.2).
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[JIABA 1. TEOPUS BEPOATHOCTEN

Y
3 - .
B Q !
2 1
AB
A
0 2 4 6 x
Puc.2
Cesoticmea.

1. Jlwoboe cobbrTme m COOBITHE, BEPOATHOCTH KOTOPOTO
paBHA HYJIIO, HE3ABUCUMBI.

Jokazarenbscrio. Ilycte A — mw0boe cobwiThe,
P(B) = 0. Tax kak AB C B, to P(AB) < P(B) =0,
orkyga P(AB) = 0. Tlosromy P(AB) = 0 = P(A) -0 =
P(A)P(B). (]

B wactoocTm, HeBO3ZMOXKHOE COOBITHE HE 3ABUCHUT OT
JII000r0 COOLITHS U Taske OT CaMoro ceOs.

2. Jlioboe cobbiTre u COOBITHE, BEPOSTHOCTH KOTOPOTO
paBHa eIMHUTIE, HE3ABUCHMBI.

Jokazarenbcreo. Ilycte A — mi0boe cobwiThe,
P(B) = 1. Tak xak P(A) = P(AB) + P(AB), P(AB) <

P(B)=1—P(B) =0, 10 P(AB) = P(A) = P(A) -1
P(A)P(B), r.e. A u B He3aBUCHMBI. O
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

B wacrmocTH, aocroBepHOe COOLITHE HE 3aBHCHAT OT
J1000r0 COOBITHS 1 TaXKe OT CaMOro ceds.

3. CobbiTHE He 3aBUCHUT OT CaMOro ceds TOraa U TOILKO
TOT/Ia, KOTJIA €r0 BEPOSITHOCTD PABHA HYJTIO WU €IUHUIE (T.€.
OHO oTiImIaeTcd oT ) unam oT §) Ha MHOYKECTBO BEPOATHOCTH
HOJIB).

HokazareynbcTBo. Eciu cobbiTre mMeeT BEpOSTHOCTh
0 mam 1, TO OHO HE 3aBUCHAT OT camMoro cebst o cBoitcTBaM 1
u 2. O6parHo, ycTh cOObITHE A He 3aBHUCHT OT CAMOTO cebs,
re. P(AA) = P(A)P(A). Torma P(A) = [P(A)]?, orxyna
P(A) pasao 0 nm 1. O

4. Ilycts A, B € F, P(A) # 0. Cobbitust A u B He3aBu-
CUMBI TOIJIA U TOJIBKO Toraa, korma P(B/A) = P(B).
Jlokazarenbcrro. Eciu A u B He3aBUCUMBI, TO, UC-
[OJIB3Ysl ONpPEJIEIEHNsT YCIOBHOM BEPOSTHOCTH W HE3aBUCH-
MOCTH, TIOJTYYIUM
P(AB) P(A)P(B)

PBIA) = 5o = —pa - = DB

Ob6parno, nycts P(B/A) = P(B). Ilo Teopeme ymHOXKe-
must (5.4)

P(AB) = P(A)P(B/A) = P(A)P(B),

T.e. A m B HE3aBUCHAMBIL. O

3ameuanue 1. JlanHoe CBOICTBO OJITOE BpEMS CIIYKUJIO
onpenesnennem Hezapucumoctu. Ecnin P(A) # 0, to B He
3aBUCAT OT A, KOTJa BEPOSITHOCTHL COOBITHS B He 3aBUCHT
OoT TOro, npou3onL1o cobbitrne A win ner. MasiMu caosamu,
HA BEPOSATHOCTb cOObITUsI B MOToTHUTEIbHAS UH(MOPMAITHS
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[JIABA 1. TEOPUS BEPOATHOCTEN

0 TOM, YTO IPOHU30MILIO COOLITHE A, He OKa3LIBaeT HHKa-
KOI'O BJIMAHUA. O,JH&KO opu omnmpedejieHnn He3aBUCHUMOCTH
COOBITHI C ITOMOIIBIO CBOMCTBA 4 TepaAeTcd BBIPOKICHHDIN
coyuaii P(A) = 0. TlosromMy B HacTosiee BpeMs MPUHATO
boaee cuMmMeTpuyHoe o oTHomenuo K A u B onpenenenue
HE3aBUCUMOCTH 95.3. B CBA3W ¢ BBINEN3/IOKEHHBIM BECHMa,
MPABAOMONOOHBIM FAB/ISIETCS CIEIYIOMIMH TPUHITAT, KOTOPBIi
OYeHb YACTO HCIIOJb3YeTCsd Ha, MPAKTHKE: €CJAN COObITHSI
A u B He cBA3aHbI MPUYUHHO, TO OHU HE3ABUCUMBI.
Hampuwmep, eciu A = { B TedeHwme OIMKANIINX CYyTOK
npousoiiser u3Bep:kenue ByskaHa Ha Kamuarke}, B = {B
Tedenue O/mmKaimmx cyrok B Hbio-Hopke ocyrmectBurcst
TEPPOPUCTUHECKUT aKT}, 0 A u B He3aBUCHUMBI, TaK
KaK He CBsS3aHbl NPUYNWHHO. lIpuBeneHHBIN TPUHIIAT SB-
JIAeTCA TPAKTUYICCKUM IIPAaBUJIOM, a HE MaTEeMaTUYCCKUM
yTBEPXKIEHNEM XOTsd OBl TOTOMY, YTO IO KpaitHeil mepe
Ha JIAHHBII MOMEHT HEBO3MOXKHO JaTh CTPOTOE MaTeMa-
TUYIEeCKOe OIpeaejieHue IMOHATUA HpI/IqI/IHHOﬁ CBA3aHHOCTN
cobprtrii. IlockoabKy NpuMeHeHne 9TOro MPUHINIA, TOKa He
OpUBOANJIO K IIPOTUBOPEYHUAM C OIIBITOM, €ro MOXKHO CYH-
TaTh Pa3yMHBIM. OTMETHM, 9TO Ha CAMOM JIeJIe OIpeaeIeHne
5.3 He3aBUCUMOCTHU COOBLITHI HayKe IMUpPe: MOXKHO TPUBECTH
OpUMEPEI IPUYUHHO CBSI3AHHBIX COOBITHIH, HE3ABUCHMBIX B
CMBIC/IE OTIpejieSTeHnd 9.3.

5. Ecn cobuitusg A m B mesasucuMbl, To A n B He3aBu-
CUMBI.

C Touku 3peHuss CPOPMYJMPOBAHHOIO MTPUHIIATA 3ITO
YTBEPKJIEHHE BECbMa MIPaBIoNoI00HO.

JoxkazarenbcTBo. Tak xak AB C A, AB =
A — AB, 10 mo CBOICTBY 3 W3 UYeTBEPTOrO TMaparpa-

da P(AB) = P(A) — P(AB) = P(A) — P(A)P(B) =
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

P(A)(1 — P(B)) = P(A)P(B), r.e. A uw B He3aBHCHMEL
O

Kak moxazam MHOTOJETHWI ONLIT TIPenoIaBaHms,
CTYAEHTHI 9aCTO MYTAIOT MOHATUS HE3ABUCUMOCTH W HECOB-
MectuMocTu cobbiTuii. B cBs3m ¢ dmMM npeijaraercs
CHeyIOMmas 32352,

3adauwa 1. YcramosuTe HeoOXONUMLIE U TOCTATOUHLIE
YCJOBUS JJIsT TOTO, 9TOOBI HECOBMECTUMBIe cOObITHS A n B
Obin HezapucuMbiMu. OTBer nafite B dopme: 1o KpaitHeii
Mepe oxHO u3 cobbitnii A wiam B obaagaer HeKOTOPLIM
CBOMCTBOM.

Onpenenenune 5.4. Cobbitust Ay, As, ..., A, Ha3bIBaA-
I0TCS HE3aBUCUMBIMHU (B COBOKYITHOCTH), €CJIN

P(A;Aj) = P(A)P(A;) Vi, j=T1,n;i#j; (5.5)
P(A;AjAr) = P(A))P(Aj)P(A) Yi,j, k=1n;
P £ Gy i F ks §Fk;

EcrecTBeHHO Ha3BaThb COOBITHSI, YJOBJIETBOPAIOIINE
(5.5), momapHo He3aBUCUMbIMHU. Ha mepBwIil B3TIAL
MOZKET IIOKA3aThCA, 9TO I HE3aBHCHUMOCTH B COBOKYII-
HOCTH JIOCTATOYHO MOMApHON HezaBUCHMOCTH. Ha camom
Jejle 9TO He TaK, YTO MOKa3blBaeT KJaCCHYeCKHHt IIpUMep
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[JIABA 1. TEOPUS BEPOATHOCTEN

BeprmTeitaa.

IIpumep 4. IlpeammonokuM, 9To TPAaHU TETPaAdIpa OKpa-
HIEHBI CTEAYIOMNAM 06pa3oM: mepBast — B KPACHBII IBET, BTO-
past — B CHHWII I[BET , TPeThsd — B 3eJIEHbII I[IBET, YeTBep-
Tas — BO BCe Tpu 1BeTa. TeTpasap nmombpachlBAETCS HAYIA-
9y W BBIMABINEH CYMTAETCH T'PaHb, MOMAIAI0NIasd B OCHOBA-
ure. Beemem cobbitusi: A = { Ha BbIMaBIIel TpaHW UMEETCsT
KpacHblil nBer}, B = {Ha BbInaBiieil rpaHu umeercs: CuHmii
nger}, C' = {Ha BRIDABIIEHl TPaHN MMeeTCs 3e/eHBI 1IBeT}.
OueBuHo,

1 2
P(AB) = P(AC) = P(BC) = i1
— P(4)P(B) = P(A)P(C) = P(B)P(C),

T.e. cobpitug A, B u C nomapro HezaBucuMbl. O THAKO
1 1
P(ABC) = 1 # ¢ = P(A)P(B)P(C),
T.€. A, B n C HE ABJIAI0TCA HE3aBUCUMBIMU B COBOKYITHOCTH.

Teopema 5.5. ITycms cobwmue A moocem npoucro-
dums moavko ¢ o0Hum us cobumuti Hy, Ho, ..., H,. Tozoa
umeem mecmo popMyJia MOJTHON BEPOATHOCTH:

n

P(A) =) P(H;)P(A/H;).

i=1

JlokazaTenbcrso. [lo yorosuto A mpoucxonut Torma
¥ TOJBKO TOTZA, KOI/A IIPOUCXOMUT XOTS ObI OJHO M3 COOLI-

it AHy, AHo, ..., AH,, re. A= AHH{UAH>U...UAH,.

Tax Kak A MOXKeT IPOUCXOIUTHL TOJILKO C ONHUM U3 COOLITHI
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

Hy, Hs, ..., H,, To AH{, AH,, ..., AH, monapHo HecoB-
MecTuMbl, ciaenoBarensio, A = AHy + AHs + ...+ AH,.
B cmny xomeunoit amamrmeBHOCTH BepositHoctnm P(A) =
P(AH,) + P(AH3) + ... + P(AH,,). Vcnoas3ysi Teope-
My ywmHOXenus, nonydaem: P(A) = P(Hy)P(A/H) +
P(Hy)P(A/Hs)+ ...+ P(H,)P(A/H,). O

3ameuanue 2. PopMambHO B YCIOBUU TEOPEMBI HAJO
nobasuth, uro P(H;) # 0, i = 1,n, auga Toro, 4Todbl ObLIHA
onpesesenbl ycaosHble BepogtHoctn P(A/H;). Opnako B
sToM caydae OPMyIa TOJHON BEPOATHOCTH NPUMEHUMA,
ecn cauTaTh, uTo npomssenerune P(H;) = 0 Ha Heompene-
nennyto seananny P(A/H;) paBHO HYJTIO.

3ameuanue 3. YcaoBus TEOPEMbI 5.5 3aBEJIOMO BBITION-
HAIOTCA, eCIu A MOXKEeT IPOUCXOLUTH XOTs Obl C OZHUM U3

cobwrtuit Hy, Ho, ..., H,, 9BIAIOIUXCA TOMAPHO HECOB-

MectuMbiMu. Yarre Bcero opmysia MOMHON BEPOSITHOCTU

npumensercd, korma Hi, He, ..., H, obpa3yoTr moamHyio
n

rpymmy, Te. y. H; = Q. Torga tem 6osee BBIIOIHEHO
i=1

n

A= > AH;, t.e. ycnosus Tteopembr 5.5. [TockonbpKy B 9TOM
CJIy‘I?Ziel B pe3yJbTaTe SKCIEPUMEHTA IOJKHO [IPOU30HTH
OJIHO ¥ TOJBKO OfHO u3 cobwituit Hy, Hs, ..., H,, T0 211
COOBITHSI YaCTO HA3BIBAIOT IHIIOTe3aMu. TakmMm obpas3om,
JITST OTIPeIe/IEHUsT BEPOSTHOCTH COOBITHsT A HAJ0 CIOXKUTH
[0 BCEM BO3MOXKHBIM THIIOTE3aM [POU3BEICHUS BEPOSIT-
HOCTell TWIOTe3 Ha YCAOBHBIE BepodTHOCTH A mpum 3Tmx
UTIOTE3aX.

3amevanue 4. PopMmysa TMOJSHON BEPOSITHOCTU OCTAET-
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[JIABA 1. TEOPUS BEPOATHOCTEN

Cs CIPAaBEJINBON M B CJiyyae CUETHOIO UHUCIA COOBITHIT
Hi, Hy, .... Tlpocto mpm pokazareabCTBE HAIO0 BMECTO
KOHCYHOI aJJUTUBHOCTH HCIIOJIB30BATH CUETHYIO & IUTHUB-
HOCTBH BEPOATHOCTH.

@opmysia TOMHON BEPOSTHOCTH MpUBEJAeHA B (OopMe
TEOPEMbl YMBINLJIEHHO C TeM, YTOObI TOJYEPKHYTH €€ HUC-
KIIOYUTETHHYI0 BaKHOCTD TS BCEH TEOPHUH BEPOATHOCTEH
(BeIb OKA3aTENBCTBO TPUBHATBHO). DTa (HDOpMyJIa sBJIsi-
ercss OCHOBHbIM wmHCTpyMeHTOM ("paboueit somankoii") B
OOJIBIITMHCTBE TEOPETHIECKUX HCCIAEI0BAHUN U pazHoobpas-
HBIX TPUJIOXKEHUSX TEOPUHU BEPOSTHOCTEN K MPAKTUIECKUM
3a/1auaM.

Ipumep 5. I3 neppoit ypHbI, comepxxKaiieii 2 6eabix u 3
YePHBIX IMAPa, HAYIAdy BLIOMPAETCI IMap W MePeKIaIbIBa-
€TCs BO BTOPYIO YPHY, COJEPXKAIYI0 2 OesbIX U 2 YepHBIX
mapa. [[lapsr Bo BTOpOit ypHe TIIATENHHO MEPEMEITHBAIOT-
cd, TOCJIe Yero W3 Hee Haymady Bbibupaercs map. Kakosa
BEpPOSITHOCTDL, 9TO OH OeJiblit?

[Iycrs A = {u3 BrOpoit ypHbI BBIOpaH Gesbrii mrap}. Cpa-
3y BEPOSITHOCTH A TPYIHO ONPEIETNTh B CHIYy TOTO, UTO HAM
HEU3BECTHO, KaKO#f IMIap mepesiokKeH B Hee U3 IepBoil yp-
vol. Ho eciim mBeT mepesioKeHHOro Imapa W3BECTEH, TO ITA
HEOTIPETEIEHHOCTh CHAUMAETCST W BEPOSTHOCTH A CTAHOBUT-
cst m3pectHoit. [Tosromy BBemem jpe runoress:: Hp = {u3
[epBOii YPHBI BO BTOPYIO mepesioxkeH Oesblii map}, Hy =
H, = {u3 mepBoil ypHBI BO BTODYIO IEPEIOKEH YepHhIil

wap}. Ouesunno, P(Hy) = %, P(Hs) = %, P(A/Hy) =

%, P(A/Hjy) = %; Mo POPMYJIe TMOTHON BEPOITHOCTH

12

P(A) = P(HY)P(A/Hy)+ PO P(AHy) = 25452 = 2.

at] DN
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

Hpumep 6. Cayuatinoe bayoscdanue u 3a0a4a 0 pa3operul
U2POKQ.

HpeILHOHO?KHM, 9TO B JAUCKPETHbIEC MOMEHTHI BpEeMEHN
1,2, ... gacruna Moxer OJIYKAATH 110 HEJTOUYNCTEHHBIM TOY-
KaM TpsaMoii. Eciam B HEKOTOPBIH MEJOYNCIeHHBIT MOMEHT
OHa HAXOJIWJIACH B TOUKE %, TO B CJEAYIOMNWI METOUNCIEHHBIN
MOMEHT OHA COBEPIIMAET CKaYOK B TOUKY ¢+ 1 ¢ BEPOATHOCTHIO
P, B TOUKY ¢ — 1 — ¢ BEPOATHOCTBHIO ¢ WIN OCTAETCS HA MECTe
¢ BeposTHOCTBIO T (p+q+71 =1, p,q,r > 0). IBmKenne Mo-
2KeT IIPOUCXOAUTH Ha BCEU IPAMOM, Ha MONYIPAMON WM HA
orpe3ke. B nocaegrem ciydae roBopsT 00 9KpaHax, MOCTaB-
JICHHBIX Ha IIYTU ABUXKCHUA YACTUIBI. ECJII/I HaCTUla, IMOIIaB
B TAKYI0 TOUKY, HABCEr/la OCTaCTCd B HEil, TO TAKOU SKpaH Ha-
3BIBAETCS MOTJIOMIAIONTUM. Ecim aBukenve 9acTUIbl MPO-
WCXOJIUT CIIPaBa OT 3KpaHa j W B HEKOTOPBII MOMEHT OHa
MOTTaIa€T B HErO, a B CJIEAYIOMINI MOMEHT MepecKaKnBaeT B
TOUKy j + 1, To 9Kpan j Ha3bIBaeTcs oTpazkarommM. [Ipn
IBVKEHUN YaCTHUIBI CJIEBA OT OTPAKAIOIIETO KPaHA j U MO-
NaJaHuy B HETO B HEKOTOPBIA IUCKPETHBLIA MOMEHT, B CIICLY-
FOIUIT MOMEHT YaCTHUIla TIeEPECKaKNUBaeT B TOUKY j— 1. Bo3mo-
2KeH U IIPOMEXKYTOYHBLI BapUaHT TaK Ha3bIBACMOIO YIIPY-
roro >kKeCTKoro 3KpaHa, [I0llaB B KOTOPBIA B HEKOTODBINA
MOMEHT YaCTHTA C TTOM0XKNUTETHBHON BEPOATHOCTHIO S OCTAET-
cd B HEM HaBCer/a, a ¢ MOJ0KUTEeJbHON BEPOATHOCTBIO 1 — s
B CJIEAYIOIINIT MOMEHT BPEMEHM ITePECKAKNBAET B COCEJIHEE C
SKPAaHOM COCTOSHWEe, U3 KOTOPOT'0 OHa IIoMaJia B 3TOT 3KPaH.

s Toro, 9ToObI HE PACCMATPUBATH ClENUAIbHBIE TPH-
BUAJILHBIE CAyYan, B JaJIbHENeM OyaeM mpeanoIaraTh, 9To
pq > 0.

Paccvorpum 6utyrk/1aHre YaCTHIBI C IBYMSI [OTJIONIAIO-
v sxparamu 0 n a (@ > 0 — nesnoe uucio). [pexmono-
KUM, 9TO JaCTUIA HAXOMUTCS B coctoguun i (i = 1,a — 1).
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O6o3maunm depe3 A cobbITHE, COCTOSAIEE B TOM, UTO Ua-
cTuna Korma-anby b noraotutea B cocrosaun () (BO3MOXK-
HO eIle, 9TO JACTHUIA TOTJIOTHTCS B COCTOSTHUW @) WHTYU-
TUBHO {ACHO, 9TO TPEThA BO3MOXKHOCTDH, 9YTO HaCTUIla HUKO-
ra He MOTJIOTUTCI U BCe BpeMda Oymer OIyKIATh IO COCTO-
sgauaM 1,2,... ,a — 1 pasua mymo). O6o3HaunM dYepe3 p;
YCJOBHYEO BEPOSTHOCTH A MpU yCIOBUHU, UTO YACTUIA HAXO-
JIATCS B COCTOSHUU §. BBegeM CIenyrolme TPU THIIOTE3bI:
H, = {mocie nepBoro ckadka dacTuiia Hepeiijer B coCTosi-
uue i + 1}; Ho = {mocsie mepBoro ckadka 9acTUIa mepenaer
B cocrosiune i — 1}; Hs = {mocie nepporo ckadka 4acri-
118, OCTAHETCs B COCTOSHUH 1 }. OYEeBUIHO, YTO OHU 0OPa3yIOT
noauyto rpymniy. [lycrs B; = { B HauabHBIA MOMEHT 4acTu-
18, HAXOIUTCsL B cocrostanu 4}. Kak Mbl 3HAeM, npu hukcH-
poanHOM B; ycnosnas sepositHocth P(A/B;) aBigercs Be-
pogaTHOCTHOH Mepoit. [To dopmysie moaHON BepOATHOCTH /TSt
3TOi MepsI (a He IS epBOHAYAIbHOM BeposiTHOCTH P(A))

P(A/B;) = P(H1/B;)P(A/H\B;)+P(Hz/B;) P(A/H2B;)+

+P(Hs3/B;)P(A/H3B;),

YTO B HAITNX OOO3HAYEHUIX 3aluIIeTcd Kak
Di = Ppisr1 + qpi—1 + rpi, i=1,2,...,a—1. (5.6)

31ech HEIBHO HCIOIL30BAH0 MAapPKOBCKOE CBOMCTBO IIpoIecca
CIIy4aiiHoro OJIy2KOAHUS, IPUCYIIEe TAK HASLIBAGMBIM Map-
KOBCKHMM TIPOIeCCaM. 3aKII0UaeTCa OHO B TAHHOM CJIydae
B ToM, uro P(A/H;B;), nanpumep, 3aMeHseTcs Ha pi41. Co-
OoprTre H1B; 3aKk/i09aeTcst B OMHOBPEMEHHOM OCYIECTBIIE-
HUM IBYX COOBITHII: HAYAIBHOE COCTOSHHE YACTULILI €CThb i
1 TIOCTIe TIEePBOTO Iara OHA MEPEeCKOYUT M3 TOYKHU i B TOUKY
i+1. Bamena P(A/Hy B;) Ha p;41 03HAYAET, 9TO BEPOSITHOCTH
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coOBITUSL A 3aBHCHUT TOJLKO OT TEKYIIErO COCTOSHHS i+ 1 1
HE 3aBUCUAT OT TPOILILIX 3HAYCHUN Oy K IAHWS HA TPEIBITY-
muX marax. A 370 06yCIOBMIEHO TEM, 9TO HA KaXKJIOM IITare
YACTHUIA COBEPITAET CKAUKHU BIIPABO, BJIEBO WU OCTAETCS HA
MecTe C OAHUMU 1 TeMHU K€ BEPOATHOCTAMHU, 3aBUCATIUMU OT
TEKYIIEr0 COCTOSHUS W HE 3aBUCSIIUMU OT IOJIOXKEHUS Ya-
CTUITHI Ha Npeabiaymmx rmrarax. MapKoBcKoe CBOWCTBO Ciy-
JaiHoro O/IyKIaHUS COCTOUT, TAKAM 00pa3oM, B TOM, UTO
Oy/yIee MOSIOXKEHUE JACTUIBI TPU (DUKCUPOBAHHOM HACTO-
SIIIIEM M TIPOIILJIOM €€ MOJIOYKEHWSIX HE 3aBUCHT OT ITPOILIBIX
MOJTOXKEH W, & 3ABUCUT TOJBKO OT TEKYIIEr0 ee TOJI0KEHMUSI.
Ecnm navambnoe coctossane dacTUIbl 0, TO OHa yXKe TOTJIO0-
THIACh B HyJie, T.e. po = 1. Eciu ke HaUabHOE COCTOSHUE
YACTHUIIBI ¢, TO OHA yKe MOIJIOTUIACh B @, T.€. HE MOYKET II0-
rnoruthed B 0, crenoBarensuo p, = 0. [loaTomy K muHEHHBIM
Pa3HOCTHBIM YPABHEHUAM BTOPOTO MOPAAKA C TOCTOAHHBIMUN
ko dunmentamu (5.6) HaI0 106aBUTH TPAHUYHBIE YCJIOBHUST

po=1, ps,=0. (5.7)

Perrerwe (5.6) nmem B Buge p; = A'. Iloacrasnsa ero B (5.6)
u jend obe vacTu Ha ATl mosyumM XapaKTepHCTHUecKoe
ypaBHEHHE

A=pN +q+rA

nJjaIn
PN’ —(p+q@A+q=0,
OTKYZa
AL = 3 Ao =1,
rie

’U'I»Q
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[JIABA 1. TEOPUS BEPOATHOCTEN

ITockoIBKY 1pU P # ¢ XapaKTEePUCTHYECKOE YDABHEHUE He
MMeeT KPATHBIX KODHeil, TO B 9TOM ciydae oDlee pelieHne
(5.6) 3ammmercs B BHIE

g\
pz':Cl(—> +C  p#FL
p
YuurbiBas HadaabHbIe yeaoBust (5.7), mosxydnm:

Ci+Cy=1, Cl<%>a+0220,

OTKY/Ta
1 a
Cl = - ; CQ = = )
pue —1 pue —1
CTIeTOBATETHHO,
ILLG, (]
pi= npu o # 1. (5.8)
Ha — 1

Ecim ke p = ¢, TO XapaKTepUCTUIECKOE YPABHEHNE MMEET
KPAaTHBII KOpeHb 1, mosroMy obiree perrenue (5.6) mveer BUI

pi = Cri + Ca.

YuurbiBag HavanbHble yeaosust (5.7), Haxomum

Clz—; 02:1.

IIosTomy
1
pi=1—— npn p=1. (5.9)
a
BameTnM, 9TO ec/m 0O03HAYUTEL 9epe3 ¢, 7T; YCIOBHBIC Be-
POATHOCTH TOTO, 9TO YACTHUIA TOLJIOTUTCA B @ W 9TO OHA

BOODOIIIE HE TOIJIOTUTCS COOTBETCTBEHHO TP YCIOBUM, UTO
OHA HAYMHAET [IBUKEHUE W3 COCTOSHUS %, TO 10 (hopMyJe
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[OJIHOI BEPOATHOCTH ¢; M T; OYyIAYT YAOBIETBOPATL TOMY 7KE
ypasrernuto (5.6), aro u p;. M3MeHATCST TOMBKO TPAHUYHBIE
YCJIOBUS:

q =0, ga=1; 70 =0; 7y =0.

IIosTomy
B Ma_ui_'ui_l
gG=1- P npu p# 1,
]
¢ = — npu p =1,
a

r; = 0 mpu Bcex U.

OrMmernM, 9TO perienne mpu (4, = 1 MOXKeT ObITH MOTyYeHO
13 pereHus npu i # 1 TpemeasHbIM TepexoaoM npn p — 1:

a 7
pi=lm 2"t —1_j/a

pn—1 ,ua —1
K paccmoTrpennomy ciygafiHoMy OMyKIAHAUIO MOXKET
OBITH CBeJeHa CIAEIYIOIIas KJIACCUYecKas 3a/1ada O pa3ope-
Hun urpoka. [logbpacsiBaeTCss MOHETA C BEPOATHOCTSIMU BbI-
najieHnsi repba U Pl p U ¢ COOTBeTCTBeHHO (p + g = 1).
IIpeamomoxkum, 9TO OAWH W3 UTPOKOB BCE BPEMST 3araIbiBa-
er repb. Ecyin yrajipisaer, To mMojiygaer oT COnepHuKa pyobIib,
ecsin ommbaercsd, To orjaer pybsb cormepuuky. Ilycrs a —
CYMMApHBIN KAIIUTAJ UTPOKOB, ¢ — HAYAJIBHBIN KaIUTAJI [ep-
BOro urpoka. Mrpa Bejiercs /10 MOJHOTO pa30peHust OJHOIO U3
conepuukoB. Torga, 0YEeBUIHO, 9TO BEPOATHOCTH PA3OPEHUST
[EPBOT'O UTPOKA COBIAJIAET C BEPOSTHOCTHIO MOTJIONIEHUS B
HYJIE P; OIMCAHHOTO BBIIE CJAYyYalHOTO OJIyKJaHnsd, B KOTO-

pom 7 = 0.

3aauMCsT BOTIPOCOM: KAKUMU JTOJIXKHBI OBITE P U ¢ s
Toro, urobbl urpa 6euta "cupasemsupoit"? st aToro HaI0,
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9TOOBI BEPOATHOCTU PA3OPEHHU /ISt COIEPHUKOB OBLIN OIU-
HakoBbIMH, T.e. p; = 1/2. Cornacuo (5.8), uckomoe ypasHe-
HHE 3aIMIIETCA B BUJIE
a %
pt—pt 1

e —1 2

[Tycrs, manmpumep, a — [erHoe, ¢ = 5. Torga ypasHenue jisa
otpeniesienus "crupaBemiuBoit" urpel mpuHUMaeT (HopMy

pe—2u2 +1=0,

T.e. 4 = 1, IpyruMu caoBaMu p = q = %,

IIOHATHO (eC.HI/I UTPpOKMU HUMEIOT OILI/IH&KOBBIIZ HaYaJIbHBINA

9TO MHTYUTHUBHO

KamuTaa a/2; TO HA KaXKJOM IIare y HHUX JOJZKHBI OBITH
OJINHAKOBBIE MIAHCHI BHIUTPHIINIA U TPOUTPHIIIA).

Teopema 5.6. [lycmv SunoAneHd, YCAOBUA MEODEMDB
5.5 u A — cobwmue, umeroujee HEHYACBYIO BEPOAMHOCTM.
Tozda umeem mecmo gopmyasa Batieca

P(H,/A) — P(H;)P(A/H;)  P(Hj;)P(A/Hj) i=Tm

PUAY S praypaym)
=1

HoxkazareanbcTso. [lo onpenenenuio ycaIoBHON BEPO-
STHOCTH
P(H;A) _ P(Hj)P(A/Hj)
P(4) P(4)

P(H;/A) =

Ocraerca B 3Hamenarese 3ameHuTb P(A) BRIpaxeHweMm u3
GHOPMYJIBI TTOTHON BEPOSTHOCTH. O
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§ 5. YciaoBHast BEPOITHOCTh. He3aBUCHMOCTD COBBITHIA. ..

Jameuanue 5. Bepoarroctn TUATIOTES
P(H,), P(Hs), ..., P(H,) 4acro Ha3blBalOT arpuop-
HBIMU BEPOSITHOCTSIMH TUNOTEe3 (T.€. JTAHHBIMU CBBIIIE
UM JIOOTBITHBIMU BEPOSATHOCTSAME THIOTE3). Femm cramo
W3BECTHO, YTO B PE3YJbTaTE PACCMATPUBAEMOIO 3KCIEPH-
MEHTa, TPOM30IIIO HEKOTOpoe cobbiTne A, TO ¢ ydeToMm
DTON JOMOTHUTENLHON uWHMOPMAIINY ATPUOPHBIE BEPOIT-
HOCTH TIEPEOTIEHUBAIOTCS W 3aMEHSIOTCSI BePOATHOCTSIMU
P(H,/A), P(Hy/A), ..., P(H,/A), «xoropsle Ha3bIBa-
I0TCS  ANOCTEPUOPHBIMHU BEPOSITHOCTSIMUA  TUTIOTE3  (T.€e.
[IOCJIEOIIBITHBIMIA BEPOSTHOCTAMU TUIIOTE3 JIJIsi TEX OIBITOB,
SKCIIEPUMEHTOB, KOTOPhIE TIPUBEN K HACTYIJIEHUIO CODBITHS

A).

Ipumep 7. TlycTh M3BECTHO, UTO B YCAOBUAX MIPUMEPA
5 w3 BTOPOIl ypHBI MOCE MEPEK/IAJBIBAHNS B HEe Iapa, u3
EPBO#l ypHBI TMOSBUJICS Oesbiit map. KakoBa BEpOSTHOCTH
TOTO, 9YTO U3 TIEPBOIT YPHBI BO BTOPYIO OBLT TepeToyKeH Gerhii
map?

31ech pedb ugeT 06 armoCTEPUOPHON BEPOATHOCTH THIIO-
Te3bl Hy npu ponosHuTE/bHON WH(MOPMAIUU O MOSIBJIEHUN
Oenoro mapa u3 Bropoii ypusl. [lo dpopmysre Baiiteca

P(H\)P(A/H,) 23
P4z

P(H1/A) =

N =

Takum obpaszom, TOCTe TEPEOIEHKH AIPUOPHONW BEPOSTHO-
ctu P(Hy) = % 7 3aMEHBI €€ AITOCTEPUOPHON BEPOATHOCTHIO,
OHA yBeJIMIWIAch 10 1/2. D10 — pesynbrar aeficTBus 10
MOJTHUTE/THHOM WHMOPMAIUK 0 TOM, 9TO U3 MePBOl YPHBI BO
BTOPYIO ObLIT mTepeioKen Dbl map.
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[JIABA 1. TEOPUS BEPOATHOCTEN

§ 6. IIpou3BeneHrEe BEPOATHOCTHBIX
mpoctpancTB. CxeMa HE3aBUCUMBIX UCHBITAHUIT
Bepuynnan. llonmnaOoMuanbpHas cxema

ITox wcnbrTannem Oy/JeM TOHUMATh CAYYaflHBIA KCHEPH-
MEHT, KOTOPBIH OMHCHIBAETCS HEKOTOPBIM BEPOATHOCTHBIM
npocrparcteom (Q, F, P). TIosToOMy MOXHO OTOXKIECTBUTH
HCTIBITAHNE C 9TUM BEPOSTHOCTHBIM MPOCTPAHCTBOM. Kcmm
() KoHEeYHO, TO B KadecTBe o-aaredpbl F Mbl JOTOBOPUJIKCH
OpaTh COBOKYITHOCTE BCEX MOIMHOXKECTB MHOXKecTBa {2. B cu-
Jiy Takoro (buKCHpoBAHHOTO BhiOOpa JF B 0603HAUEHUN BEPO-
SITHOCTHOTO MPOCTPAHCTBA ¢ KOHEUHBIM ) €ro MOYKHO OIy-
cruth. [losromy B nasbheiinem bygem ob03HaAYATH TAKOE Be-
POSITHOCTHOE MTPOCTPAHCTBO cUMBOJIOM [€2, PJ.

[TycTs mMeeTcst n UCTIBITAHNUI, T.€. 7 BEPOSITHOCTHBIX TTPO-
CTPAHCTB

[le P1]7 [927 P2]7 sy [Qna Pn]

Bneck Oymer mpegnonararbes, arto 21, Qo ..., €, KO-
HedHbl. [l permcTpannn pe3ysbrata M 9THX HCITBITAHUH
B Ka4eCTBe 3JIEMEHTAPHOTO WCXOMIa €CTECTBEHHO B3ATh W =
(Wi,wa, ... ,wy), THe wy € Q,wy € Qo,... ,w, € Q. Ta-
KM 00pa3oM, TTPOCTPAHCTBO JIEMEHTAPHBIX HCXOJ0B, OMU-
CBIBAIOIIEE N PA3TUIHBIX CIYIAHHBIX KCIEPUMEHTOB, €CTh
Q = O x Q9 x ... x Q. Hanpumep, ecin npoBogsiTcst
JIBa, UCIIBITAHUST: CHAYAJA TOIOPACHIBACTCS MOHETA, & 3aTEM
urpasibHas KocTh, To 1 = {e,p}, a Qo = {1,2,3,4,5,6}.
ITpu stom napa (2,3) perucrpupyer 37eMeHTAPHBIA HMCXOJ
3 = Qp x (o, o3HAYAIONINI, YTO HA MOHETE BBIITAJ
repbd, a Ha UTPAJIHHON KOCTHU BRITAJIO 3 0uka. [Ipo o-anrebpy
CcOOBITHI TPOCTPAHCTBA () MOXKHO OISITH HE OECIIOKOUTLCH,
TMOCKOJIBKY OHO KOHEYHO KaK MIPpAMO€ IMPOU3BEACHUE KOHEY-
HBIX TpOCTpaHCcTB. Kak MBI 3HaeM, Ha KayKJIOM W3 KOHETHBIX
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§ 6. IIpousBemeHme BEPOATHOCTHBIX MpOCTpaHcTB. Cxema
HE3aBUCUMbBIX UCHBITaAHUI BepHysiu...

OpOCTPAHCTB {2; BEPOATHOCTH MOYKHO BBECTH C IIOMOIIBIO
KOHCTPYKTUBHO-aKCUOMATUYIECKOI'O OIIpeae/ICHUA: KazKI0MYy
w; CTABHUTCS B COOTBETCTBHE IUCTO P;(w;i) > 0, Tak 9TO mpH

9TOM
Z pz(wz)zl 7i:17n7
wiEQi

a BepOHTHOCTb B i-M HNCIIBITaHWUIN OHpe,ZLe.HHeTCH KaK
Pi(A;) = E pi(w;), A C Q.
wi€A;

Kak BBecTn BEPOATHOCTDL B KOHEYHOM IIPOCTPAHCTBE JJIe-
MEHTAaPHBIX HCXOJ0B

D= xQyx...xQ, =

={w = (wi,wa,... ,wy): w1 € Y,wo € Qa,... ,wy € U},

omuchIBafoIneM n ucnbitanuii [, Pi|, [Qo, P, ... , [Qn, Po]7?
9T0  MOXKHO  ¢IeaaTh — COTJIACHO  KOHCTPYKTHBHO-
AKCHOMATHYICCKOMY  OINPEAEJECHUI0 BEPOATHOCTH IIPOM3-
BOJBHBIM 00pa30M, CTaBA KaXKJAOMY w € () B COOTBETCTBHE
qucsio p(w) > 0 Tak, 9TO IPU ITOM

Z p(w) = 1.
we

OnHako eciy MBI XOTHM BBECTH BEPOATHOCTH TAKHM 00pa-
30M, UYTOOBI UCIBITAHUS OBLIN HE3ABUCUMBIME, MBI TOTPEDy-
eM, 9TO0BI 3Ta BEPOSTHOCTDL OIPEIE/IsIIach TaK:

p(w) = pr(wi)pa(w2) - .. pn(wn) (6.1)

st oboro w = (wy, wa, ..., wy) € . BepograocTh Jr0-
6oro cobeitTug A C ) mpu 3TOM ecThb

P(A) =) pw).

we
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[JIABA 1. TEOPUS BEPOATHOCTEN

Onpenesnenue 6.1. BepositHocts P, onpenenennas c
nomomsio (6.1), HA3BIBAETCH MPSAMBIM TPOU3BEIEHUEM
BepositHOCcTel P; n obosnagaercas P =P X P, X ... X P,.

Ucnosiranusg [Qy, P, [Q2, B, ..., [Q,, P,] Hasssatoorcs
HE3aBUCUMBIMU, €C/TH HA BEPOSTHOCTHOM TPOCTPAHCTBE
Q = Q1 x Qg X ... x ), BoIOpaHa BEPOSITHOCTHAsS Mepa

P=P xPyx...xP,.

[Iycto cobritue mmeer Bug A = Ay X Ay X ... A,, roe
A; C Q;, i=1,n. OHO IPONCKOANT TOTJIA ¥ TOJBKO TOIJIA,
KOTIZa B IIEPBOM HCILITAHHU IPOUCXOIAT A1, BO BTOPOM mHC-
OBITAHAN IIPOUCXOTUT Ao W T.J., HAKOHEIl B MOCAEIHEM 71-M
ncnuITaHun npoucxomuT A,,. CoOBITHS TAKOTO BHOA HA30BEM
OPSIMOYTOIbLHAKAME. ECIu HCIOLITaHnsS He3aBUCUMEIL, T.€. BLI-
nosieno (6.1), To

P(A):Zp(w): Z Z Z p1(w1) pa(w2) ...

weN W1 €N waENo wn€Qp
. pn(wn) = Z pl(wl) Z pQ(w2) Z pn(wn) =
w1 €N wo €Q2 wn€Qn
— Pi(A)Ps(As) ... Pa(Ay). (6.2)

Comocrapum Kax oMy cobeiruio A; C 2; cobbitue

Ai:(zlXQQX...XQZ'_1XAZ‘XQZ'+1X...XQRCQ:

:leggx...XQn.

Uz (6.2) cmenyer, uro P(A4;) = Pi(4;). Takum obpazom,
Mexy cobbITusiMEu A; W3 BEPOSITHOCTHOTO MPOCTPAHCTBA
[Q;, P;] (COOTBETCTBYIOIIErO i-MY UCIIBITAHUIO) 1 COOBITHSIME
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§ 6. IIpousBemeHme BEPOATHOCTHBIX MpOCTpaHcTB. Cxema
HE3aBUCUMbBIX UCHBITaAHUI BepHysiu...

A; w3 BEPOSITHOCTHOTO TIpocTpaHncTBa [§2, P] (coorBeTcTBYI0O-
mero n I/ICHbITaHI/IHM) yCTaHaBJINBACTCA eCTeCTBeHHbIT HU30-
MOp@U3M, COXPAHAIOMIAA BEPOITHOCTH H30MOPQHBIX COOLI-
tuii. [Tockosbky

A=Ay x Ay x ... x Ay =) A,
k=1

TO HE3ABUCUMOCTH WCIbITaHU, B cumy (6.2), SKBUBaeHTHA

TOMY, YTO
n

P(() A&) =[] P(Ap),
k=1

k=1
T.e. TOMy, uro obpaswl Ay, As, ...A, cobolTmii
Ay, Ay, ...A, IpH paccMaTpUBAEMOM H30MOPQIIME

ABJIAIOTCA HE3aBUCHUMbIMN CO6BITI/I5[MI/I BEePOATHOCTHOTO
npocrpancTsa [§, PJ.

Sameuwarnue 1. Ecinm  UCOLITAHUST — ONHUCLIBAIOTCS
ITPOU3BOJIBHBIMHA BEePOATHOCTHBIMHA IPOCTPAHCTBAMUA
(Ql, fl, Pl), (QQ, fg, PQ), cee g (Qn, fn, Pn), TO JeJI0
obcrouT 3HAYUTEILHO CIOXKHee. B kKadecTBe mpPOCTPAHCTBA
SJIEMEHTAPHBIX MCXO0J0B, COOTBETCTBYIOIIETO 71 MCIILITAHUSIM,
cuoBa bGeperca = Q7 X Q9 X ... X Q,. OkaspiBaercs,
9TO mpsMoe mpomsBemenme Fp X Fo X ... X F, o-aarebp
Fi,Fay ..., Fp HE sABIsIeTCsT 0-arebpoit (31eCh MO TPSIMBIM
[NPOU3BEICHUEM O-AJredp IMOHUMAETCHd KJIACC MHOYKECTB,
COCTOAIINN U3 BCeX MPAMOYLOALHUKOB A1 X Ao X ... X Ay,
rne Ay € Fi, Ay € Fo, ..., A, € F,). B kauectre
o-anredbpel F, COOTBETCTBYIOIIEH 7 HMCIBITAHUSIM, Gepercs
HauMeHbITasdg o-aaredpa, CofeprKalias IPAMoe TTPOM3Be-
neame F; X Fo x ... x F,. Ha npsMoMm mOpou3BeIeHNN
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[JIABA 1. TEOPUS BEPOATHOCTEN

F1 X Fo X ... x F, onpenensgerca GyHKIUSI P ¢ IOMOIIHIO
paBeHCTBa, aHasjoruaHoro (6.2):
P(A) = Pi(A1)Py(Ag) ... Py(Ay), (6.3)

ecmm A = A1 X Ay X ... X Ay, rne Ay € Fq,
Ay e Fy, ..., A, € F,.

MoxHO J0Ka3aTh, YTO CYIIECTBYeT W MPUTOM eIWH-
crBerHas Mepa P wa F, coBmajaromas ¢ (QyHKIHEHR
MHOXKeCcTB Ha JF; X Fo X ... X Fp, OmUpemeseHHON C
OMOIIBI0 paBeHcTBa (6.3). DTa BEPOATHOCTHAsT Mepa Ha-
3bIBACTCA MTIPAMBIM IIPOU3BEACHUEM BEPOATHOCTHBIX MeEpP
P, P, ..., ,P, nobosnagaerca P = Py X P, x ... x P,. Illpn
9TOM BeposTHOCTHOE mpocTpancTso (€2, F, P) HasbBaercs
OPSIMBIM ~ TIPOU3BEJIEHUEM  BEPOSITHOCTHBIX — IIPOCTPAHCTB
(Ql,fl,Pl), (QQ,fQ,PQ), ceey (Qn,fn,Pn) B stom CJIy4dae

HUCIBITAHUA HA3BIBAIOTCA HE3aBUCUMBIMH.

Omnpenenenne 6.2. KomeuHoe BeposSSTHOCTHOE TIPO-
crparctBo [, P], e = Q1 X Q9 X ... x Q,, P =
P, x P, x ... x P,, na3piBaerca Npou3BeJIeHIEM BEPOSAT-
HOCTHBIX npocTpadcTs [y, Pi|, [Qo, P], ..., [Qn, Pl

Takum o6pa3oM, TPOU3BEICHNE BEPOSITHOCTHBIX TIPO-
CTPAHCTB CIIYy2KUT MaTeMaTUYeCcKOH MOJECJILIO HE3aBHCHUMDBIX
ncnbiTannii. [Ipu 9ToM, ecin UCOBITAHUST TPUIUHHO HE CBS-
3aHBI, TO TPWYUHHO He CBS3aHBI JT0OBIe coObiTusa Ay C
M, A2 CQy, ..., Ay C Qy. Ho Torga ne cBsi3ambl MpuYuH-
HO 1 u3oMopduble uM cobbitust Ay C Q, Ao, CQ, ..., A, C
Q. Corytacao chopMySTUPOBAHHOMY MPU U3y IEHUN HE3ABUCH-
MBIX COOBITHI HEMATEeMATHIECKOMY TPUHITAIY OTCIOIA CIe-
AyeT, 9TO OHU CYTh HE3aBUCUMbIC CO6]:)ITI/I§I7 YTO 3KBUBa-
naentao (6.2), a cremosarenbHOo (6.1). MBI MokeM Temeph
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§ 6. IIpousBemeHme BEPOATHOCTHBIX MpOCTpaHcTB. Cxema
HE3aBUCUMbBIX UCHBITaAHUI BepHysiu...

mepedOpPMYJINPOBATh YIOMAHYTHIl MPAKTHIECKUN TPWHITAIT
(HemMaTeMaTHIECKUiT) CemyommuM 00pasom:

Ecau ucnvimanusa npusunno ne ceadamnve meacdy cobot,
MO OHU GEMOMAMUYECKY HEZABUCUMbBL 6 CMBICAE ONPEIEe-
nus 6.1.

[Mepeitnem k Tak HazbiBaeMoil cxeme Bepuymu. CrHagaia
naauM HeopMasibHOe (HeMaTeMaTHIeCKoe) OMpeIeIeHHe.

Onpenesenune 6.3. lloBropHble HE3aBUCUMBIE WUCITHI-
TaHUA, B KaKIOM HN3 KOTOPBIX BO3MOXKHBI [JIBa HCXOd4,
BEPOATHOCTH KOTOPBLIX He MEHSIOTCS OT WCIBITAHUS K MCITHI-
TAHWIO, HA3BIBAIOTCA UCTIbITAHUAMU BepHysu.

Ob6o3znauum 3T wcexonbl OykBamu ¥ u H u Ha-
30BeM ycTieXomM wu Heygadeii. B mammom  ciyuae
O =0y =...Q, = {YH}. Ilycts p1(¥Y) =p, ;pi(H) = ¢
OueBunno, p > 0, ¢ >0, p+ g = 1. Ucubrranus uIeHTHIHBI
B TOM CMBIC/IE, UTO BCE 7 WCIBITAHUN OMUCHLIBAIOTCS OHUM
U TeM e BepOsATHOCTHBIM npocrpancreom [, Pp]. damum
Terepb (hOpMaIbHOE OIIPEIe/IEHNE.

Onpegenenne 6.3'. Cxemoil U3 n HE3aBUCUMbIX
ucTibiTauuit BepHyJIJTu HA3RIBAETCS BEPOSITHOCTHOE TIPO-

crpancrso [Qf, Pl'], rme Q; = {¥Y,H}.

Baece )] — n-KparTHOe JeKapToBO Ipou3BejeHue ()
Ha cebd, P — n-KpaTHOe IIpgMoe IpousBedenue P Ha cebs.

Ipumep 1. IllycTs nBe rpanW TpaBUIBLHON HUTPATLHON

KOCTU OKpallleHbl B KPaCHBIA LBET, & 4YeTblpe — B CUHUN.
Koctes nogbpaceiBaercs 10 paz. OdeBuHO, 9TO 3TO — UCIBI-
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[JIABA 1. TEOPUS BEPOATHOCTEN

tanusg Bepuynan ¢ n = 10. Ecnn 3a ycnex NpuHATH BHITATe-
HUe KPaCHOU I'paHu, a 3a HeyJady — BbINaJCHUe CUHEH, TO
p=1/3, ¢=2/3.

O6oznaunm vepes w = (w1, w2, ..., Wp) dIEMEHTAP-
HBII MCxoJ, mpocTpaHcTBa ()}, ONUCHIBAIOMIMN PE3yJILTAT N
HE3aBUCUMBIX HUCIBITaHUN Beprysum. 3mech KaxKioe w; MOo-
KeT ITPUHUMATH OJJHO M3 JBYX BO3MOZXKHBIX 3HaUYeHn y njain
H. Hampumep, amemenrapasiit ucxon (V,Y,¥,H H,... H) o3na-
Ta€T, 9TO B IMEPBBLIX TPEX UCHBITAHUAX HACTYNUJI YCIIEX, a B
OCTAJIBHBIX N — 3 UCIBITAHUAX ITPOU3OILIHN HeyIa4uu. Tak Kak
SIEMEHTAPHBIN MCXO07] TPEACTABAAET CODON YOS IOTEHHYTO
BBIOODKY € BO3BpalleHneM obbema n w3 MHOKecTBa {Y,H},
TO 0ObIIee IHCI0 IEMEHTAPHBIX UCXOJ0B B mpocTpancrse (2}
pasHO 2™.

Ob6o3HAYNM Yepes3 [ = (i, TUCTO YCIEXOB B N UCITBITAHU-
AaX. yKaSaTb, KaKO€ MMEHHO 3Ha4Y€Hue IIpuMeT [ A0 ITPOoBe-
JIEHUsT VCIBITAHWI, MBI HE MOXKEM, TaK KaK He 3HAeM KaKOi
MMEHHO MCX0/JI OCYIIIECTBUTCH B pe3yJibrare n ucibitanuii. Ho
€CJIA PE3YJIBTAT 3TUX UCIBITAHUN U3BECTEH, TO, OYEBUIHO, [t
CTAHOBUTCA IIOJIHOCTBIO M3BECTHBIM:

i = p(w) = anciao 6ykB Y B KOHEUHOH MOCIET0BATETHHOCTH

w= (w1, wa, ..., Wy).

Takum obpazom, p = p(w) apasgerca dyHKIUER, OIpe/eeH-
HOM Ha MPOCTPAHCTBE SJIEMEHTAPHBIX MCXOJ0B W TPUHIMAT0-
el mefcTBUTebHbIE 3HadeHns. Takne pyHKITNT Ha3bIBAIOT
caydJaiinbiMu BesimumHamMu. [1o3xke MBI cHCTEMATHIECKH
n3ydnM uX. MTak, 9ucyio ycmexoB B M MCHBITAHWAX — CJIy-
qaliHad BeIUYAHA.

O6ozuasmm uwepe3 P, (k) = P{w : pp(w) =k} = P{p =
k} BeposiTHOCTH TOrO, YTO B M MCHBITAHUAX BepHYJIN 1Ipo-
u30iaerT poBHO k ycrmexos (6ojiee TOYHO BEPOSITHOCTH MHO-
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§ 6. IIpousBemeHme BEPOATHOCTHBIX MpOCTpaHcTB. Cxema
HE3aBUCUMbBIX UCHBITaAHUI BepHysiu...

JKECTBA TeX TEMEHTAPHBIX MCXOM0B w = (Wi, W, ..., Wy)
u3 QF, Ha KOTOpPBIX f(w) HpUHUMAET 3HAUYEHUEe K, MOCKO/Ib-
Ky BeposiTHOCTB P ompenenena Ha mogmuokectBax 17). C
MPAKTUYECKONH TOYKHM 3PEHUSA WHTEPEC MPEICTABIAET NMEHHO
9Ta BEPOATHOCTH. Hampumep, ecin pedsb uaer 00 Urpe aByX
COTIEPHUKOB B IIaXMaThI, TO HAC HHTEPECYET HE BEPOSITHOCTD
PACTIPEIENICHNS BBIMTPBINIEH W TPOUTPHITIEH OTIPEe/IEIeHHO-
ro UrpoKa M0 N HapTUsAM, a 00IIee YUCI0 BBIMIPAHHBIX WM
napruit. Coberruio {y = k} 61aronpugaTcrByoT TE SIEMEH-

TapHBIE WCXOIBl W = (Wi, w2, ..., wp) U3 ), B KOTOPBIX
cpemu wi, wa, ..., Wy PoBHO k OYKB Y, a ocTa/bHbIE — DYK-
Bl H. I[lo KOHCTPYKTHBHO-aKCHOMATHIECKOMY OIPee/TEHII0
BEPOSITHOCTH
= > p(w).
10 BCEM W TaKUM, 4YTO CPEJIHA W1, W2, ..., Wn POBHO k OYKB Y

(6.4)
Ho nyist w, durypupyromux B cymme (6.4), B cruty ompeeste-
aust 6.1 BeImoTHEHO cooTHOmenue (6.1); cremoBaTebHO IS
BCEX HUX BEPOATHOCTH OJMHAKOBBLI U PABHBI
_ .k n—k
p(w) =p°q" "
[TosTomy cymma craraeMbix (6.4) paBHa MPOU3BEICHUIO THC-
JIa CJIAraeMblX HA OTJEJbHOE CaraeMoe:

P, (k) = [smcio craraemsix]pPq" "

Yucio craraeMbix PaBHO YHUCTY CHOCODOB, C MTOMOIIBIO KO-
TOPBIX M3 N MECT I Wi, W2, ..., Wy MOXKHO BBHIOpaTh k
MeCT Jij1d OYKBBI ¥, & OCTaJIbHbIe MECTa 3aMOIHUTh OYKBAMHU
H, Te. Cf{. IlosTOMY OKOHYIATETBLHO TTOIYIUM:

P,(k) = C*p*¢" ™%, k=0,n. (6.5)
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[JIABA 1. TEOPUS BEPOATHOCTEN

®opwmyra (6.5) HasbBaercs popmynoit Bepuysiiu. Habop
BEPOSITHOCTEMN {Cﬁpkq"*k , k=0,n} naseBaerca GUHOMU-
AJIbHBIM pacIpenejeHneM BeposITHOCTel. Tak Kak 0qH0
u3 cobbrruit {4 = k}, k = 0,n, obs3aTeIBHO TPOUCXOAUT
B cxeme bBepHysiin, a HUKAKWe MOMAPHO PA3JTUIHBIE U3 HUAX
HE MOTYT IPOU30MTH OJHOBPEMEHHO, TO OHU 0OPa3YIOT TIOM-
HYIO IPYIIILY; II0 CBOMCTBY BEPOATHOCTU CYMMAa BEPOATHOCTEN

9THX COOLITHI paBHA €INHUIIE:

ipn(/g) =1
k=0

O6s13aTebHOE BBITIOJHEHUE STOM0 PABEHCTBA BIIOJHE COTVIA-
cyeTcd ¢ TeM, 9To 1o dgopmy.ite dburnoma Hpioromna

n
Y Gt =t =1" =1
k=0

IIpumep 2. JIBa paBHOCUIBHBIX MPOTUBHUKA WTPAIOT B
maxMaThel. Ecin naprust 3aKkaHuuBaeTCsd HUIbel, TO OHa CUu-
TAeTCA HEIEWCTBUTEIBHON W aHHYIUPYeTCd. UTO BepodATHEE,
BBINTPATH a)JIBE TTAPTUH U3 YeTHIPEX WM TPU MAPTUH U3 IIIe-
ctu; 6)HE MEHee JBYX MApPTUil U3 YEThIPEX UJIM TPEX MapTuii
u3 mecTu’

PaBHOCHIBHOCTL TPOTUBHUKOB O3HAYAET, UTO BEPOAT-
HOCTBH BBIMTDBINIA W IPOUTPHINIA B OOHOW DPe3yabTaTUBHON
napTum /I KazKJI0TO M3 comepHuKkoB paBHa p = ¢ = 0.5. Ilo
dopmysie bepuyman

Py(2) = C%(0.5)%(0.5)* = 6/16;

Ps(3) = C2(0.5)%(0.5)® = 5/16,
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§ 6. IIpousBemeHme BEPOATHOCTHBIX MpOCTpaHcTB. Cxema
HE3aBUCUMbBIX UCHBITaAHUI BepHysiu...

T.e. BEPOSITHEE BLIAIPAThL [IBE IIAPTHH U3 UeTBLIPEX, UeM TPH
mapTun u3 mectu. Jlamee,

Ppa 2 2) = P({p =2} +{p =3} +{n=4}) = A(2)+
+Py(3) + Py(4) = (CF + CF + C)(0.5)* = 11/16 = 22/32;
P(pg > 3) = Ps(3) + Ps(4) + Ps(5) + Ps(6) = 1 — Ps(0)—

—Ps(1) — Ps(2) =1 — (CR + Cg + C2)(0.5)% = 21/32.

Takum 06pa3zoM, BEpOSTHEE BBIUTPATH HE MEHee JIBYX Iap-
TUI W3 YeThIPeX, 4YeM He MeHee TpexX IIapTURl U3 IIeCTH.

3adava 1. Ilycts kg — HauBeposiTHEiiIIIEe YUCIO YCIIEXOB
B N WCIOBITAHUAX DEpHy/LIH, T.e. TO 3HaUeHUe k, jad KOTO-
poro P, (k) npunnmaer nambosbiiee sHadenue mpu k = 0, n.
[ToxazxuTe, 9T0 ko MOXKeT OBITH HaJIEHO M3 IBOMHOIO Hepa-
BEHCTBA

np+q < kg < np+p.

P (k+1) .
Ykaszanue. CocrabTe OTHOIIEHHE —pah) U HCcnenyiire

n
¢ ero momoteio GyHKmoo P, (k) me109ncIeHHOro apryMeH-

ta k Ha BO3pacTaHnue, MOCTOAHCTBO U yObIBaHME.

PacemorpuMm ommo obobienune cxembl beprysam, xorma
B OJIHOM WCIBITAHUN BO3MOYKHBI HE /IBa UCXO/1A, & HECKOJIBKO.

Onpenenenue 6.4. IloBropHbie HE3aBUCHUMBIE WCITHI-
TAHUS, B KAXKJIOM M3 KOTOPBIX BO3MOXKHBI k > 2 MCXOIOB,
BEPOSATHOCTH KOTOPBIX HE MEHAIOTCS OT WCIBITAHWS K MCITHI-
TAHUIO, HA3LIBAIOTCSl HMCHBITAHUSIMYA IIOJIUHOMUAJIBHON
(MyJIBTMHOMUAJIBHOM) CXEMBI.
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[JIABA 1. TEOPUS BEPOATHOCTEN

B wacrHocTn, wucnblTaHus BepHysam gBiadioTcs  mc-
nbITaHusIMU  OuHOMUMANIbHOM cxembl (kK = 2). O6osHaunM
FCXOJIBI OT/IEIBHOTO HCIBITAHWS Tepe3 Ui, Uz, ... , Ug. Bosee
CTPOroe € MaTeMaTH4ecKoil TOYKM 3pEHWsi OIpejeseHne
[OJMHOMUAIBHON CXEMbBI BBITJISIAUT TaK.

Onpenenenne 6.4'. IlornHOMUANBHON (MYJIBTUHO-
MUA/IBHOI) CXeMOHl M3 7 HE3aBUCHUMBIX HCIIBbITAHUI
Ha3bIBAETCS BEPOSITHOCTHOE upocrpancTso [QF, P'], rue
Ql = {ul,UQ, ‘e ,uk}.

ObozHavunM BEpOSATHOCTH MCXOIO0B B OTAEILHOM HCIIBITA-
HUWM 9epe3

p1 =pi1(u1), p2 =pi(ug), ..., Pk = p1(ug).

QueBunHO, 9TO

P02y Pk >0 m pr+pe+...+pp=1

Ob6osnaunm 1gepes w = (w1, W, ..., Wy) JTEMEHTAPHBII
ucxoy| mpocrpancTsa Qf, onuchHIBAOIMI pe3yabraT n He3a-
BHCUMBIX HCIBITAHAN ITOJUHOMAAJIBHON CXEMBI. 31€Ch KarK-
0€ w; MOYKEeT TIPUHNUMATL OHO W3 k BO3MOXKHBIX 3HAYEHUIH
Uy, U2, ..., u. OueBUAHO, B IpocTpaHcTBe (1} numeerca k™ sre-
MEHTAPHBIX MCXOA0B. HpI/I 9TOM BEPOATHOCTH JIEMEHTAPHBIX
HCXONOB B CHJIYy HE3aBUCAMOCTH HCIBITAHUI IIO-IIPEXKHEMY
OnpeesoTest paBeHCTBOM (6.1), KOTOpOe B TAHHOM CIydae
DPUHUMAECT BU

p(w) = p1(w1)p1(wa) ... p1(wn). (6.6)

Beenmem cremyrormue ciydaiiibie BEIUYUUHDBI: (1] — YHUCIO
WCXOJIOB U] B M UCHBITAHUAX, (g — YUCTIO UCXOJ0B U2 B 1 UC-
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§ 6. IIpousBemeHme BEPOATHOCTHBIX MpOCTpaHcTB. Cxema
HE3aBUCUMbBIX UCHBITaAHUI BepHysiu...

OBITAHUSX ¥ T.JT., HAKOHEII, [t} — YUCI0 UCXO/IOB Ug B 7 UCITHI-
Tarugax. bonee ¢popManbHO, KAK (DYHKINKA HA MPOCTPAHCTBE
AIeMEHTAPHBIX MCXOI0B, OHU OMPEIeIIIOTC TaK:

p1 = p1(w) = [4UCI0 CUMBOJIOB U] CPEIN Wi, W2, ..., Wy,

to = po(w) = [4UCII0 CUMBOJIOB U CPEIU Wi, W, ..., Wy

" T.J., HAKOHEII,

pr = p(w) = [auciao cuMBOIOB Uy CPent Wi, W, ..., Wy).

Samevwanue 2. B reopum BepogrHOCTEl UpPUHATO 000-
3Ha9aTh {w : R} MHOXKECTBO TeX 3JEMEHTAPHBIX WCXOJIOB
w € ), n71d KOTOpBIX BBINOIHEHO cBoiicTBo R. B dyHKIIU-
OHAJBLHOM AHAJIN3e ITO MHOXKECTBO dalle 0003HaYat0T Kak
{w| R}. Ho B Teopnm BeposTHOCTeHl yxkKe eCTb 00O3HAate-
ausgs P(A \ B) mas BepogTHOCTH pa3HocTH COObITHH A u
B, P(A/B) nnsa ycioBHOit BeposiTHOCTH cobbiTust A mpu
yenosun B. Ecian obosnaunts vyepes P(w| R) BeposiTtHOCTD
MHOYKECTBa, TeX HIEMEHTAPHBIX COOBITHH, JJIsT KOTOPBIX
BBITIOJIHEHO CBOWCTBO R, TO B HammXx obo3HaueHusx OymyT
MCTIONIB30BAThCST TPU BUTA UEPTOUEK, UTO MOMKET BHECTH
Iy TAHUILY.

Pacemorpum cobeitne {w @ u(w) = 11, po(w) =
re, ..., pp(w) = Tk}, TOe 1,79, ... , T — leJable HEOTPHU-
naTejbHbIE YUCIA, afolme B cyMMe n (B HUHBIX CIydasx
MHOKECTBO TAKWUX W OYJIET IMTyCTBIM MHOKECTBOM (HEBO3MOXK-
HBIM coObITHEM)). EMy 6aronpusTCTBYIOT T€ W TOMBKO Te
9JeMeHTapHble UCXOAbl W = (w1, w2, ..., Wp), JJId KOTO-
PBIX CPeId Wi, W2, ..., Wy OyIET POBHO 7| CHUMBOJOB Uf,
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[JIABA 1. TEOPUS BEPOATHOCTEN

Ty CUMBOJIOB Ug, W T.Jl., HAKOHEI, Tj, CUMBOJOB ug. Coryac-
HO KOHCTPYKTHBHO-aKCMOMATUYECKOMY OIIPEIEJIEHNI0 Bepo-
SATHOCTY B JUCKPETHOM MPOCTPAHCTBE BEPOSITHOCTH 9TOTO CO-
ObITHSA Oy/IeT paBHA

Plw: m(w) =711, po(w) =7ro, ..., pp(w) =1} =
= > p(w).
w: pr(w)=r1, pe(w)=ra, ..., pur(W)=rk

Tak Kak UCIIBLITAHWST HE3ABUCUMBI, TO B cuy (6.6) BeposTHO-
ctu, GUTYpPUPYIOIIUE B 9TON CyMMe, COBIIAIAI0T U PAaBHBI

p(w) =pi'py* ... Ptk

ITosromy cymma OyZeT paBHA NPOU3BEJEHUIO UUCIA CIarae-
MBIX Ha OTIEJbHOE CIaracMoe:

P{ui=mr1, pp=ro, ..., g =rp} =

= [amcno cnaraempix] pytpy? ... piF.

Ho uawmcio craraembix coBmagaer ¢ 9ucaoM CocoboB, C TOMO-
IIbI0 KOTOPBIX MHOYKECTBO {w1,ws, ... , Wy} MOXKHO Pa3ObUThH
Ha k rpynn Tak, 9TobbI B MEPBYIO TPYIIY BOILIO POBHO 7]
9JIEMEHTOB JIjist CAMBOJIA U], BO BTOPYIO TPYIIY BOILIO POBHO
r9 IEMEHTOB JIJIsT CHMBOJIA Ug U T.J., HAKOHEI], B k-10 TpyIIy
BOIILJIO POBHO 7T, SJIEMEHTOB JIJIsI cUMBOIa uy. [1o Teopeme 3.5
YUCI0 TAKUX CIIOCODOB PABHO

n!
7“1!7“2! .. Tk'

Takum obpaszoMm, BEPOSTHOCTH TOTO, UTO B N WCIHBITAHUSX
[OJMHOMUAILHON CXeMBI IIPOU30HIEeT POBHO 1 MCXOIOB Ui,
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§ 6. IIpousBemeHme BEPOATHOCTHBIX MpOCTpaHcTB. Cxema
HE3aBUCUMbBIX UCHBITaAHUI BepHysiu...

POBHO T WCXOJIOB Ug W T.JI., HAKOHEI], POBHO Ty, UCXOMIOB Uf,
paBHa

P{uy =ri, ppo=ro, ..., iy =7} =
|
n. 71,72 Tk
= LD F 6.7
T1!’I”2!...Tk!p1 P2 Pi (6.7)
rae ri,79,...,7, — IeJble HeOTPUIATeJbHBIC UHCIA, Ia-
forme B cymme n. Tak Kak coObITHA {1 = 71, flo =
T2y «.v, Mg = Tk} JUIsl PA3JIMYHBIX HEOTPHUIATEJLHBIX 3HA-
JeHnit 71,79, ... , Tk, JAOIMX B CyMMe 1, 00pa3yioT MOJHYIO
rPYIIy, TO
n! -
1,72 "k q
Z rilrg! L. rk!pl P2 Pk

r1+ro+...+rp=n

Cormacuo dopmyte (3.10) sta cymma pasaa
p1+p2+ ... +p)"=1"=1

DTO KOCBEHHO MOATBEPKIALT CIIPABEIIUBOCTL (HOPMYJIbI
(6.7), KOTOpast HA3BIBAETCS MOJTUHOMUATBHOW UM MYJTh-
TUHOMMAJIbHON (DOPMYJIOii.

IIpumep 3. Ha orpesok [0, 1], pa3bursiit Ha Tpu gactu
[0,1/4), [1/4, 3/4), [3/4,1], "naymauay" 6poinero 5 Todek.
KakoBa BEpOATHOCTL TOTO, YTO Ha MEPBBLIE BA MPOMEKYTKA
pa3buenus MOMAIET MO IBE TOYKW, & HA MOCIETHUN TpPOoMe-
JKYTOK — OJHAa TOYKA?

Korma B TOi#f mam wHOIN 3aJade TOBOPUTCA O OPOCAHUH
HECKOJIBKUX TOYEK HA OTPE30K, TO MOAPA3YMEBAETCH, €UTO
I KazKI0H OTHEeNbHOM TOYKM BEPOATHOCTL MOMAJAHUS B
u3mepumoe 1o Jlebery nogmuozkecTBo orpeska [0, 1] ompese-
JIIETCA 110 MPABUIY TEOMETPUYECKON BEPOATHOCTH, & UCIIbI-
TaHUA, CBA3aHHBIE C 6p0caHI/IeM Pa3JINYIHBIX TOYECK, HE3aBU-
cumbl. Ilyers py — wucesno Todek, monasomx B [0,1/4), po —
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[JIABA 1. TEOPUS BEPOATHOCTEN

IHCI0 TOUEK, TomaBImux B [1/4, 3/4), us — unciao Touex, mo-
nasumx B [3/4, 1]. TTo dopmyse (6.7) nckomasi BeposiTHOCTD
paBHa.

5!

Plupn =2, pp =2, p3 =1} = m(1/4)2(1/2)21/4 =

= 15/128.

§ 7. IIpenenpubie TeopeMbl B cxeme bBepHysaan

BepositHOCTS TOTO, 9TO M3E/Me TAHHOTO 3aBOMA SABIISTETCS
6pakoBanubiM, paaa 0.005. KakoBa BEposgTHOCTH TOTO, YTO
u3 10 000 maymady B3ATBIX W3AEAUN TOTO 3aBOAA OpaKOBaH-
HBIMI OKaxkyTcs a) 40 meraseit; 6) me Gosee 70 mertaseit?
Corytacao dopmysie BepHy/IH BEPOSITHOCTH TOTO, UTO
OpaxkoBamHbIMU OKakyTca 40 merasieli, paBua

P1o000(40) = C18000(0.005)%°(0.995)290,

BepositHOCTE TOTO, 9TO OpaKOBAHHBIMEH OKaKyTcs He Oojee
70 merameit, paBHa

70
P{p <70} = Zploooo(k) -
k=0
70
= Cloo00(0.005)%(0.995)10000~F,
k=0

Buano, 4ro s mopcuera 3TUX BEPOSTHOCTEH Tpebyercs
OPOBECTH JOCTATOYHO TPOMO3IKMe BhrunciaeHus. Jlaxe
[IpU KCIIOJb30BAHUU KOMIIBIOTEDA BO3HUKHYT CJIOKHOCTH C
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§ 7. Ilpenenbabie Teopembl B cxeme Beprysn

BBIUUCIEHUEM Cfooom ITOCKOJIBLKY IPUIETCS YMHOMXKAThH IPYT
Ha, Jpyra DOIBIT0E KOTUIECTBO MHOXKUTEIEH MOPIIKa 10%.
B curyanum paccMOTPEHHOrO OpHMEpa MOYKHO IIPUMEHUTH
npeebHY0 TeopeMy, npemioxkeruyto [lyaccomom. 3aciyra
ITyaccona cocTouT He B JOKA3ATETHCTBE MTPUBOJAUMOTO HUKE
pes3yabTara, 00 OHO SIBJSIETCS IPOCTLIM YIPaKHEHHEM II0
MaTeMATHIECKOMY aHAJWU3Y, & B TOM, UTO OH MPEITOKUJI
acuMnToTHKY BepositHoctn P, (k) B cxeme Bepmysmn npu
CTpPeMIEHUN 1 K OECKOHETHOCTH OIPeIeIeHHBIM CITOCODOM,
B KOTOPOM P 3aBUCHUT OT 7.

Teopema 7.1 (IIpemenbnasi reopema Ilyaccona).
Ecau 6 cxeme Bepnysasu n — 0o, p — 0 marum obpasom,
YIMO NP = A 0CMAEMCA NOCMOAHHBIM, O

)\k
Py(k) — P(k) = Fe_’\, k=1,2,....

,ZLOKaSaTeJII)CTBO.HOyCJIOBI/HOTeOpeMpr:%,

nosromy g =1—-—p=1— % CrenosarebHO,

lim Crlfpkqnfk = lim

n(n—l)...(n—k—kl)()\)k:'

n

(=) =R () 0-0) - -

(-2 (-2 - A i (1-2)" = A

n n k! n—oo n

O

3ameuanue 1. Teopemoii Ilyaccora MO2KHO TIOIb30BATHCS
Jyisi Ipub/IMKEeHHOTO Bhraucienus sepositHoct Py, (k) npu
bostbiiix n U Masaeix p. s ynobersa cchopmynupyem He
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[JIABA 1. TEOPUS BEPOATHOCTEN

BIIOJIHE YETKOE ¢ MATEMATHUIECKON TOUYKHI 3peHud cjaeacTBHE.

Cnencrsue 7.2. Eciu B cxeme Bepuynmu n Benuko, a p
MaJIo TaK, YTO IPH STOM A\ = np He MaJj0 U He BEJHUKO, TO

PL
P,(k) ~ L A

OTrMernM TakKe, 9To TeopeMmoii Ilyaccona MOXKHO MOJb-
30BATKCSI, KOTMIA N BEIWKO, a p Oym3ka K eamHuie. B aTom
cIIydae HaJIo yCIeX MepeMMEeHOBATh Ha HeyJady, a Heyrady
— wna ycmex. Torma mepogtHOoCTh "HOBOTO" yemexa Oymer
6/M3Ka K HYJIIO.

Ipumep 1. Kommyratop obcayxuBaer 100 abomeHTOB.
BepositHoCTE TOTO, 4TO B TEUYEHUE MUHYTHI AOOHEHT TO3BO-
uAT HA KOMMyTaTop, pasua 0.01. Haifinure BepogrHOCTH TO-
ro, 9TO B T€UEHNE MUHYTHI Ha KOMMYTATOD MO3BOHSAT a)POBHO
3 abomenta; 6)MeHee Tpex abOHEHTOR.

Cuwnras, 910 aBOHEHTHI 3BOHAT HE3ABUCUMO JAPYT OT APY-
ra u OpUHUMAs 33 yCIeX 3BOHOK OTIEJBHOIO abOHEHTa, I10-
aygaem cxemy bepmymanm w3 n = 100 wcnbitanuit ¢ p =
0.01, ¢ = 0.99. Tak kak n = 100 Bequro, p = 0.01 mano,

a A =np=1 He Maj0 U HE BEJUKO, TO MO CACACTBUIO 1

13
a)Pyoo(3) = 56_1 = 0.0613;

6)P{u < 3} = PlOO(O) + PlOO(l) + P100(2) =~
10 o1t 12
Yr0 xKe JenarTh, KOrja BepOsITHOCTh YCIIeXa P JIaeKo OT-
crouT oT KOHIOB orpe3ka [0, 1]7 B arom ciyuae Ha momorips
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OpUXOINT TaK Ha3bIBaemas Teopema Myaspa-Jlammaca, mo-
Ka3aHHad BIIEPBBIC A CIyYdad CI/IMMeTpI/ILIHOﬁ CXEMBbI Bep—
uysun (T.e. ipu p = ¢ = 1/2) Myaspowm, a 3arem 060011eH-
Hag Ha caydait mpowssoabuoro 0 < p < 1 Jlammacom. IIpe-
KIOe, 9eM IIepexoauTh K (bOpMyJTI/IpOBKaM COOTBETCTBYIOIIINX
TEOpeM, HAIIOMHUM HEKOTOpbIe (DAKTHI U3 MATEMATHIECKOTO
ananu3sa. [Tociegosarensuoctu {ay, } u {b,} HasbIBarOTCSH K-
BHBAJIEHTHBIMA (TIPH N — 00), €C/IH
lim 2 1. (7.1)
n—00 Ay,
DakT 9KBUBAJEHTHOCTH TI0Cae0BaTesbHOCTeH {a,} n {b,}
obo3ragaerca Tak: b, ~ a,. Ecaun apobb, crodmas moa 3Ha-
koM 1ipesiesia B (7.1), 3aBUCHT OT HEKOTOPOIi MOCIE[0BATE b
HOCTH {Zy}, a crpemyienne K mpeneay B (7.1) paBHOMEpHO
OTHOCHUTEJIFHO BCEX T € X, Tme X — HEKOTOPOe MHOXKECTBO
(r.e. mist moboro € > 0 cymecTByeT HaTypaabHOe Iucio N
Takoe, 9To A7 Bcex n > N u g BceX T, € X BBIIOI-
HseTCs HepaBeHCTBO |by,/a, — 1| < €), To mumyT b, ~ a,
PaBHOMEPHO OTHOCHTENBHO T, € X (Wim paBHOMEPHO TIO
x, € X). UsBectno, uro ecmu a, ~ b, paBHOMEPHO OTHO-
cuTenbHo T, € X, a ¢, ~ d, PAaBHOMEPHO OTHOCHTEILHO
T, € X, TO 1 PABHOMEPHO OTHOCUTEIHLHO X, € X BBIMOIHA-
eTcst:
an by
AnCp ~ bpdp; —_— 5
en dy
st HedpopMaIbHOTO MTOHUMAHUST JTOKA3aTeIbCTBA TPUBO/IN-
MOJT JTAJTEE TEOPEMBI TTOJIE3HO BCTIOMHUTE COBCEM MPOCTOE JI0-
Ka3aTeIbCTBO 3TUX CBOHWCTB. HamoMHUM TakKe, 9TO COLIAC-
HO 00IIIeMy OTIpeieeHn o 0(ay, ) TP N — 00 Ik GECKOHETHO
MaJTOH BEJTMYMHBI TP 7 — 00 MOYKHO MCIOIB30BATH 0603Ha-
genne o(1).
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[JIABA 1. TEOPUS BEPOATHOCTEN

JlokaspHasi nOpegesabHasi TeopeMa Myaspa-
Jlamtaca.
Iyemo 6 cxeme Bepryaru 0 < p < 1, moada npu n — o0

_ k—np
PABHOMEPHO NO 6CEM Tj, 6uda Ty = oo NPUHAOAEHCAULUM

Konewnomy ompesxy a,b],

Pn(k) ~ (P(%k),

1
VPq
1 x?
20e p(x) = =exp{—%} — max Ha3B6AEMAA NAOMHOCTID
CMaHIaPMHO20 HOPMAABHOZ0 PACTPEJEAEHUA.
JlokaszarTedsabcTB o. Bocnoas3yemcd n3BecTHOI
U3 MaTeMaTUYeCKOr0 aHAJIN3a aCUMIITOTHYECKOH (hopMyJIoit

Crupmunra:

n! ~V2mn n"e " pu n — 00. (7.2)

[To bopmye bBeprysm

!
P, (k) = Clpkgn—F = n: kn—k .
ITo ycnosuro
E—
xR = P e [a, b],

v pq

[O9TOMY TIPH T — OO PABHOMEDPHO OTHOCUTENIBHO Xy € [a, b]
Oymer

k =np+ xp/npq — 0o, n—k =mnqg— xr/npq — 0.

[Tostomy u3 (7.3) ¢ yaerom (7.2) mosrydnm, IT0 PABHOMEPHO
OTHOCHTEJIBHO Tj, € [a, b] 6ygeT BBITOTHATHC

V2mn ne ™ B
V2rk kke=k\/2m(n — k) (n — k)—ke—(n—k)

P (k)



§ 7. Ilpenenbabie Teopembl B cxeme Beprysn

1 n (np)k( ng )n—k
CV2r\V k(n—k)\ k n—k '
[Tone3ysice dopmynoit Teiinopa
2

In(l4+z)=x— 5 + o(z?),

x — 0,

" TeM, 4TO

k / —k
— =1+uz i; z =1-—x p’
np np nq

ng
IIOJIYIHM:
() = () = by = v
7 ¢ gqrp (1
In <1+$kz\/nip> = —(np+xk\/npq) (wk\/n:p—%JFO(g)) =
— /PG — qud + % +o(1) = —xp/npq — q%i +o(1).

AwnayloruaHo, paBHOMEDHO 110 T € [a, b

() ()

nq

= —(ng — zx/npq) In (1 - xk\/%) =

:—(nq—ﬂﬁk\/n—I%J)(_xk ﬂ_%—FO(l))

ng  2nq n

I
|
—~
S
|
N
—_
=

2

2
bx bx
= Tp\/Pq — p:):z + Tk +0(1) = xp/npq — 7k +o(1).
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[JIABA 1. TEOPUS BEPOATHOCTEN

IlosTOMYy paBHOMEpPHO O TAKUM T

n(F) ()" = o,

CrenoBarenbHO,

() ()™ <o { - Few ot -

k n—k
2
eXp{ :

PaBHOMEDPHO TO X, € [a, b]. IlockoibKy paBHOMEPHO OTHOCH-

TEJIbHO TaKHUX T

1

\/k(nn— k) \/n;nq NG

TO PABHOMEPHO 10 Xy € [a, ]

CuiencrBue 7.3. Eciu B cxeme BepHy/um n BeJnKo, a
BEPOATHOCTDH YCII€Xa P HE OYCHDb 6J'[I/I3Ka K KOHIIaM WHTEpPBaJIa

(0,1) (/npq BEHKO), TO
1 k—mnp
P,(k) ~ Ty), TOe T = .
()~ sl i

3

ITockonbky

fr—np
P{a < < b} = 3 RMk=~
e k: a<xz<b
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§ 7. Ilpenenbabie Teopembl B cxeme Beprysn

b

~ Z o(zk)Axy, %/cp(x)d:c,
k: a<xz<b a

rae Az, = \/%pq, TO BEChbMa IMPAaBIOMON0DEH ClIemyTo-

U pe3yabTar:

Uurerpannbuaa mpeaesbHas Teopema MyaBpa-
Jlanmnaca. Ilyemv 6 creme Bepuyaau 0 < p < 1. Tozda
PABHOMEPHO 1O 6cem a u b marum, ¥mo —o0 < a < b < 400,

b

lim P{a < M_T\/% < b} = /so(x)d:c =&(b) — 2(a) =

3mech

xT

b(x) = /cp(t)dt — TaK HazwplBaeMasl (ynkuus Jlamraca,
0

T
N(z) = [ ¢(t)dt — rak masbiBaemas dyHKUHS CTAHIAPT-

HOTO HOp_l\AOE(liJIbHOFO pacrpeiesieHus.

JloKa3aTesbCTBO 9TOH TeopeMbl OyIeT SIBJIATLCS CIIe-
CTBHMEM ropaszo Oosee 00IIeit TaK HA3BIBAEMO TTeHTPAIBHOT
OpeJeabHOol TeopeMbl U OyIeT JaHO II032Ke.

B cuny mmTerpanbHOil TEOPEMBI BEPOATHOCTH TOTO, YTO
TUCI0 YCIEXO0B MOXKET NPUHUMATH IeJ/Ible 3HAYCHUA OT k’l a0
ko BRJIFOYHUTEHHO, DABHA

Po(k1,k2) = P{k1 < p < ko} =

~
~

:P{kl—np <cB—mp ka—np}
Vvnpg T \/npg T \/npq
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[JIABA 1. TEOPUS BEPOATHOCTEN

ng(kQ_np) (kl—np>
/npq N
Ilonywaerca caenyroree

CuiencrBue 7.4. Ecau 6 cxeme Bepryaau sepoammnocmo
ycnexa p He ovenv Oauska x 0 uau 1, mo npu bosvwur n

(\/npq sesuko)

Pn(klv k2) ~ @(ku) - @(xlﬂ)v

k—np
V1pq©

20e T, =

IMycts B pesynprare HEKOTOPOrO CAy9aifHOTO 3KCITEPH-
MEHTa, MOYKET TOSBUTHCS WU HE TOSIBUTHC coObITHE A.
Bceerga moxkm0 dhakTOPU30BaATH MCXOTHOE TTPOCTPAHCTBO dJTe-
MEHTAPHBIX HUCXOM0B, OODEINHSST UCXOIBI, BJIATOTPUSITCTBY-
forme A, B ucxon, A, a mCXofpl, He GJArONpPUSITCTBYOIIIE
A, B ucxon A. Taxum o6pazoM, B KadecTse o-aarebpsl 6epem
F ={Q,¢, A, A}. Cunras, uto A — ycnex, A — neymaua, mo-
JIY9aeM, 9TO BEPOSITHOCTD MTPOU3BOILHOTO COOBITHST A MOYKHO
OTOXKJIECTBUTEH C BEPOATHOCTHIO ycmexa: p = P(A). Torma p
— YHUCI0 yCHIEXOB B 7Y UCHBITAHUAX — ITO IUCIO MOSBJIEHU
cobbiTis A B 1 UCHBITAHMAX, b — orHOCHTEBPHAS YacTOTA
IIOABJIEHU A CO6bITI/IH A B N UCIIBITAHUAX. HpI/I AKCrOMaTHU3a-
[UU TEOPUN BEPOATHOCTEH MBI CTPEMUJINCH K TOMY, UTOOBI
npu GOMBIINIX N OTHOCHTEIbHAS YACTOTa b crabumsmposa-
JTaCh OKOJIO BEPOATHOCTH p. A KaK OIEHWTH, HACKOIBKO OT-
HOCHUTEJIbHAAd IaCTOTa MOXKET OTKJIOHATHCA OT BEPOATHOCTH.

B cuny nnaTerpambroit Teopemol Myaspa-Jlamtaca

P{‘%—p‘gs}:P{—nsg,u—npgns}:

—P —5
Vra < it <
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§ 8. BopeneBckue MHOXKeCTBa 1 OOpeeBCKUe (DYHKITUH. ..

~ (= pﬁq) —@(—e\/g) - 2@(5\/2).

Wrak, monyumian yaoOHYIO B HNPUIOKEHUSX (DPOPMYJY st
OTIEHKU CTEIEeHN OTKJIOHEHUS OTHOCUTEIHHOM JaCTOThI COOBI-
THSA OT BEPOSTHOCTH 3TOr0 COOBITHUS:

Pllf o] <o} =20 ()

Tak Kak mpaBag 9acTh ITOTO TPUOIUKEHHOTO PABEHCTBA IPU
Jgobom € > () crpemurcs K 1, TO BecbMa ITpaBJIonoa0bH0, UTO
st Besikoro € > ()

lim P{‘H —p‘ < 5} =1.
n—oo n
DTO TakK Ha3LIBAEMBbIH 3aKOH Oo/bInux duces B ¢popme Bep-
HYJLIH, KOTOPBIi OyIeT cTporo JoKa3aH mo3zKe. Boimoanenne
9TOTO 33KOHA MOKA3BIBAET PA3YMHOCTH BBEJEHHON HAMU aK-
CHOMATHKH TEOPHUH BEPOSTHOCTe, nb0 B ee paMKaX IIOKa-
3aHO, YTO B OIPENEICHHOM CMBICIE OTHOCATEIbHAS YacTOTa,
COOBITHSI CTAOMIHM3UPYETCA BOKPYT €0 BEPOSITHOCTH, & NMEH-
HO C BEPOSITHOCTBIO, CKOJIb YTOJHO OJU3KOM K eIUHUIE, OHA
CKOJTb YTOHO MaJIO OTKJIOHSETCST OT 3TOH BEPOSITHOCTH.

§ 8. bopeseBckue MHOXKecTBa u GopejeBCKue
dyukiuu. IlomosHenne BepOATHOCTHOTO
MPOCTPAHCTBA

DToT maparpad sSBJSETCS BCIOMOTATEJIBHBIM U HEOOXOIUM
JJI MIOHUMAaHWA BBOAMMOTO JaJee NOHATUA CIydaiHoil Be-
JuauHBL. HacTh MaTephasia W3BECTHA M3 Kypca (QyHKIIHO-
HAJILHOTO aHAJIN3a, JPyTast YacTh SBIAETCS TAJBHENHIINM ee
pa3BUTHEM.
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[JIABA 1. TEOPUS BEPOATHOCTEN

[Iyctes X — MeTpudecKoe TPOCTPAHCTBO. B ety jieMMBI
4.4 pmst mr0bOTO ceMeficTBa, MOAMHOMKECTB TPOCTPAHCTBA X,
B TACTHOCTH, JJIsI ceMefCTBa BCEX OTKPBITHLIX MHOYKECTB W3
X, cymiecTByeT HamMeHbITad o-ajaredpa, ComepKaliad ITO
CeMeiCTBO.

Omnpenenenne 8.1. Hanmvenbmas o-aarebpa, comepka-
[asl BCE OTKPBITEIE MHOXKECTBA, METPUIECKOr0 IPOCTPAHCTBA
X, nHazwiBaeTcd o-aJaredpoii HopesiIeBCKUX MHOXKECTB
OpocTpaHcTBa X, a MHOYKECTBa U3 Hee — DOPEIeBCKUMMU.

Bynem gepes B(X) obosnagars sty o-anrebpy. Kak Besi-
kag o-anrebpa, B(X) comepxut () m Bce mpocrpancTBo X.
Ilo ompenenennio 8.1 oHA COmEPKUT BCE OTKPBITLIE MHOYKE-
crBa npocrpancrBa X. Tak kak 0b60e 3aMKHYTOE MHOMXKE-
creo F npejcrapasiercs B Buge F' = X \ G, rae G — oTKpbI-
TO€ MHOKECTBO, TO, [0 OTpeieseHnto o-aarebpsl, F' € B(X).
I/IT&K, BCE 3aMKHYTbhI€ MHO2KECTBA, ABJIAIOTCA 60peﬂeBCKI/IMI/I.
Herpyano moHATH, 9TO MBI MOTJIH OBl JTaTh 3KBUBAJEHTHOE
onpenenenne B(X) kak HauMmeHblell o-aarebpbl, cojeprKa-
el BCe 3aMKHYTBhIE MHOYKECTBa, TPOCTPAHCTBA X .

[Mockonbky wumcioBaa mnpamaa R gasmagerca wmerpude-
CKUM TIPOCTPAHCTBOM, MOXKHO PACCMaTPUBATL O-aaredpy
OOpEeIEBCKUX MHOYKECTB YHUCIOBOM MPsIMOii, KOTOPYIO II/Tst
Kparkoctu obosnaunm depe3 B, t.e. B = B(R). amaanmcs
BOTIPOCOM, HACKOJIBKO TITUPOK KJIACC HOPETeBCKIUX MHOYKECTB.

1. Odnomoueunvie MHONCECTNEA ABAAIOMCH 60]96/&66676’&-
MU.

JleficTBUTEIEHO, OMHOTOYEYHBIE MHOXKECTBA ABJISIIOTCH
3aMKHYTBIMA. BO3MOXKHBI W IpyTHe MOTUBWUPOBKHU, HAIIPH-
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Mep,
00

1 1
{a} = ﬂ a——, a+—),
n n
n=1
a TaK KaK WHTEPBAJIbI, CTOSIINE MOJ] 3HAKOM MepecedeHnst —
OTKPBITBIE MHOXKECTBA, T.e. DOPETEBCKHE, TO MO ONMpPeese-
Huto o-aarebpsl {a} € B.

2. Mnootcecmeo pauuoHasvHoix moyex — bopesescroe.
JeiicTBUTEILHO, OHO ABJIAETCS CUETHBIM O0heImHEeHneM
OJIHOTOYEUHLIX MHOYKECTB.

3. Mnootcecmso uppayuoHasoHbr movekx — bopenescroe.
JleficTBUTEIEHO, OHO SBISETCA JOMOTHEHUEM K MHOXKEe-
CTBY pPallMOHAJIBHBIX TOYEK.

4. Jhrobwe npomescymru (—oo, +00), (—oo,a), (—oo,al,

(a,+00), [a,+0), (a,b), [a,b], [a,b), (a,b] — Gopeses-
CKUE MHONCECTEA.

9To oueBMAHO, W BBl IOMXKHB yMeTh JOKA3bIBATL.
Hanpuwmep, [a,b) € 8, tak kak [a,b) = (a,b) U {b}.

5. Ecau f(x) — nenpepwisnan pynkyua, mo MHo’CeCmsa

{z: flz)<c}h, {z: flz)<c}, {z: a< f(x) <b}

u m.n., — bopesescrue.

JeiicrBuresibHo, Hanpumep, {x flz) < ¢ =
f1((—o0, ¢)) aBngeTCa OTKPHITHIM, T.e. GOPENeBCKIM, IO
CKOJIbKY TIPY HEMIPEPBIBHOM OTODpaXKeHuu mpoodpas OTKPHI-
TOro MHOXKeCTBa (—00, ¢) OTKpHIT. lasee,

{z:a<f(x)<b}={z: a< f(x) <b}U{z: f(x)=a}.
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[JIABA 1. TEOPUS BEPOATHOCTEN

[Tepsoe cmaraemoe B 06bLeIUHEHIN — OTKPBITOE MHOMKECTBO,
T.e. OopemeBckoe, KaK MPO0OOPA3 OTKPHITONO MHOXKECTBA
(a,b) npu HempepbIBHOM OTOOpaXkeHnu f, BTOPOE CIaraeMoe
— 3aMKHYTOE MHOXKECTBO, T.e. DOPEIEBCKOe, KaK mpoobpas
3aMKHYTOIO MHOXKECTBA {a} 1pu HEmpepbIBHOM 0TOGparKeH-
uun f. Tak kak B — anrebpa, 1o u obbenuHenue Oymer
npuHAIERATEH B.

JlOBOTBHO TPYJIHO PUBECTU MPUMED MHOXKECTBA, HE siB-
JIFIOTIeroca OopeseBckuM. Bce MHOXKECTBa, KOTOPHIE MOTYT
OBITH CKOHCTPYHUPOBAHBI U3 MHOXECTB, (DUTYPUPYIOIIUX B
cBoiicTBax 1-5, ¢ MOMOIIIBIO KOHEYHOTO WKW CYETHOTO UMCIA
TEOPETUKO-MHOKECTBEHHBIX OIEPAINil, SBISIOTCS HOpeseB-
ckumvu. g mocTpoenus mpuMepa He BOPETIEBCKOTO MHOMXKE-
CTBa, HeIb3d 0bofTHMCH 063 akcmOMBI BBIOOpPA, MOMOOHO TO-
My, KaK CTPOUTCS IPUMED MHOXKECTBA, HE M3MEDPUMOTO IO
Jlebery. TloraTHo, 9TO BCe MHOXKECTBA, MMEIOIINE KAKON-TO
MPaKTUUIECKUl UHTEpEC, ABIOTCA bopeneBckumu. [losTomy
B TEOPUU BEPOATHOCTEH Ha YMCJIOBOI IIPAMON B KadeCTBe
OCHOBHOI1 Bepercst o-ajirebpa GOpPEIEeBCKUX MHOXKECTB, YTO
C 3amacoM ODEeCIIeYnBAET BCE BO3MOXKHBIE TPUKJIAIHBIE IT0-
TPeOHOCTH].

B manpmeifmmem HaM DOHAIOOMTCA Apyrad KOHCTPYKIHS
o-anarebpel B, OCHOBaHHAST HE HA OTKPBITBIX MHOXKECTBAX,
a Ha moaymHTepBastax. llycres [a,0) = {z @ a < x < b}
st Beex —o0 < a < b < +00. 3mech, BBemeno obo3HavueHne
[—00,a) anst uaTEpBaIa (—00,a) u 0b03HaYEHHE [—00, +00)
1t (—00, +00), 9TO0BI He JIeJIaTh JIUIIIHAX OTOBOPOK B IIPH-
BOAMMOM HuKe KOHCTPYKImH. Takum 00pa3om, BCSI IUCTOBAT
npsiMasi R  IycToe MHOXKECTBO ¢ = [a,a) TAKXKe SIBIISTIOTCS
HOJIYMHTEPBAIAMI Takoro Buja. Ilycrs A — COBOKYIHOCTH
BCEX MOIMHOKECTB R, KOTOPBIE MOI'YT OLITH IPEICTABICHLI B
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§ 8. BopeneBckue MHOXKeCTBa 1 OOpeeBCKUe (DYHKITUH. ..

B KOHEUHBIX O0beIUHEHUH MMONAPHO HE MEePECeKAIONINXC s
MTOYyMHTEPBAJIOB TAKOTO BUJA, T.€.

A= {A: VnEN, a; Sbi, izl,—n; A:Z[ai,bi)}.
i—1

3adawa 1. Ilokaxkure, aro A — anarebpa.

B nasnbreiiniiem 6yneM Ha3bIBATH 3Ty ajredbpy aaredpoii
00'beIMHEHNI TOJIyUHTEPBAJIOB.

Ommako A me gaBagerca o-aaredpoil, Tak Kak Vn €
1
N [E? 1) € A, ogaako

U L) =0n¢a

n=1

JlemMa o crpoenun o-ajire6pbl 60pesIeBCKUX MHO-
KecTB Ha R. 0-as2e6pa 60pese8ckur MHONCECNE YUCA0E0T
npamoti coenadaem ¢ Haumenvwetl o-anrzebpoti, codeporca-
wet anzebpy A, m.e.

B=o(A).

JoxkaszareasbcTsno. 1. Jlokaxkem cHagana, 9To
o(A) C B. Muoxecrsa u3 anre6psl A — Gopesesckue T0
cBoticTBY 4 w omnpejenennto anredbpsr, T.e. A C B. Urak, B
— o-asrebpa, comepxkamasa A, HO 0(A) — HanMeHbInast o-
anrebpa, conepxamas A. TTosromy o(A) C B.
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[JIABA 1. TEOPUS BEPOATHOCTEN

2. Teneps nokazem, aro B C o(A). 3amerum, 9T0 JIt0-
Goit orkpbiThiii uaTEpBan (a,b) comepxurca B o(A). Heii-
creuTesibio, Vn € N Oyzaer [a + %,b) € ACo(A), a tak

kaK 0(A) — o-amrebpa, TO

(a,b) = fj [a+ %b) € o(A).
n=1

W3 teopun dbyHKImii n3BECTHO, 9TO OO0 OTKPBITOE MHO-
2KeCTBO Ha, ACHCTBUTEILHOU IIPAMON IIPEACTABIIACTCA B BUE
He Dojee YeM CIEeTHOrO 0ObeJMHEHNs TOIAPHO HellepeceKato-
mmxcst mHTepBaoB. [Iycts W — COBOKYITHOCTE BCEX OTKPBI-
Thix MHOXKecTB R, G € W. CorjiacHO BhIIIIECKA3aHHOMY,

G = (aib),

1€l

rae I C N. IlockonbKy, Kak BBIIIE JTOKa3aHO, (a;,b;) € o(A)

n o(A) — oc-amrebpa, 0 G € 0o(A). Tlosromy
W C o(A). Ilo ompenenenmtoo, B — HanMeHbIIas o-
anrebpa, cogepxkamas W, a o(a) — Hekoropag o-

anrebpa, comepxkammas W. Cmemosarensro, B C o(A).
]

Tak kak orpesok [0,1] — merpuveckoe MpPOCTPAHCTBO,
TO MOXKHO PpacCMaTpPHUBATL o-aaredpy ero OOpeaeBCKHuX
muoxkectB B([0,1]). nst Hee BepHBI Te )Ke CBOifcTBa, UTO
u aag B(R), ¢ Toi aumb OroBopKoii, UTO BCE MHOXKECTBA
Gepyrest u3 [0, 1], a posib eqUHUNBI B 3T0i o-ajarebpe urpaer
e R, a [0,1]. JIo6oe 6openesckoe muoxkecrso u3 B([0,1])
MOXKHO mpeiacTaBuTh kak B N [0,1], tne B € B. Taxkum
obpazom, B([0, 1]) = B N [0,1]. Ecan paccmorpers Kak
u B ciaydae OOpe/IeBCKUX MHOXKECTB Ha MPsIMOil asarebpy
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obbenunennit momynaTepBasos A([0,1]), cocraBieHHyTO
TOYHO TaKUM ke obpaszoMm, aTo u A, TOJBKO WHTEPBAJIBI
[a;, b;) momxHBl 6paTbes u3 [0, 1], TO JIErKO JOKA3LIBAETCS,

aro B([0,1]) = a(A([0, 1])).

Onpenenenne 8.2. Ilycte D — GopeseBCcKoe MHOXKe-
crBo. Oyukmus f : D — R Ha3biBaercs mM3MEPUMON IO
BopeJsiio nin 6opesieBckoii, eciu mpoobpas HopesieBcKo-
'O MHOZKECTBa dBJIAETCA 60peﬂeBCKI/IM MHOZKEeCTBOM, T.€.

VB € B semonuserca f~H(B) € B.

Teopema 8.3. Ecau f: D — R — nenpepusran dymx-
yus, mo f — 6opesescran PyHKUUA.

HJdokaszaTeuancTs o. PaccmorpuM Kaace mogMHO-
2KeCTB YHUCJIOBOR IIPAMON

M={B: BCR, f(B) €B}.

Cuauana gokaxkeMm, uro 9 — o-anrebpa noamuoxkects R.
Heiicturensrao, f~1(R) = D € B, cregosarensuo, R € 9.
Hanee, f~1(0) = 0 € B, nosromy ¢ € M. Ecm A, B € 9N,
to f71(A), f~1(B) € B, cnenoparensho,

fHAUB) = fH(A) U fH(B) € B,
fHANB) = fH(A)N f7H(B) € B,

FTYUA\B) = YA\ fY(B) € B.

TMosromy AU B, AN B, A\ B € M. 3uauur, M — asnre-
6pa. Ecmr By, B, ... € M, 10 f~Y(By), f~1(Ba), ... € B,

CIEeI0BATEIBHO,

f71(31 UByU.. ) = fﬁl(Bl) U fﬁl(BQ) U...e B,
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[JIABA 1. TEOPUS BEPOATHOCTEN

f71(31 NByN.. ) = fﬁl(Bl) N fﬁl(BQ) Nn...eB.
o0
IIo onpenenennto M 510 o03HAwaer, uro |J B, €
n=1

[o.¢]
m, (| B, € M. TMosromy anredbpa M asmsierca o-

n=1

arebpoii.
IIycts, wax w pambime, W — COBOKYIHOCTH BCEX
oTKphITEIX MHOXKecTB R. Tak kak f — HempepbiBHas
dyukIMa, TO 1poodpas OTKPHITONO MHOXKECTBA — OT-

KpPBITOE MHOYXKeCTBO, T.e. bOopeseBckoe. Taxum obpazowm,
VG € W semomngerca f~YG) € B, re. G € M. Urax,
W C 9, a tak xak 9N — o-anrebpa, cojepxarias W,
TO OHA CONEPKUT HANMEHBINYI0 0-aarebpy, COMepIKaIILyto
W, t.e. B. Ilockombky B C 9, To VB € B BoImOTHAETCS
B € M, re. f~Y(B) € B. Ilocrennee, cormacHo ompese-
geanto 8.2, ozmauaer, uro f — OopesieBckas (DyHKIHS.

O

Tak Kak n-mMepHOe eBKINA0BO MpocTpaHcTBo R — meT-
PHUYECKOE IPOCTPAHCTBO, TO MOMKHO I'OBOPHTBL O o-aarebpe
ero Gopenesckux muoxkecrs B(R™) = B". Ilycrs D C R”
— n-MepHOe GOpEeIEBCKOe MHOXKECTBO (Ha camoMm mejie D —
enuanIEa o-aarebper D N B™).

Onpenesnenne 8.4. Oyukiusa f : D — R nHazwl-
Baercsd u3mepumoii 110 Bopesiio win 6opeJsieBCKoOii,
ecin VB € B somonnserca f~1(B) € B" (ua camom nere
f~YB) e DnB").

Teopema 8.5. Fcau f: D — R — nenpepuenas dynx-

yusa, mo f — bopesescras GYHKUUA.
JlokazaTesbCTBO TOYUTH [IOCIOBHO TOBTOPSIET JOKA3a-
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TeTBCTBO TEOPEMEI 8.3.

3adava 2. Jokaxkure Teopemy 8.5.

[ycrs (2, F, P) — BEpOSTHOCTHOE POCTPAHCTBO.
Moxer okazarbest, 4ro y MHOXKecTBa A € F, UMeromero
Hysnesyo BeposaTHOCTh (P(A) = 0), CymecTByoOT MOJAMHO-

JKeCTBa, He MpUHaJIexkamue JF, W, CIeI0oBaTeIbHO, He
UMeroIe BepoaTHocTu. [laa Toro, 4rodbl m3baBUTHCS OT
YKA3aHHOTO HEJIOCTATKA, BBENIEM CIeIYIOIee OmpeeaeHue.
MmuoxkecrBo N C ) HaswiBaeTcsd P-HyJI€BbIM, WIH TTPOCTO
HYJIEBBIM, €CJIN CYIIECTBYeT MHOKeCTBO A € F Takoe, 9T0

N CAu P(A)=0.

Onpenenenue 8.6. BepodarHoCTHOE MTPOCTPAHCTBO
(Q, F, P) nazwpiBaeTcs MOMHBIM, eciu J COAEPKUT BCE
HYJIEBbIE MHOXKECTBA.

[TomHOE BEPOATHOCTHOE TNPOCTPAHCTBO O0JATAET TEM
CBOWCTBOM, 9TO JI060e mMoaAMHOKECTBO N MHo)kecTBa A Hy-
JIEBOIi BEPOSITHOCTH U3MEPUMO (T.e. IpUHAIeRAT F ), U, CJIe-
nosarensuo, P(N) = 0.

PaccmoTpumM citeyrontyio npoleaypy ITOTOJTHEHUST BEPO-
STHOCTHOTO mpocTpancTia. [lycts N — Kgacc Hy1eBbIX MHO-
weers, F = {AUN : A€ F, N €N} Onpenemm na F
aicaoByIo (byHKIMIO P, monaras

P(AUN) = P(A).

JlokazkeMm, 49TO Takoe ompeseseHue (pyHKIuE P Kop-
perTHO. JImg 9TOTO  HEOOXOAMMO TOKa3aTh, UTO eCTH
MHOXKeCTBO m3 F uMeer gBa npeicrasienns A; U Ny
u Ay U Ny, tne Ay, Ay € F, Ny, Ny € I, 10
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P(Al) = P(AQ) U3z Ay U Ny = Ay U Ny caemyer, 9To
(A1\ A2) + (A2\ A1) C [(A2UN2)\ Ao]U[(A1 UN )\ Ay] C©
Nj U Ny. Tak kak P(N7 U N3) = 0, To oTCiOma CIemyer,
qTo P(AlAAQ) = P((Al \Ag) + (A2 \ Al)) = 0. Cmeno-
BAaTeIbHO, M0 CBOHCTBY BepodarHocTr 4 maroro maparpada

P(A1) = P(Az).

Samenanue 1. Korma maBajoch ompejenenne aarebpbl u
0-arebphl, MBI HE CTPEMUTICh MUHUMU3UPOBATE TNCTO TPe-
HoBaHmil, HAKIABIBAEMBIX HA MHOKECTBA 9THX KIaccoB. O
HAKO TIPHU JT0KA3aTEILCTBAX TaKas ''pacTounTe/ IbHOCTD" BhI-
JINBaeTcs B WX yceiaoxkHenwe. [losToMmy mpusemem ymobHBIE
HEOOXOMUMBbIE W JIOCTATOUHBIE YCIOBUS I TOTO, YTOOBI MHO-
JKECTBa HEKOTOPOTO ceMeiicTBa F TOAMHOKECTB MHOKECTBA
Q2 obpazosbiBaM g-aarebpy. Bor omn:

LOeF.
2. Ecm A, Be F,10 Ac F, AUBc F.
3. Ecmm Aq, As, ..., € F, 10 UAnt

n=1
HeobxomnmocTs sTux yeaoBuit odeBmana. Jlas mokasa-
TeIBCTBA JOCTATOTHOCTH HEOOXOAMMO aKKYPATHO ITPOBEPUTH
BCE IIYHKTBI OIPEASICHUs 0-aJaredphl, UCIOAb3YsI COOTHOIIIE-
HUA JBOUCTBEHHOCTH.

3adaua 3. JlokakuTe MOCTATOIHOCTH YTUX YCIOBHUIL.

3adavwa 4. Permmure 3amauy 1 ¢ TOMOIIBIO MTPOBEPKH
yesosnit 1.-3.

3adava 5. Momudunupyiite 4acTh J0Ka3aTETHCTBA TEO-

pembr 8.3, CBA3aHHYIO C TeM, 9To I — g-aarebpa, uCuoab3ys
yesosud 1. -3.
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Permiennve 3anaqa 3-5 pekoMeHIyeTcst IpOBeCTU 00s13aTe b=
HO B CB4A31 C TEM, 9TO UX PCIICHUE 3aKPeIIdeT CTaHIaPTHbIE
HABBIKHM, KOTOpbIe OYIyT HUCIIOJB30BAHBI B JabHEHIIEM U
KOTOPBIE UI'PAIOT BaXKHYIO POJIb B TCOPUU BEPOATHOCTEH.

Teopema 8.7.

1. F — o-anzebpa, Komopas ASAAEMCA HAUMEHRbWED O -
anzebpoti, codeporcauedi F u M.

2. Oynruyus P asasemca eepoamuocmmoti mepoti na F.

3. Bepoammocmmnoe npocmparcmeo (2, F, P) asasemca
NOAHBIM.

HoxasaTeabcTso. l. Ilo onpenenernto HyJI€EBOrO
muoxectsa ) € M. Mosromy () € F, nockonsky @ = () + 0,
IpUveM TEPBOE cjlaraeMoe NpuHaIeXKuT F, a BTopoe — .

Iycrs A, B € F, e. A = AJUN;, B = B; U Ny,
rne A1, By € F, Ni, No € M. OueBunno, obbeguHeHne
HYJIEBBIX MHOXKECTB — HyJieBoe MHOKecTBO (ecim Ni, Ny —
HYJIEBBIE MHOXKECTBa, T.e. cymecrByior Cp, Cy € F takwue,
aro N1 C C1, Ny C Com P(Cl) = P(CQ) =0, To NtUNy C
C1 U Cy, nupuaem P(Cy U Cy) = 0, mockonbky P(C1 U Co) <
P(C1)+ P(C3)). Cnenosarensrno, AUB = (A1 UBp)U (N1 U
Ny), npuuem A1 U By € F, N1 U Ny € M. Takum o6pazom,
AUB €M, T.e. KIacC MHOXKECTB JF 3aMKHYT OTHOCHTE/IHHO
KOHEUHBIX 00beNHEeHMIA.

[Toxokum 0Opa30M [IOKA3BIBAETCS 3aMKHYTOCThH 3JTO-
ro KJacCa OTHOCUTEJNbHO CcueTHbIX obbenunennii. [lyctb
Aq, Ao, ... E?, re. A1 = D1 UNy, Ao =Dy UN,, ..., rae
Dy, Dy, ... € F, Ni, No, ... €N Cuernoe obbenmHEHTE
HYJIEBBIX MHOYKECTB — HYJIEBOE MHOXKECTBO (I0KA3aTETbCTBO
AHAJIOTUYHO TTPOBEJIEHHOMY BBIIIE JIJI JBYX MHOXKECTB C 3a-
MEHOM CBOMCTBA KOHEYHON IOIYaLAUTUBHOCTU BEPOATHOCTU
CBOMICTBOM CYeTHOI monyaaauTusHocTu 10 yeTBepTOro ma-
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parpada). Hasee,

@An:(GDn)u(GNn),

mpuaem J D, € F, U N, €N, re. U A4, € F.

n=1 n=1 n=1
[Mycrs A€ F,re. A=A1UN, e A1 € F, N € M. Tax
kak N — Hy/eBoe MHOXKECTBO, TO Haiimercs Ao € F Takoe,
aro N C Ay u P(Az2) = 0. OueBuHo,

Z:A1UA2+A2(A1UN),

npuuem Ay U A; € F, As(A1 UN) € M, mockoabKy
A3(A1 UN) C Ag, a P(Ay) = 0. Crenosatensro, A € F,
T.e. F 3aMKHYT OTHOCHTEILHO TIEPEX0/a K JIOTNOMHATETHHO-
MY MHOYKECTBY.

Taxum obpazoMm, F — o-aarebpa. W3 ee mocTpoenus
BUJIHO, 4TO JF — HaWMeHbINas o-aarebpa, cojepKamasa F u

N.

2. [TokazkeMm, uTo P — BepoATHOCTHAS Mepa Ha F. Akcn-
OoMa HeOTpHULATeIbHOCTH o4yeBuAHa. [Tockonbky Q = Q + (),
to P(Q) = P(2) = 1. OcTaercs 10Ka3aTh CIETHYIO aIH-
tusnocts P. Iycrs A, € F, n = 1,2,..., re. A, =
D, UN,, tne D, € F, N, € 9. Ilyctb MHOXKeCTBa
Ay, n = 1,2,... IoOapHO HE MEPECEKAIOTCS, TOTIA MHO-
xectBa Dy, n=1,2,... NOmapHO HE TEPECEKAIOTCI U MHO-
xectBa N,, n = 1,2,... momapHo He nepecekaroTcs. [Ipn
9TOM

iAn :i(DnuNn) = (iDn) U (ij:Nn),

n=1 n=1
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(o @] o
rne >, D, eF, > N, €N Crenosarenbho,
n=1 n=1

P(f}w —F((im) y (im) —P(im _
= iP(Dn) = i?(An)

3. Ilokaxkem, dYTO BepOATHOCTHOE IPOCTPAHCTBO
(©Q, F, P) — mommoe. Iycte C € F — nyme-
BOE MHOXKECTBO, T.e. cymecrByer A U N Takoe, d9TO
AeF, Ne®M C c AUNu P(AUN) = 0. To-
rma P(A) = 0. Tak xak N — HyseBoe, TO CYIIECTBYET
B € F, rakoe, uto N C B u P(B) = 0. OueBujsno,
C c AUB, P(AUB) < P(A) + P(B) = 0. 3uauur,
P(C) = 0, re. C € M, caenosarensuo, C = ) + C,

npuyem () € F, C € 9 Ho »sr0 o3Ha9aer, YTO
C € F, me. moboe HyJIeBOE MHOXKECTBO COIEDXKUTCS B
F. O

Mepa P ma F, durypupymomas B TeopeMe, Ha3bIBACTCH
monoiHeHueM mMepbl P aa F. O6bruHo ee 0603HATAIOT TO
ke OyKBO# P, 4TO U MEepBOHAYAJIBHYIO MEPY. DTa IPOIETY-
pa MCIoab30BaIa AKCHOMY HOPMHUPOBAHHOCTH BEPOATHOCTH
P TONBKO B TOM MecTe, T/Ie JIOKa3bIBazock, ato P()) = 1 1
NOTOMY MOXKeT ObITh MpUMeHeHa K 000 Mepe (He oba3a-
TEJIbHO BEPOSITHOCTHOIH).

OxkazwiBaercs, uro Mepa Jlebera nHa R moxer ObITH MMO-
Jydena ciaeayomumM obpaszom. CHawama onpeaensaeTcs Mepa
JlebGera Ha moyasnrebpe BCex MOIYHHTEPBAJIOB BUIA [a,b),
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[JIABA 1. TEOPUS BEPOATHOCTEN

roe —00 < a < b < +00, ¢ TOMOIILIO PABEHCTBA

:u([av b)) =b—a.

3aTeM 3Ta Mepa eJUHCTBEHHBIM 0OPa30oM MPOIOIKASTCS HA
anrebpy obbemHERni TOMyHHTEPBAIOB A ¢ TOMOIIBI0 COOT-

HOIIIeHUST .
p(A) = pullai, b)),
i=1
n
ecim A = ) [a;,b;). Tak xak sta Mepa Ha A o-KOHeuHa,

TO II0 Teopé?/lle O IPOOOJIZKECHHHN MEpPBhI, OHa €JUHCTBCHHBIM
00pazoM TIPOIOIKAETCS HA HAUMEHBINYIO g-aJarebpy, coaep-
xamyto A, r.e. Ha o-anrebpy 6openeBckux MHOKeCTB BB (CM.
JIEMMY O CTPOEHHH o-aJrebpbl 60peIeBCKUX MHOXKeCTB Ha R).
B mpoaBumyThIX Kypcax Mo TEOPUU MepPbhl TOKA3BIBAETCS, UTO
€CJTH TIOTIOJTHATD MEPY M4, OTpPEeIeeHHY0 Ha BB, ¢ MOMOIIHIO
OTIMCAHHON BBIMIE TPOTEIYPHI, TO HAWMEHBIIAas o-aarebpa,
cozepkaliast B u Bce HyJieBble MHOXKECTBa, u3 BB, COBIAJET C
o-ajarebpoit uaMepuMbIx 10 Jlebery muoxkecTs, a Mepa Jlebe-
ra Ha 3TOl o-airebpe ABIIETCS MONOTHEHNEM MEPHI [i, OIpe-
menennoin ma B.

§ 9. Cayuaiinas BeamunHa. Pacunpenenenune u
dyukiusa pacnpenejgeHnd. 3aKOH
pacnpeieIeHus

OiHUM 13 OCHOBHBIX TIOHSITHIT TEOPUH BEPOATHOCTEI SIBJISET-
cs TIOHATHE ciydaitnoit Beanannsl. lIpexk e, deMm mepexoanThb
K (POPMATHLHOMY OIPEIEIeHUIO, PACCMOTPUM P, TPUMEPOB
TaKUX BEJUYUH.

1. Yucmo BBI30OBOB, MOCTYHAIOIMINX OT AOOHEHTOB HA, Te-
JiebOHHYIO CTAHIIMIO B T€UEHUE HEKOTOPOI'O0 BPEMEHH.
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paCIpeieeHusl. . .

2. Hwncnao mogBjeHnl ycrmexa B CxeMe U3 1 He3aBUCUMBIX
ucnbiTanuit Beprysu.

3. CropoCTh MOJIEKYJIBI Ta3a B HEKOTOPBIH MOMEHT Bpe-
MEHU.

4. KoopauHaThl TOYKHU MOTAJaHUs [TPU BBICTPEE IO KPY-
rOBOM MUIIIEHU.

CO CﬂyqaﬁHbIMI/I BeJIMYMHAMHU IIPUXOJUTCA MMETH JeJI0 B
CaMBIX Pa3JIMIHBIX 00JACTIX HAyKH U TEXHUKH. BosHMKaer
npobyiemMa co3maHus METOIOB WX m3ydenwus. llpwBementbie
OpUMEPBI MOKA3LIBAIOT, YTO Mbl UMEEM JIEJI0 C BeJIUInHAMHE,
ITPUHUMAIOIITMI ,ﬂeﬁCTBI/ITeﬂbeIe YUCJIOBbIE 3HAYCHUWA,
OpryYeM KaxKJasli W3 BEeJUYUH 0] BJIUAHUEM CJIyYailHbIX
O6CTOHT€HBCTB B COCTOAHMHN NPUHUMATH PAIJIUIHbIEC 3HAYE-
HUs. 3HAYEHHe, KOTOpOe MpUHUMAeT ClydaiiHas BeJInduHa,
MEHsIeTCsl OT OImbiTa K onbiTy. OcraBasch Ha IMO3UIUAX
Ka9eCTBEHHOI'0 OIMMCaHuA, MOXKeM CKa3aTb, YTO C.quaf/'l—
Hasl BEJIMYUHA — 93TO IEepeMeHHasl BeJUYNHA, 3HAYEeHUsT
KOTOpOit 3aBucAT OT ciaydasd. llompobyem ¢opmaan3oBars
sro ompenenenne. [lycrs (2, F, P) — BepogaTHOCTHOE
IPOCTPAHCTBO, ABJAIOIICECT MATEMATHIECKON — MOJEIbIO
PACCMaTpUBAEMOrO CIYYalHOro KcnepuMenTta. Ilpu ogHoM
ncxoage 3IKCIICPpUMEHTa CﬂyqaﬁHaH BeJIMYWHa IIPUHUMAET
OJHO 3HAJYEHWe, NpPH JAPYroM, BOOOIIE TOBOps, — WHOE.
Takum 0b6pa3zoM, KaxkKI0My JIEMEHTAPHOMY HUCXOAY w € {2
CTABUTCS B COOTBETCTBUE HEKOTOPOE JEHCTBUTEIHLHOE YHUCIIO.
Hampumep, eciu j — 9HCIO YCIEXOB B N HE3aBUCHMBIX
WCOIBITAHUAX DBepHy/an, TO (i CTaBAT IJIEMEHTAPHOMY WC-
xony w = (w1, wa, ..., wy) wucao 6yks "Y" B KOHEUHOI
NOCJIeIOBATEFHOCTH W1, Wa, ..., Wp. Takmm obpasom,
i = p(w) ecrb dyHKIWs, OUpeIe/eHHAs HA MPOCTPAHCTBE
AJIEMEHTAPHBIX MCXOJ0B. ECTeCTBeHHO TO3TOMY CHUTATH CIIy-
JaitHoil BesmunHON AeficTBuTesnbhHyo dyukmmo £ = §(w),
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OTIPEJIEJIEHHYI0 Ha, MPOCTPAHCTBE 3JIEMEHTAPHBIX WCXO/I0B
Q. Jpyrumu cioBamu, £ : Q — R — orobpaxenue
[POCTPAHCTBA 3JIEMEHTAPHBIX UCXOJ0B B YUCJOBYIO TPIMYIO.
Ho sroro maso. Ha mpakTwke B KauecTBe HaDJIIOIAEMBIX
COOBITHIT SABJILIOTCH TIONAJAHNSA 3HAYEHUN CiydaiiHoil Be-
JINYMHBI B T€ WM WHBIE [POCThIE MHOXKECTBA, HAIPUMED,
MOXKHO HabJo1aTh cobbitie {a < < b}, cocrosiiee B TOM,
YTO 3HAYEHWS CJAYyJYalHOM BEJUYUHBI MOMAJAI0T B UHTEPBAJ
(a,b). OrmOCMTENBHAST YACTOTA TAKOTO COOBITHS MOKET
OpITh M3MepeHa (xoTs OBl mpuHIUNHAILHO). CregoBaTesHO
JIO/IKHA CYIECTBOBAThH BEPOATHOCTH TAKOro coObiThsi. Ho
BEpPOSITHOCTDL Ompejieiena Ha o-ajarebpe F. [losromy, 910661
OHO IEHCTBUTEIHHO HABJAIOCH COOBITHEM, HEODXOIWMO u
JIOCTATOYHO, 9TOOBI MHOYKECTBO T€X DJEMEHTAPHBIX UCXOI0B,
st Koropbix &(w) upunagexur (a,b), npuHAIIEKATO
o-anrebpe F. TloaToMy ecTeCTBEHHO BBECTH CAEIYIOITEE

Onpenenenne 9.1. (deilictBurenbHoit) cay4daiinoit
BEJIMYUHON Ha3bIBaeTcd JeficTBuresibHas (hyHKius &
Q) — R, usmepumasg orHocuTebHO o-aarebpnr F. [lpu srom
[0/l U3MEPUMOCTHIO OTHOCUTEJIbHO J TOHUMAETCs BbI-
MOJTHEHME OJHOTO W3 CIEAYIONTNX TBYX IKBUBAJIEHTHDBIX YCIO-

BHii:
1. Vx € R Bemonmsgerca {w: {(w) <z} € F;
2. VB € B BononHsAeTcs
I(B)={w: ¢£w)e B} e F.

Ha nepBblil B3I MOKET OKA3aThCS, 9TO BTOPOE YCI0-
Bue Tpebyer bosbire, yem mepsoe. /lefictBurensuo, u3 2. cie-
ayer 1. Kak YJacTHBIR ciaydaii, ecyim B 2. MOJOXKHTH B =
(—o0,x). Ha camom meme u3 1. takxke cregyer 2. 3a CUeT TO-
ro, 9TO CeMeHCTBO MHOXKECTB B, 1ist KOTOphIX {w : &(w) €
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B} € F obpasyer o-airebpy, KOTOpast CONEPKUAT MHOXKECTBA
Buzna (—oo, ), a, 3HaunT, cogepxut B. [Iposegem Gonee mo-
JIpOoOHOE TOKA3ATENIBCTBO.

JJoxkazaTenabcTB O TOro, uro u3 1. ciemyer 2.
PaccMoTpuM ceMeiicTBO MHOZKECTB

M={B: BCR, £B)cF}.

Hokazkem, ato M — o-amrebpa. U3 Toro, aro £~ 1(() =
B CJIeI];yeT gro ) € M. Hanee, ecim A, B € M, Te.
) EB) € F o 1) =R A) =R

A) = Q—¢HA) € F, re. A € M. Kpowme Toro, u3
), & ( ) € F crenyer, uto £ 1(AUB) = ¢ 1(A) U

B) € F, re. AUB € M. Urak, M — anre6pa Ecmm

TOMy)KQ,ZL.HHﬂ—lQ . A, €M, e 1A, € F,

TO £ (UA) Uf ( n) € F, a, smaamt, |J A, € M.

n=1
HoaTOMy sm — o- aﬂre6pa

B cuny 1. (-0, ) € F, crenosarennHo,
(-0, ) € M Ve € R u tak xaxk M — o-aarebpa, T0O
(a,b) = (—00,b) — (00,a) € M, cregoBaTeIHHO, MHOKECTBA

n
suga A = > [a;, b;) npunamnexar M. 3uaunt, aarebpa
i=1
monyuaTepBagos A C M. Tak kax I — o-amrebpa, TO
o(A) C M, re. B C M. Iocneanee o3uagaer, uro VB € B
BeITIONTHsIeTCst B € 9N, uro, mo ompenenennio M, o3HATAET,
aro £71(B) € F, T.e. BumonHsteTca 2. O

BaMeTnM, 9TO ¢ TOUKH 3peHns 0TOOPasKEeHNi M3MEePUMbIX
MPOCTPAHCTB Caydvaiinas Benmanaa & ecth F /B-uzmepumoe
oTobpakeHrne u3MepuMoro npocrpanctsa (£, F) B u3Mepu-
moe npocrpancreo (R, B). HefictBurenbHo, ycaoBue u3me-
PUMOCTH 2. SKBHBAJICHTHO ToMy, uto £ 1(B) C F.
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OTMeTHM, 9TO €CJId MPOCTPAHCTBO 3IEMEHTAPHBIX HC-
x0710B {) MMCKPETHO, TO CaydaiiHast BeJudnHa — JIH0DAs
neiicreurenbHag yaknus § = {(w), ompemeseHHas Ha
MPOCTPAHCTBE JTEMEHTAPHBIX MCxoaoB (). JledcTBuTenHO,
B 3TOM CIy9ae Mbl JIOTOBOPUJIUCH B KA4eCTBE O-aarebph
F 6parb Kjacc Bcex mojaMHOxecTB MHOxecTBa ). Iloaro-
My JE060€ TOJMHOXKECTBO, B YaCTHOCTH, MOAMHOKECTBO
{w: &(w) € B} npunamgrexur F, u TpeboBaHHE W3MEDH-
MOCTH aBTOMATHYECKN BBITIOJHAETCH s J000#H (DyHKImn

§=¢(w).

Onpenesenue 9.2. @yHkiueil pacupeaeaeHust Ciy-
YaiHON BeJIMYUHBI £ HAa3bIBAETCH JIeHCTBUTEIbHAS DYHKIHSI
JeicTBATENbHON nepeMennoit F' = Fy : R — R, onpenesnen-
Has PaBEHCTBOM

F(x) =Fe(r) = Plw: {(w) <z} =P{{ <z}, zeckR

Onpenesnenue 9.3. Pacupenesienuem ciydaittoil Be-
amauHel { HasblBaeTcd QyHknua MHOXKecTB P @ B — R,
3a/laHHas] PABEHCTBOM

Pe(B) = P(§71(B)) = P{w: €&(w) € B} = P{¢ € B},

B eB. (9.1)

[MoguepkHem, 4o obactbio onpejpenenns F(x) sasiser-
sl BCA YMCIOBAd IpaAMasi, 06/1acThio onpegenenns Pe(B) —
o-anrebpa BOpemTeBCKUX MHOMKECTB UHCI0BON mpsimoit. MH-
meke £ y QYHKIMK pacCIpele/eHus CTABUTCA B TOM CJIydae,
KOTJIa PAaCCMATPUBAETCH HECKOJBKO CAYYAMHBIX BEJTWINH
U HAI0 IONYEPKHYTh, K KAKOM MMEHHO M3 HHX OTHOCHTCS
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paccmarpuBaeMasi  (yHKIust pacupejesenus.  Cobbirust
{£ < z} u {¢€ € B} cayxar kparkumu 0003HAYEHUSIMU
coorBercTBeHHO cobpiTnil {w @ {(w) <z} u {w: &(w) € B}
U J7IsI KPATKOCTH PEYH COOTBETCTBEHHO HA3BIBAIOTCS ''BEpO-
SITHOCTBIO TOTO, UTO £ TPUHUMAET 3HAUEHNe, MeHbIinee T u
"BEPOATHOCTHIO TOrO, UTO £ MOMATaeT B MHOXKecTBO B". Eie
pa3 Hog4YepKHeM, 4TO U3MEPUMOCTL CIy4YaliHOl BeJIMYUHDBL
OTHOCUTEJIbHO o-aiarebphl F HEOOX0IUMa, B YACTHOCTH, I
Toro, 4Tobnl 6bLn KOppekTHBIMEU onpenenerud 9.1 u 9.2,
T.e. YTOOBI MHOXKECTBA, CTOSIINE TI0J] 3HAKOM BEPOSTHOCTH B
TUX ONPEJIE/IEHUAX, ABJISIUCH COOBITUAMU (TPUHATEKAN
F), M UX BEPOATHOCTH OBLIU OIIPE/Ie/ICHBI.

Ipumep 1. Haynaay 6pocaercsi "mpaBuibhas" MoHeTa.
Tlepen ee mombpachiBaHMEM WIPOK 3arajbiBAET BBIMAIEHNE
repba. Ecau Bbimajger repb, TO UIPOK IOMYYUT BBIUTPHIII
OJIHOM JIEHEIKHOI eJMHWUIIBI (J1.€.), eC/TM BBITAJIET PEeIKa, TO
UTPOK OTJACT CONEPHUKY ONHY m.e. IlycThb & — BBIMIPBIII
Urpoka B 0JHOI Takoi napruu. B ganHom ciayuae Q = {e,p},
npudem £(2) = 1 me. u &(p) = —1lme. Tak xkak 0 mauc-
KPETHO, TO M3MEPUMOCTD BBITTOJTHEHA aBToMaTndecku. VTak,
¢ = ¢(w) — crydvaiinasg BeIMYMHA.

Ecm z < —1, 1o, nockombky {w : &(w) < z} C {w :
E(w) < —1}, mmeem F(z) = P{w : €w) < z} < P{w :
f(w) <=1} =P(0) =0. Urax, F(z) =0 mpn z < —1.

Ecm -1 <2z <1, 10{w: {w) <z} ={w: {(w) =
—1} = {p}, crepoBarenvro, F(z) = P{w : &(w) < z} =
P({p}) = 1/2.

Hakoner, ecim ¢ > 1, 1o {w: £(w) < x} = Q, mosTomy
F(z)=Plw: &w) <z} =PQ) =

Takum obpazom, (DYHKIUS pacipeieseHust CayJaiiHoi

131



[JIABA 1. TEOPUS BEPOATHOCTEN

BeJIMUUHLI £ paBHA

0, ecmzx < —1,
F(x) = %, ecn —1 <z <1,
L,

ecan x > 1.

OrmernM, 9To 3Ta PYHKIHT — HEYOBIBAIOIIAA, HEIPEPHIBHAST

cieBa (B KazKI0# TOUKE), MMEET MpeJiesi, PABHBIH HYJIIO, IPH

T — —O00 U Ipeesl, paBHBI eJUHUIE, IPUH L — —+00.
Pacnipesienienne ciayygaiinoit Besimannbl € paBHO

0, ecm —1¢ B, 1¢ B,
Pe(B)=1{3, ecmu —1€B,1¢Bum—-1¢ B, 1€ B,
1, eem —-1€B,1€B.

ITpumep 2. Ha orpesok [a, b] naygady Gpocaercs Toduka,
¢ = {(w) = w — ee KOOpAWHATA w. JTa CIyIafHAS BETHIU-
Ha CTaBUT B COOTBETCTBUE KazKJOMY IJIEMEHTAPDHOMY HCXO-
oy w € Q = [a,b] cam sTOT 3MeMeHTApHBIH ncxox. Tak kak
F = Leb([a,b]) — o-anrebpa usmepumbix 1o Jlebery mos-
MHOZKECTB OTpe3Ka [a, b], n ona comepxkut o-aaredbpy B([a, b])
HOpEJIeBCKIX MHOXKECTB 0Tpe3Ka [a, b], To

VB € B mpoobpas £ H(B)={weN: £w)e B} =

={weQ: weB}=BnN]la,b] € B([a,b]) C Leb(]a, b)),

u &(w) mamepuma ornocuresnsro F = Leb([a,b]), T.e. aus-
€TCd CJIydalHOU BEJUYUHOMN.

Ecm z < a, to cobbirne {w :  &(w) < z} aBasgerca
HEBO3MOXKHBIM, nodromy F(z) = P{w: &(w) <z} =0.
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Ecmun a < x < b, T0O, B COOTBETCTBUE € MEOMETPUIECKUM

onpenenennem Beposithoct, F(x) = Plw @ w < z} =
wlax)) _ z—a
b—a b—a-

Haxkownen, ecim & > b, o cobertne {w :  §(w) < z}

SBJISIETCS JJOCTOBEPHBIM, ciiegoBaresnbho, F(x) = P(Q) = 1.
Taxum obpazom, dyHKIMS pacHpemeseHus CIydaiHoi
BeJIMUUHLI £ paBHA

0, ecin x < a,
F(z) = %2, ecma<z<b,
1, ecnu x> b.

[Ipo ciyuaitayto BeTUYIHHY ¢ TaKO# pyHKIHEN pacopee-
JIEHWsI TOBOPSIT, YTO OHA PABHOMEPHO pacrpe/ieJeHa Ha
oTpe3ke [a, b| win 9To OHA UMEEeT PABHOMEPHOE pacipe-
JleJieHne Ha oTpeske [a, b]. Urak, KoopauHaTa 6GporierHoil
HAyIady Ha OTPE30K |a,b| TOUKM mMeeT paBHOMEpHOE Dac-
npejielenre Ha 3ToM oTpeske. Kak m B mpeapIayIneM mpumve-
pe oTMeTnM, 9To (PYHKIUS PABHOMEPHOTO PACIPEIeTeHIsT —
HeyOBIBAIOIIAs, HEMPEPBIBHASA C/IEBa, (JlasKe HempepbIBHASL ),
UMeeT TIpeiesl, PaBHBIA HYJII0, IPH & — —00 W IPEeIesT, paB-
HBIA equHMIEe, Tpu & — —+00. Kak Mbl ybeaumcs masee,
9TU CBONCTBA TPUCYIITH JTI000# (PYHKINN PACIPEISICHU 1 B
OIIPeJIeIEHHOM CMBICTIE SIBJIAIOTCS XapaKTepUCTHIECKUMHU.

Pacnpenenernne £ paBHO

BNja,b
b—a
rae p(B) — mepa Jlebera MHOXKecTBa B.

Sameuarnue 1. B kyraccuaeckoit cxeme BEpOSITHOCTD COOBI-
THS paBHA HYJIO TOTJA U TOJIBKO TOT/IA, KOTJA ITO COOBITHE

133
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ABJIAETCA HEBO3MOXKHBIM. JIeHCTBUTENBHO, B CULY KJACCH-
9ecKkoro onpejesenus sepositHoct, P(A) = % =08 TOM U
TOJILKO TOM ciay4dae, eciu k = 0, T.e. cobpITuiO He 61arompu-
ATCTBYET HU OJWH HCXOf, caenosarensio, A = (). B cryuae,
korga ) DECKOHeYHO, HYJIEBYIO BEPOSITHOCTH MOTYT WMETh
COOBITHS, OTIMYHBIE OT HEBO3MOXKHOro. Hampumep, ecam
£ paBHOMEpHO pacupejesieHa Ha orpeske [a,b], To Vo € R
semosasiercs P{{ = z} = 0. Ha nepsriit B3misin mMeercs
MapaJ0KCaIbHaA CUTYyaAllUd: BCA YNCIOBAA TpAMad COCTOUT
U3 TOYEK, BEPOATHOCTH IONACTh B KaXKAYID M3 KOTOPBIX

paBHa Hymto, npudem 1 = P{{ € R} = Y P{{ =z} = 0.
Tz€R
Tax paccyxzmarh Henb3d. Bo-mepBbIX, HEIb3d TPUMEHATH

CBOWCTBO CYETHOH AINTHBHOCTH K KOHTHHYAJLHOMY UHCTY
CJIara€MbIX, BO-BTOPBIX, TOHATHUEC CYMMBI OIIpEAE/IAeTCd .HI/I6O
JI7IT KOHEYHOTO YHUCIa CraraeMblx (00bI9HAss CcymMa), Jubo
st caerHoro (cymma psiza). B KOHTHHyaJIlbHOM Caydae
pPOJIb CYMMBI BBIIOHSET WHTErpas. U, meiicTBUTEIbHO, B
JaJbHEHIIeM, TpU W3YIeHUH CIYIafHBIX BEJIWYHH TaKOro
JKe THIA KAK PABHOMEPHO PaClpejiesieHHast, Mbl HCIIOTb3yeM
HHTErpajbl. 3716Ch YMECTHO TTPOBECTH AHAMOTHIO ¢ MEXaHM-
Koit. [Tpu HempepbIBHOM pacHpejieieHi MacChl M0 06beMy
KaXKJ1ast OTIeTbHAsT MATEPUAIbHAS TOYKA TejIa WMEeT Hy-
JIEBYI0 MAaCCy, W TEI0 CKJIAABIBACTCS W3 KOHTHHYAJTHHOTO
YUCTAa TAKAX TOYEK, TITO HEe MENIaeT ITOMY TeNy WMeTh
KOHEUYHYIO HeHyJIeBYt0 Maccy. L 9roro ciydas B MEXaHUKe
BBOJUTCS TOHATHE TJIOTHOCTH MaCCHhI, C MOMOIIBIO KOTOPOit
MaCCa BCETO TeIa BBIPAXKAETCS WHTETPAJTIOM OT TLIOTHOCTH
mo obbemy 3TOro Tena. B manbHeiniem Oymer mpUMEHEH
AHAJIOTUYHBIA MOAXO/ U B TCOPUU BEPOATHOCTEH.

Teopema 9.4. Pacnpedeaenue sepoamuocmeti Py Acaa-
emca 6ePOAMHOCBIO (6epoAMHOCTHOT MEPOTL) Na usMEPU-
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mom npocmparcmee (R, B).
Jdoxaszatenscrso. Pyaxmus Py no dopmyse (9.1)
CTaBUT KaxkaoMy B € B B cooTBercTBHE IEHCTBUTEILHOE
anciao Pe(B). Hpu arom
1) VBeB P(B)=P(E1(B) >0
2) P(R) = P(e" (R)) = P(Q) = 1.

3) ecmu cobbitust By, By, ... € B u monapHO HECOB-
MECTHMBI, TO, TIOCKOIBKY Tpoobpasel £~ 1(By), £~ (Bs),
HEMepecekaromxcss  MHOXecTB By, Bs,... camMm  He

o0 (o]
nepecekatorcst, P:(> B,) = P Y Bn) =

o 1 n=1 ~ ) n:1oo
P( Zlf’ (Bn) = le(i’ (Bn) = Zl Pe(Bn),

n= n= n=

g

Tak kak {w: a <{(w) <b} ={w: {(w) <b} —{w:
¢(w) < a}, mpuaem {w: {(w) <a} C{w: &(w) < b}, ToO

Pla<{<b}=Plw: a<&w)<b}=F()— Fla).
(9.2)

Csoticmea dynxyuu pacnpedenenua.

1.0< F(z) <1
DT0 CBOMCTBO OUEBHAHO, MOCKOALKY F(x) aBiasercs
BEPOSITHOCTBIO TIPH (DUKCUPOBAHHOM X.

2. OyukIMa PaCIpene/ieHus IB/IsIeTCI HeyOBIBAIOIIEH.

Heiicteurensho, ecmm x1,22 € R, x1 < x9, 0 {w :
f(w) < 11} C {w: &w) < x2} (ecnm mepBoe cobbITHE
[IPOUCXOUT, TO MPOUCXOMUT u Bropoe). Ilo cBoiicTBY BEpo-
aTHoCTH 4 M3 deTBepToro maparpada

F(z1)=P{w: &{(w) <z} <Pl{w: &w) <z} = F(x2).
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B cuny cBoiicts 1 u 2 dbynkius F' siBjisgercs MOHOTOHHON
u orpanngenuoit. [loaTomMy CyIecTByIoT ee mpeae/ibl Ha — 00
U 400, KOTOpbIe MBI 0DO3HAYUM KaK
F(—o0) = lim F(z); F(4+o00)= lim F(x).
T——00 T——+00
3. F(—o0) =0, F(+o00)=1.
Ha maTYUTHBHOM ypOBHE 3TH CBOMCTBa MOHATHLI: €CIH

x — —00, T0 cobbiTre {{ < z} crpemurca K cobbrTuio {€ <
—00}, KOTOPOE SABJIAETCS HEBO3SMOXKHBIM, OITOMY

F(—o00) = P{{ < —o0} = P(0) = 0.

AHAJOTUIHO, eCIIU T — 400, TO cobbiTue {§ < x} crpemurTcs
K cobbitnio {€ < +00}, KOTOpOe SABJISeTCs JOCTOBEPHBIM,
[I03TOMY

F(4+00) = P{{ < +o0} = P(Q) = 1.

DT0, KOHEYHO, HE MOXKET CIYXKUTb JOKA3ATETHCTBOM, TaK
KaK IIPeJe/IbHbIN IIePEeX0, COBEPIICHHBIR 10/ 3HAKOM BEpO-
SITHOCTH, TPEOYET JOMOJHUTESIHHOIO0 0OOCHOBAHMSI.
HdoxkxaszaTeabcTB o B cuny cymecrBoBaHus
[IPEeJIEJIOB JIOCTATOYHO JI0KA3aTh, YTO
lim F(—n)=0, lim F(+n)=1.
n——+0o00 n——+0o00

JIj1st 3TOr0 MBI PACCMOTPHM MOCIEI0BATETBHOCTE MHOKECTB
{4}, tne A, = {w : —n < €(w) < n}. Tak kak

o0
Ay, CAnpim U An = Q, 10, 110 OIIpEIeSIeHII0 CXOUMOCTH
n=1
mocaegoBarenbuocreil Mooxkects, A, T €. Ilo cpoiicTBy
HenpepbiBHOCTH BepositHoCTH, P(A,) — 1, uro B cuny (9.2)

oznauaer: F(+00) — F(—o0) = 1. B cuny coiicrBa 1 06a
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qnciaa F(+00) n F(—00) HeoTpHUIaTe bHBI, a UX PA3HOCTDH
paBHa 1. DTO BO3MOXKHO B TOM M TOJBKO TOM C/Iydae, eCiiu
mepBoe W3 HUX paBHO 1, a BTOpoe — (.

4. OyHKIMs PACTIpPEeeHs] HEMPEPhIBHA CIeBa (B KaxK-
noit rouke R).

Oyukiusg F' MOHOTOHHA W OTPAHWYEHA, TOITOMY OHA
MOXKET WMETb PAa3pbIBbI TOJALKO 1epporo poga. Cieno-
BaTEJbHO B KaXKJIOfl TOYKE OHA WMEEeT OJJHOCTOPOHHUE
npenesnpl. Urax, aag awboro a € R cymecrByer mpe-
nen F(a +0) = ngJlroF(x) Tpebyercsa mokazarb, 49TO

F(a+0) = F(a). Jyst 9T0r0 J0CTATOYHO J0KA3aTh, YTO JJIsI
KaKOH-TO IIOCIeI0BATEIbHOCTH T, — a + 0 BblIOJIHSAETCH
F(zy,) — F(a). Takum 06pa3om, JOCTATOUHO J0KA3aTh, YTO

F(a — %) — F(a) mpu n — oo. Paccmorpum mocienosa-

TeJbLHOCTh MHOXKeCTB B, rae B, = {w o €(w) <a-— %}

Ecm B = {w: &(w) < a}, 1o, oueBngno, B, C Bpt1

u Ej B, = B, te. B, T B. Ilo cBoiicTBy HempepbIBHO-
n=1

CTH BeposiTHOCTH 3TO 3Hauwt, uro P(B,) — P(B), re.

F(a—%) — F(a).

5. P{{ =a} = P{w: {(w)=a}=F(a+0)— F(a), re.
BEPOSITHOCTD 3HAUEHUsI CJIyIaiiHOIl BEJIMIHHBI PABHA CKAUKY
bYHKIMY pacIpeeseHus IPU 9TOM 3HATCHWH.

PaccmorpuM  mocrenoBareabHoCTs MHOKeCTB O, e
C, = {w o a<E<a+ %} QueBugno, C,, D Cpi1 1
[o@)

N Cn=0C,tme C={w: ¢&w)=a}. Urak, C, | C; no

n=1
cBoficTBy HenpepeiBHOCTH BepositHoctu, P(C),) — P(C), re.
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P{w: a§§<a—|—%} — P{w: {(w)=a}. B cuny (9.2)

9TO O3HAYAET, UTO F(a + %) — F(a) = P{w: ¢{(w) = a},
re. P{w: &(w) =a}=F(a+0)— F(a).

CaencrBue 9.5. Hapady ¢ (9.2) evwnoanaiomcesa pagen-
cmea

P{la<&<b}=F(0b) — F(a+0),
Pla<¢{<b} =F(b+0)— F(a),
Pla<&¢<b}=F(b+0)— F(a+0).

Heiicteurensho, P{a < { <b} = P{a <& <b} — P{¢ =
a} = F(b) — F(a) — [F(a+0) — F(a)] = F(b) — F(a+0).

3adaua 1. lokaxkure e apyrue (hbopMyJibL.

CuencrBue 9.6. Ecau F nenpepwena 6 mouxe a, mo

P{¢=a}=0.
B wacrtrOCTH,

Caencrsue 9.7. Ecau F nenpepwena, mo das aobozo
x € R ewnoanaemca P{§ =z} = 0.

Samenarnue 2. Mbl onpenesuan (PYyHKIUIO pacipee/ie-
Hust paBeHcTBoM F'(z) = P{{ < z}. He menee gacro dyHK-
nuio pacupejesnenns onpejensitor kak F(x) = P{¢ < x}.
IIpm TaxoMm ee ompeneneHUN Bce CBOHCTBa, Kpome 4,5, ocTa-
torca B cune. CBOCTBO 4 TpeBpaIaercs B HEMPEPHIBHOCTH
F cropasa, a ceoiictso b 8 P{{ = a} = F(a)—F(a—0). ®op-
myna (9.2) npespamaercs B P{a < £ < b} = F(b) — F(a),
dopmysbl B ciegcTBun 9.5 COOTBETCTBYIOMINM 00pa3oM
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uamenstorcs. Chaencreus 9.6, 9.7 coxpaHsOTCs.

Teopema 0 cyIecTBOBAHUU CJIy4daiiHOII BeJIMIUHBI
¢ 3asanHol (pyHKIMeln pacupeneneuus. [lycmo dynk-
yus F: R — R

1) ne y6wisaem,

2) HENPEPUBHA CAEBA,

3) F(—o0) =0, F(+0)=1.

Tozda cyuecmeyem 6epoOAMHOCMHOE NPOCTMPAHCMEO
(Q, F, P) u caywatinaa seaununa § = &(w), onpedesennan
HO HEM MAKaAH, YMO

JokasaTeabcCTB O 9TOH TEOPEMBI BBIHOCUTCS
B TIPUJIO2KEHUE. ()TMeTI/IM7 9TO OHa MOdaceT BO3MOXKHOCTD
HOCTPOEHUsT HEOIPAHMYEHHOTO YUCIa IPUMEPOB CIIy YailHbIX
Benmwana. st 9TOro A0CTATOYHO TWPUAYMATH (OYHKIUIO
F: R — R, yI0BIeTBOPSIONIYIO YCIOBUAM 1)-3) T€OpPEMBI.

Onpenesenue 9.8, 3akonom pacrpeaeieHust
CaydJaiHON BenuuuHbl £ HA3BIBAETCH J00as (QyHKIN,
OJTHO3HAYHO OIPEJIESIONIAst ee (PYHKIIUIO PACIPEIETCHNS.

B wactHocTH, cama (hyHKIUS pacipeesieHus SBISETCS
3aKOHOM pacnpezesnennud. Ecam ussecrno pacnpenenenne Py,
TO (PYHKITAST PACTIPEIETCeHNsT MOXKeT OBITh HafileHa Kak

F(x) = P{§ <x} = P{€ € (—o0, z)} = Pe((—00, z)).

OxkaswiBaercs, nMeeT MeCTOo 00paTHOE YTBEPKICHIUE.

Teopema 9.9. Pacnpedenenue sepoammnocmets Pe odro-
3nauno onpedessemca dynxyued pacnpedeaenus Fe(x).
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JokaszaTeascTso. lcnonp3osanne (9.2) mokasbl-
BAET, YTO PACIPEAEJICHIE OJHO3HAYHO OHpeje/sercs (hyHK-
npell pacrpe/iesieHnst Ha MoIyasarebpe HHTEPBAIOB BUIA [a, b)
KaK

Py([a,b)) = F(b) - Fla).

B cBowo ouepens, pacmpenesienue Ha anrebpe obbenuHeHUM
MOJIYUHTEPBAIOB A OJHO3HAYHO OTPEAEITeTCsa PaCIpeiesre-
HIUEM Ha mojtyajrebpe WHTepBAIOB BUIA [a,b) Kak

Pe(A) = Pe([ai i), e A=) [ai,bi).
i=1 =1

Tak Kak pacrpesesenne — BePOATHOCTHAS Mepa, TO, TI0 Te0-
peMe 0 TMPOIOIKEeHHH MEpHI, Ha HaMMEHbIIIel o-aaredpe, co-
nepxkareit aaredbpy A, T.e. Ha g-agrebpe DOPETEBCKUX MHO-
JKECTB, paclpeieseHne OJHO3HAYHO OINPEIe/IIeTCd CBOMMUI
sHadennsaMu Ha anrebpe A. Tlostomy FPe(B) ompenenser-
csa nyst Bcex B € B 3nauenusamu OyHKIIUE paclpeeeHns.
O

Taxum obpasom, pacupemenenue u (PpyHKIUS PaCIpee-
JIEHWSI OFHO3HAYHO OIPEIEIsOT APYr ApyTa. Jalle moJib-
3yIOTCA (PYHKIHEN paCIpeeieHus, MOCKOIbKY TPUBbITHEE
[IOJIB30BATHC JEHCTBUTENbHBIMY (DYHKINAMEA I€HCTBATEIb-
HOTO TepEeMeHHOT0, a He Mepamu. QmHAKO WHOTAA, yI00HEee
HCIIO/IB30BATH PACIPEIC/ICHIE.

B cuny BblmeckazaHHOTO, 3aKOH paCIpeIeIeHus] MOKHO
OIPeAeanTh KaK J00yI0 (DYHKIUIO, OJHO3HAYHO OIIpese-
JIAIONIYIO pacupenenenne. VTak, yHKIUS pacapeneTeHns
" pacipegejeHne ABJIdI0TCA YHUBEPCAJbHBIMU 3aKOHAMU
pacupenenieHnsa (T.e. COISIIAMUCA JJIsT JIIOOOI CTyJaifHoM
BeJII/I‘{I/IHbI). I‘IyTb TI032K€ MBI ITOBHAKOMUMCAI CO CHe].[I/ICbI/Iqe-
CKUMH 33aKOHAMH pPaCIpeIeeHns], KOTOPhe XapaKTepU3yIOT
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OoIIpede/JIEHHbIe THUIIbI CJIy‘IaI;'IHI)IX BCJINYUH.

Cayuaiinas Bemmuwmna § = £(w), ompemeneHHas Ha
BepOSTHOCTHOM mpoctpancTse (2, F, P), unaymupyer (1mo-
pOXKaeT) HOBOe BeposTHOCTHOe mpocrpancTBo (R, B, P),
KOTOpOe HA3BIBAETCS KOOPAUHATHBIM MPOCTPAHCTBOM
coyuaiinoit Bemwuuubl €. Ilpm sTom R Tak:ke HazbiBaeT-
¢ KOOPAWMHATHBLIM IIPOCTPAHCTBOM 3JI€MEHTAPHBIX
ncxomoB. Ha & mMoxHO cMOTperh Kak Ha DI€MEHTAPHBIN
ncxon B R, a MHOXKecTBaM 3JeMEHTapHBIX nucxonoB B € B
npuUnnceBaeTcs BeposTHOCTh P (B). Bo MHOrmx 3samadgax
TEOPUU BEepOATHOCTEH BakKHa He caMa ClydYaiiHasd BeJudu-
Ha, a ee 3aKOH pacmpemenenus. B TakoM Ciaydae MOXKHO
3a0BITh O "pyHKIMOHATEHOM'" TPOUCXOXKIEHUHN CIyIaiHOM
BEJINIMHBI, OTOXKIECTBIAAS €€ C SIEMEHTAPHBIM HCXOIOM
KoopauHaTHOTO mpocTpanctBa (R, B, Pr) u HasbiBasg ee
KOOPAMHATHOI ciryvaiiHoii BesuunnHoii. Takoii orpy6-
JIEHHBI B3IJISL]] HA CJyYalHYIO BEJIMYMHY OCODEHHO yMecTeH
B MATEMATHIECKOH CTATHCTHKE, KOTJAA UMEIOTCS PE3YTbTAThI
ee M3MepeHnil, a BEPOATHOCTHOE TTPOCTPAHCTBO, HA KOTOPOM
OHa OTpefe/ieHa Kak (DYHKIHS OT w, KAK MPABWIO, HEH3-
BECTHO.

Onpenesnenue 9.10. Caygaiinbie BesimauHbl € U 1) Ha-
3BIBAIOTCA YKBUBAJEHTHBIMU, €CTH OHU COBMAAI0T TOUTH
BCIOJIy OTHOCHUTEIbHO BEPOSATHOCTHON Mephl P, T.e.

Plw: §(w) #n(w)} = 0.

Jlpyrumu cioBaMu, OHU COBITAJAIOT HA MHOXKECTBE ITOJI-
HOI BEPOATHOCTU:

Plu: £w)=nw)} =1L
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3adava 2. Ilokarxkure, 9TO OTHOIIEHUE SKBUBAJIEHTHOCTH
MeXAy CﬂyqaﬁHbIMI/I BeJIMYMHAMUN ,ﬂeﬁCTBI/ITeI{bHO ABJIAETCA
OTHOIIIEHUEM SKBUBAJEHTHOCTH, T.€., UTO OHO pedJIEKCUBHO,
CUMMETPUYIHO U TPAH3UTUBHO.

[ToaToMy MHOXKECTBO BCEX CJIYUAMHBIX BEJIMYUH pa30uBa-
€TCAd Ha HelepeCeKaImuecd KJ1aCChl 9KBUBAJICHTHBIX MEXKIY
coboit ciryuaitabix BeandnH. [lockonbKy

=P{{eB, {=nt=P{neB, {=n}=
=P{ne B, {=n}+P{neB, {#n}=P{ne B}

TO pacHnpefesieHns CIy49aliHbIX BeJWYWH BHYTPH OJHOIO
Kjgacca copmagarmT. Urak, ecam ciaydaliHble BeJIMYUHBI
9KBUBAJEHTHBI, TO WX 3aKOHBI PACIPEIeJeHNs COBIAJIa-
tor. O6paTHOe, BOODIE TOBOPS HEBEPHO, YTO MOKA3BIBAET
OpUBOAVMMBIN Huxke mnpumep. Pasymeerca, BCoOay Hamu
MPEJIOIATAIOCH, 9TO CYyYaiHBIE BeTMIMHBI OPE/IeIeHBl Ha
OTHOM W TOM YK€ BEPOSITHOCTHOM TPOCTPAHCTBE.

Ipumep 3. PaccMOTpUM BepOSATHOCTHOE MPOCTPAHCTBO
(Q, F, P), rne Q =1[0,1], F = B([0,1]) — o-anrebpa Gope-
nMeBcKuX MHOXKecTB oTpeska [0,1], P — mepa JleGera. Ouo
coorBercTByeT GpocaHnio Hayady TOYKM Ha orTpe3ok [0, 1].
[ycts & (w) =w, Sw)=1—w,

2w, eC.HI/IOSLUS%,
2(1 - w), ecm i <w<l.

fg(w) =

OueBuano, uro aua 0 < x <1

Fg (2) = Plw <z} =,
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Fo(v)=P{l—w<z}=Plw>1-z}=ux,
Fey(z) = Plw: &(w) <z} =

1
=Plw: &) <z, 0sw< i+
1 1
+P{w: &w) <z, §<w§1}:P{2w<x,0§w§§}—|—

1
+P{2(1-w) < z, 5 <w <1}=Plw< §}+P{w > 1_5} =

BRI

OuesBnsiHo, BCe TpU (DYHKIUHU 0OPAMIATCS B HOTb, €CIH
x < 0, n paBubl enwHUIE, ecan x > 1. Takum obpazow,

0, ecmzx <O,
Fe () = Fey(x) = Fey(x) = q o, eom 0 <z <1,

1, ecmmax > 1.

WUrak BCE TpU BEIUYUHBI UMEIOT OJUH U TOT XK€ PABHO-
MepHBIH 3aKoH pacnpejenenust Ha orpeske [0,1]. Cawmmu
STU BEJMYWHBI CYIIECTBEHHO oTianvatorcsd. Harmpumep, npu
oTobparkenwnn £ BCE TOYKM HEMOABUKHBI, TPU OTOOPAKEHNN
€2 HETOJBUZKHA, €IMHCTBEHHAS TOYKAa w = 1/2, mpu oTobpa-
kernu €3 HEMOABUKHBI JBe TOYKN W = 0 m w = 2/3. Takum
006pazoM, OJIMH U TOT K€ 3aKOH PACIPEIENeHUus MOTYT UMETD
CYIIECTBEHHO OTJIUYAONINECS CJyJaiiHble BETUIUHBL. HacTo,
MpOSIBJIssT HEOPEXKHOCTh Pedr, TOBOPSIT, UTO CAydaifHas
BEJINUMHA OIPEIESeTCss CBOUM 3aKOHOM DPaCIpeeeHUs.
Kaxk mokaswiBaeT mpuBeseHHBIN TPUMED, IO 3aKOHY PaCIpe-
JleJIEHUs OJTHO3HAYHO BOCCTAHOBUTH CIYYAHHYIO BETUIUHY
HEBO3MOXKHO. [103TOMY TIpaBUIBEHEE TOBOPUTH, UTO BEPOSIT-
HOCTHOE TTOBEJIEHUE CIyYafHON BEJTUUUHBI OIPEIETSIeTCS ee
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pacrmpezeseHieM, a He caMa 3Ta BeJIUYUHA.

OdeHb YaCcTO NPUXOANTCA PACCMATPHUBATL PA3IMIHBIE
dbyukimr oT cayuaitaoi Benmuwabl. Korma stm dyHKIMN
CaAMW SIBJITFOTCST CJTYIAMHBIMY BEJTHIUHAMIY !

Jlemma o 6GopesieBckoit YyHKIIMU OT cCJrydaiiHoOi
BesimauHblL. [Tycmo § — cayuatinas seauvuna, f(x) — 6ope-
aesckan pynkyus. Toeda n = f(§) — cayuatinas seaununa.

JdJokaszarTesabcTB o. B HeckoIbKO uHOM dopme
9Ta JIeMMa, JIOKa3bIBAETCS B Kypcax (DYHKIMOHATBHOIO aHa-
am3a. Ogesnnno, N(w) = f({(w)) @ Q — R — croxknas
dyukmma. Ocraerca 10Ka3aTh €€ N3MEPUMOCTH OTHOCHTETh-
HO o-anrebpnr F. Umeem:

nH(B)={w: n(w) € B} ={w: f({w)) € B} =
={w: W) efi(B)eF

gist gioboro B € B. 37eck WCMOMB30BaHO TO, 9UTO &

W3MepHMa, OTHOCHTenbHO F u uro f~1(B) — Gopeses-
CKOe MHOXKeCTBO, ecim B — 6opereBckoe MHOKECTBO.

O

3adawa 3. Hokaxurte, uro ecau &1, &2, ..., & —
Cﬂy‘{aﬁHbIe BCJIMYUHBI, OIIpEAeJICHHbIC Ha OJHOM WM TOM Ke
BEPOSITHOCTHOM TIpocTpanctse, f(z1, 2, ..., Tp) — Oope-
neBckast pyHKIMs N nepemennbix, 10 0 = f(&1, o, ..., &)
— CJIy4daiiHad BeJUYuHA.

B zakmrouenne, BBeIeM eIre 0HO BayKHOe moHsaTHe. Han-
MEHbINadA o-aarebpa, OTHOCUTEJIHHO KOTOPOl HM3MEpUMa, CIy-
yaiiHad BeJUUYNHA:

Fe={¢(B), BeB}=¢"'(B)

144



§ 10. Tumsr cry9IafiHBIX BETMIUH

HA3BIBAETCA O-aaredpoii, HOPO2KIAEHHON CJIy4aliHOI Be-
JuYauHOMN . Ee MOXHO TPaKTOBATH KAK COBOKYITHOCTH BCEX
HAOJII0TAEMBIX COOBITHII B 9KCIIEDUMEHTE, CBSI3AHHOM C U3Me-
pernem & (T.e. BCEX MOIMHOKECTB, OTHOCUTEILHBIE YACTOTHI
KOTOPBIX MOTYT OBITH TMOACUYUTAHBI IO PE3YIbLTATAM H3Mepe-

§ 10. Tunbl cay4uaiiHbIX BEJIUYUNH

ITo Tumam 3aKOHOB paclpejeseHnss BCe CIydaiiHble BeTMdu-
HBI eaaTces Ha "aucteie"  (IuCKperHbIe, aOCOTIOTHO HEmpe-
PBIBHBIE W CHHTYJISIpHBIE) U "cMermanHbe", 3aKOHBI PACIIpe-
AEJICHN A KOTOPBIX ABJIAIOTCA UX JIMHEeNHBIMUT KOM6I/IH&]_[I/IHMI/I
("cMmechro" UHCTBHIX 3aKOHOB pacnpeesenns ). [Tosromy u3y-
YeHHe HA9HEeM C OCHOBHBIX, YHCTBIX PacHpeeseHui.

1. JTuckpemmnwie pacnpedeseriii.

Oupenenenne 10.1. Coayuaitnas pemmuanna £ = &(w),
ee pacupegenenue P m dbynxmua pacupegenenus [y na-
3BIBAIOTCA JUCKPETHBIMU, ecin Mepa Py cocpeoTodeHa B
KOHEYHOM WUJIX CHETHOM MHOXKECTBE TOUYEK X

[Mocrnenmee ozmadaer, uro P¢(X) = 1 wam, dro 9KBU-
pastentHo, Pe(X) = 0. Eciu B X uMeroTcss 0iHOTOYeYHbIE
noamuokecTBa {x}, na koropeix Pe({x}) = 0, To, mepe-
6pachisast ux u3 X B X, jgo6memcs, urobst Pe(X) = 1 n
Vo € X Bpmonnsanocs Pe({x}) > 0. Hasesaa nsa ynobcrsa
3Ha4YCHUA U3 X — BOBMOXKHBIMU SHAYCHUAMU, o SHAYCHUA U3
X — HEBOBMOXKHBLIMI 3HAMCHUAMHE CTy9IafiHol BeTmImHb &,

MBI MO2KeM C(POPMYJIMPOBATH SKBUBAICHTHOE OMIPEIETICHIE.
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[JIABA 1. TEOPUS BEPOATHOCTEN

Ounpeznesnenne 10.2. Cayuaitnas pemmuanna £ = &(w),
ee pacmopefenenue Py u dynkmua pacnpefenenus Fg
HA3BIBAIOTCS JUCKPETHBIMU, €CIH MHOXKECTBO BO3MOXK-
HBIX 3HAYEHUHN CIIy4yaiiHON BenyunHbl £ KOHEYHO MM CYETHO.

Ob6oznauum uepes 1, T9, ..., Tk, ecam X — KO-
HEeYHO, W dYepe3 X1, T2, ..., e X — CUYETHO, — MHO-
JKECTBO BO3MOXKHBIX 3HAYEHUIl CyydaiiHOil BesnumHbl &.
Iyere p; = Plw @ &(w) = i} = P{{ = xi} — Be-
POATHOCTb NPUHATHA CAy4alHON BeIWYMHON 3Ha4YeHUud
x, (1=1,2,...,k wm i=1,2,...).

Onpeneaenue 10.3. CooTBeTCTBUE MEXKy 3HAUCHUSI-
MU CIy4a¥HON BEJIUYUHBI U BEPOATHOCTAMU 3TUX 3HAUCHUN
T; <> p; HA3BIBACTCI PALOM paclpelesieHnust TUCKPeTHOR
cyyaiHoil BesnyunHbl €.

OBBLIYHO psifi pacIpeleaeHnsT 3aJaf0T B BUAe TaOIAIIGI

ecau X — CUeTHO.
Tak kax > p; = > Plw : {(w) = zi} = P{3 {w

(2 7 (2
f(w) =x;}} = P{w: §(w) € X} = P¢(X) =1, To cymma
BEPOSATHOCTEH B HUZKHEIT CTPOKE DSIa PACTIPEIECHUs] PABHA
1.
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Yreepxkaeaune 10.4. Pad pacnpedesenusn duckpemmot
CAYHATHOT BEAUBUHDL ABAAECNCA €€ 34KOHOM PACNPEJeNCHUSA.
Joxkaszareunscrtso. Tak kak cobeirne {§ < x}
MPOUCXOJAUT TOTTA W TOJTBKO TOTUIA, KOTA MPOUCXOJUT XO-
T GBI 0ffHO M3 cobbiTuit {{ = z;} aa x; € X ¢ x; < w,

o {{ <z} = U {{ = =}, a mockombKy a1 pas/utd-
i x; <x
HBIX HHJEKCOB { COOBITHSI, CTOSIINE O] 3HAKOM OObeInHe-

Hust HecoBMecTHMBL, T0 {{ < z} = Y {{ = z;}. B cuny
ir ;<
AJTMTUBHOCTH BEPOSATHOCTH, reees

Fz)=P{¢<a}= Y Plé=z}= > p. (101

1, <T 1, <T

C momompio (10.1) F(x) 0o1HO3HAYHO BbIpaXKaercsi depes
psii PACOpesiesieHus], T.e. Dsil DACIPEIeTeHUs SIBJISeTCS
3aKOHOM PacIpeje/ieHnd. ]

3aMeTrM, 9TO CTOJE YKe JIETKO Tepe3 Psijl PACTIpeIeTeH s
BBIPazKaeTCd paclpelle/IecHue JNUCKPETHOU CaydaliHOW Besn-
YHMHDBI:

Pe(B)=Plw: (W)€ By =P( ) {w: &w)=ui}) =

i:x,€EB

= > (10.2)

i, EB
IMoguepknem, 9TO paAm pacupeneacHus HABIIETCSI HE YHU-
BEPCAJBHBIM, 4 CHENUAJIbHBIM 3aKOHOM DAaCIpe/IeeHusd,
KOTOPBI# T'OAUTCA TOJNBKO [Jjid JIUCKPETHBIX CIIy4YailHbIX
BeTMInH. B TO YKe BpeMs Tl TAKUX BEJUYNH OH SABJISIETCS
nanbosiee ecTecTBeHHBIM U yaobubiM. elicrBuTeabHO, Ha-
npuMep, OYHKINUS PACIpPEIeeHUs JUCKPETHOW CaydJaiiHoi
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BEJIMYMHBI MMEET 110 CPABHEHUIO C PAJIOM PacCIpele/IeHUud
Gonee cmoxuyo crpykrypy: u3 (10.1) BmaHO, uTO OHA
SIBJISIETCA  CTYIEeHYaTol (DyHKINEH, ITOCTOSHHON MEeXKIy
COCeJHUMMU 3HAYCHUAMMN cnyqaﬁﬂoﬁ BEJIMYUHBI, CO CKaYKaMMn
B TOYKax ¥;, PABHBIMU P;, 1 HEIPEPBLIBHOU CJICBA.

Teopema 0 cymnieCTBOBAaHUM JUCKPETHOMH cirywaii-
HOU BEJWYUHDBI ¢ 33JIAHHBIM PAIOM PACIIPEdeJIeHUSI.
Iyemoy 1, T3, ... — NPOU3BOALHBIE NONAPHO PA3AUGHDLE
OeticmeUumMeNvHBE YUCAG, P1, P2, ... — NPOUIBOALHBLE NOAO-
srcumeadvHvle wucaa, darowue 6 cymme edunuy. Tozda cyue-
cmeyem sepoammnocmuoe npocmpancmeo (2, F, P) u duc-
kpemmuaa cayuatinaa seauvuna & = &(w), onpedesennas na
HEM MaKGs, 4Mo ee Pad pacnpedesehus umeem 6uod

[TonstiTHO, KAaKUM 06pPa30M BUIOU3MEHUTH (DOPMYIUPOB-
Ky TeOpeMBbl JJId CIyvad, KOrgad MHO2KECTBO BO3SMO2KHBIX 3HaA~
4eHU caydaiinoil BeJNYUHbI KOHEYTHO.

JdokaszarTeasbcTB o MoKHO cBecTH HoOKa3a-
TEJLCTBO K TEOpeMe O CYIIECTBOBAHUU CJIy4daiHON BeJmyu-
HBI C 33/IaHHON (DYHKIIMEN pacipesie/ieHus U3 JIEBATOrO Ia-
parpada. Ilo 3amanabiM B yCIOBUM TEOPEMBI CHCTEMAM TH-
cen ocrponM dyuknuio F(x) ¢ momorpio dopmyter (10.1).
QueBnyHo, uTO dTa (DYHKIUS HEyOLIBAIOIIAs, HEIPEephIBHA
crea. HesaBucumMo oT TOrO, CYIECTBYIOT JIW CPEIU UHCE
P1, P2, ... MHUHEMAJbHOE U MakcuMasbHOe, F'(—00) = 0 Kak
OCTAaTOK CXOOAIIETroCdAd pdda C ITOJOZXKHUTCJIbHBIMU YJIEeHAMUW U
F(+00) = 1 KaK mpejea 9acTHOH CyMMBI Psijia, KOTOPBIi 110
YCJIOBUIO TeOpeMbl cxoautcs K 1. tak, ayrst F'(x) BBITOTHEHBI
BCE YCJIOBUSI TEOPEMBI O CYIIECTBOBAHUY CJIYYANHON BETHIH-
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HBI ¢ 3aJlaHHON byHKIMEN pacipeneienus. [losTomy cyre-
CTByeT BeposTHOCTHOE mpoctpanctso (2, F, P) u cayuqaii-
Hast BesmanHa & = £(w), Ompe/Ie/IeHHasT Ha HEM TaKasl, 9To ee
dbynkims pacupegenenns Fg(x) = F(z). Herpyaxo monsrs,
gT0 cayuaiinas Beqmunna ¢ dbyHkimei pacnpenenenus F ()
JIUCKPETHA W UMEET MCKOMBIN Pl PACIPEIeIeHu.

Tak Kak Teopema O CyIIECTBOBAHUN CIyYailHOW BEIHYH-
HBI C 33J]aHHON (DYHKITHeH pacrnpeieieHus B OCHOBHOM TEK-
cTe He JO0Ka3bIBAJIACH, JAa/ UM HEIOCPEJICTBEHHOE He ONupa-
IOIlleecss Ha Hee J0Ka3areabcTBO. K ToMy 2Ke 3TO mMoJsie3HO
JIUTS YSICHEHUS TOI'0, K&K CTPOUTCSH COOTBETCTBYIOLIEE BEPOSAT-
HOCTHOE TTpocTpaHcTBo. [lpu nokazarenbcree J0OOBIX TEOpEM
0O CyLIeCTBOBAHUU CJIYYaHON BEJIWYMUHBI [Jjd IIOCTPOCHUIA,
KaK IIPABUJIO, MCIOJIB3YETCH KOOPIMHATHOE IPOCTPAHCTBO,
YTO MO3BOJISET Hambosiee MPOCTHIM CIIOCOBOM CKOHCTPYUPO-
BaTh TPEOYEMYIO CIIYUANHYIO0 BEJIMYMHY KAaK TOK/IECTBEHHYIO
(3s1eMEHT KOODIMHATHOTO TPOCTPAHCTBA).

Nrak, B kKawecTBe 31eMEHTAPHOTO MCXOAA BO3bMEM OyIy-
lee BO3MOXKHOE 3HadeHHe KOHCTPYUpyeMoil ciydaiiHoil Be-
JIMIUHBI, T.€. 3HaA4YEHNE T; U3 3aJaHHOTO B YCJIOBUU TEOPEMbBI
uHabopa uances. Takum obpasom, ) = {x1, z9, ..., }. Tak rak
9TO MPOCTPAHCTBO CYETHOE, TO B KAYECTBE 0-aaredpbl COOBI-
it F HEODXOIUMO B35Th COBOKYITHOCTb BCEX TTOIMHOYKECTB
Q. [lockonbKy uucia pi, p2, ... [0 YCJIOBHUIO TEOPEMBI 00/1a-
JArT BCeMU CBOMCTBAMU BEPOATHOCTEN JI€MEHTAPHBIX HUCXO0-
JIOB TIPU KOHCTPYKTHBHO-aAKCUOMATUIECKOM ONPEIEIEHUN Be-
POATHOCTH B AUCKPETHOM IPOCTPAHCTBE JIEMEHTAPHBIX HC-
XOJIOB, TO MbI MOYKEM MPHUIUCATH KAXKIOMY JIEMEHTAPHOMY
HCXOJY &; BEPOSITHOCTD P; U ONPEIEIUTH BEPOSITHOCTD JIH000-
ro cobprTus (emenTa F) B COOTBETCTBUHU ¢ KOHCTPYKTHBHO-
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[JIABA 1. TEOPUS BEPOATHOCTEN

AKCHMOMATHUYIECCKHUM OIIpeaejieHueM KaK

P(A)=> p, AcF.

;€A

Wrak, BEpOgTHOCTHOE TPOCTPAHCTBO TOCTpoeHo. Ompese-
JIUM CIy4afHyIO BeJIMYUHY Ha HEM KaK TOXKIECTBEHHYIO, T.e.
&(x;) = x; Va; € Q. Kak Mbl MOMHUM, U3MEPUMOCTDH €€
oTHOCUTEJbHO JF BBINOJNHsIETCS aBToMaTudecku. OQUeBUIHO,
OHA ABJIAETCA AUCKPETHOU C/IydalHOd BEJIUYUHON C PAOOM
paciupeieseHus

Sameuanue 1. Pazymeercs, KOOpANHATHOE IPOCTPAHCTBO
[pU JI0KA3aTeabCTBE OeperTcss TOMBKO I €r0 IIPOCTOTHI.
JleficTBUTE/ILHO, MOYXKHO OBLIO OIPeNe uTh APYTLYIO CIIy-
JaiiHylo BeandIuHy 7)(w), 3aJAHHHYI0 HAa BEPOSTHOCTHOM
npocrpancree (2, F, P), tme Q = [0,1], F = B([0,1])
— o-agrebpa OGopeneBcknx MHOKecTB orpeska [0,1] (c
TAKUM K€ YCIIEXOM MOXKHO ObLIO Obl B35Th €€ IOMOJIHEe-
HUe, T.e. g-aaredpy M3MepuMBIX 10 JleGery moaMHOMKECTB
orpeska [0,1]), a B kagecrBe P — wmepy JleGera (unbiMu
CJIOBAMH 1) IMEET PABHOMEDHOE DACIpe/esIeHne Ha OTPe3Ke
[0, 1], HampuMep, sIBJISIETCST KOODAMHATOH Hayady OpOIIeH-
Hoii Ha [0,1] mouku). Orpesok [0,1] pasbur Ha cuerHoe
YUCI0 TONAPHO HENEPeCeKAIINX s M3MEPUMBIX —JacTeil

(r.e. mpummagmexammx F) i, Qo, ... c¢ mepamu JlebGera
P1, P2, ... COOTBETCTBeHHO. Torma ciaydaiiHas BeIMYHHA
n = n(w), cTaBAmAasg B COOTBETCTBHE KAXKAOMY W € (); 9ucyio
pi, 1 =1,2,..., TaK¥XKe sBIseTCI ITUCKPETHOMN C TeM XKe
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p4/IoOM paclpefeseHnss, 4TO W KOOPAWHATHas CaydaiiHasd
BeJTMYWHA, NCITOTB30BAHHAA TTPU JTOKA3ATETHCTRE.

Sameuarue 2. JlokazanHas TeopeMa, TO3BOISET KOHCTPY-
MPOBATh HEOIPAHUYECHHOE YHUCIIO IPAMEPOB JUCKPETHBIX CIYy-
YalfHBbIX BEJINYNH.

Yacmo scmpesatowueca duckpemmnie pacnpedesenus

1. Bupooicdennoe pacnpedenenue.

Omnpenenennas Ha JIOO0M BEPOATHOCTHOM TTPOCTPAHCTBE
cayuaitras sesmanHa §(w) = C, Ha3bIBaeMasi MOCTOSITHHOM
WM HEeCJIyYalHOUW BeJIMYMHON, ABIAeTCd JUCKPETHON u
OpUHUMAaET eanHCTBeHHOe 3HadeHme C' ¢ BEPOATHOCTHIO 1
(mposepbTe ee mamepuMocTh). Ee dbyHKIms pacupemenenns,
OYEBUIHO, PABHA

0, ecmz <C,

F(x) =
(@) 1, ecm x> C.

Pacnpenenenne 1ol cay9aiinoil BeTMYIUHBI HA3LIBAETCH
BbIPO>KJ€HHbIM.

2. Pacnpedeaenue bBepryaau.

Topopsar, uro cayvaiinas Benuwunna £ nMeeT pacrpe/ie-
JeHne DBepHyuin, eciin oHa JWCKpPETHA C PAJOM pacipe-
JIeJIeHu st

riep,q>0, p+qg=1.

Taxas ciaydaiiHas BeJWYIHHA CyIIECTByeT, OO g Hee
BBITIOJIHSIFOTCST  YCJIOBUST TOCTEAHeH TeopeMbl. Ha camom
Jese, ecId B CXeMe DbepHyaam paccMOTperb OTOeIbHOe
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UCOBITAHUE, TO & — YUCJIO0 YCIEXOB B 3TOM HCIBITAHUH.

3. uckpemmnoe pasnomeproe pacnpedesenue.

lopopar, uro ciaywaiinas Benwunua £ uMeeT JTUCKPET-
HO€ pPaBHOMEPHOE pacripe/ieJieHue, eC/iu OHA TPUHUMAET
KOHEYHOE YMUCJIO BO3MOXKHBIX 3HAUCHUI C OAUHAKOBOW BEpO-
ATHOCTBIO, T.€. PAJ, ee pacnpeneeHuss UMeeT BUJL

OHa cyImecTByer 110 MOCJIEIHEN TeopeMe.

4. Bunomuaavroe pacnpedeserue.

lopopsar, uro cayuaitHas BesudwHa & mMeer OMHOMU-
aJIbHOE PpacipeesieHne ¢ TapaMeTpaMu n, p, TIe n €
N, 0 < p < 1, ectm oHa MOXKeT MPUHUMATDL JHUIIL 3HATe-
aug 0, 1, ..., n C BEPOATHOCTAMU

pr=P{E=k}=Cpp"(1-p)" ", k=0,1,...,n

Ouesunno, Bce pg > 0. Ilo dopmysie 6uroma Herorona

Yo=Y ChF—p) =+ (1-p) = 1.
k=0

k=0

SHaunT, Takag CaydaiiHas BeIWYWHA CYUIeCTBYeT. B sTOoM
MOXKHO YOeJIUThCA ¥ HeloCpeJCTBeHHO, BCIIOMUHAsl, 4TO, B
cuny popmynst Bepraymmm (6.5), GuHOMEBAIBHOE pacpeeie-
Hre 6yJeT UMeThb YHCI0 YCIeXOB /i B CXeMe N He3aBHCHMBIX
ucnbplTagnii BepHy/LIM ¢ BEPOATHOCTBIO yCHexa p B OTAe/b-
HOM HCIBITAHHN.
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5. T'eomempuueckoe pacnpedenerue.

Topopsar, uro caydaiinas Benwdnna £ nMeeT T€OMETPU-
JecKoe paclupenesieHue, ecli ee BO3MOKHLIMI 3HATEeHNsI-
vu gaBagiored 0, 1, ..., mpuyuem

pr=P{E=k}=q¢"p, e g=1-p, O0<p<l,
k=0,1,...

Tak kak

o o p
_ k _ _
> pk=p Y q" = =1,
l—gq
k=0 k=0
TO TaKas CIyJaiiHas BeJUINHA CYIIECTBYET.

Herpymmo moHATH, 9TO T€OMETPUIECKOE PACIIPEIE/ICHIE
Oyzer uMeTh CJydvaiiHas BeJIMYWHA ¥V, DaBHAs YUCIY UC-
OBITAHUH, TPOBEIEHHBIX 10 MEPBOTO TOMBIEHUS YCIexa, B
OECKOHEYHOI TTOCTeN0BATETbHOCTA HE3ABUCAMBIX WCITHITA~
Hu#t Beprysm.

6. Pacnpedeaenue Ilyaccona.

Topopsar, uro cayvaiinas Benuwunna £ uMeeT pacrpe/ie-
nenue Ilyaccona c mapamerpom A, riae A > 0, eciu ee
BO3MOXKHBIMU 3HaUeHUaMU gapagtorcd 0, 1, ..., npuuem

AR
pr=P{{=k}="7e" k=01

[TockombKy

A AR S
gpk—e g k!—e et =1,
k=0 k=0

TO ciryvaiiHas BesimdnHa ¢ pacnpejenennem Ilyaccona cyie-
crByer. B cuiy npenensHoit Teopembr Ilyaccona (Teopembr
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7.1) pacnpeznenenune Ilyaccona siBAsieTCsl TPENEJbHBIM It
OMHOMMAJILHOTO pPacIpeesielns, korma n — 0o, p — 0
TakuM 00pa3oM, 9TO A = M OCTAETCHA MOCTOSTHHBIM.

7. I'unepzeomempuneckoe pacnpedeserue.

IIycte N, M,n — HaTypaJbHBIE YHCAa, M — IEJ0e
HeoTpunaresbuoe ancao, npuiem n < N, m < M, M <
N, mo=max(0,M — N +n), m; =min(M,n).

lopopsar, gro cioyuaiinag Benwuwaa € WMeeT THUTIEP-
reoMeTpPUYecKoe PacHpe/ieSIEHUe, eC/Ii €€ BO3MOXKHBIMU

3HAUEHUAMU ABJIFIOTCT Mg, Mg + 1,... , m1, mpudem
m n—m
MYN-M
pm:P{f:’m}:Cin, m = mg,mo+1,..., m.
N

Kak mbl momMaEM (cM. mpuMep 7 u3 Tperhero maparpada),
caydJaiHoi BeauanHe £ MOYKHO MPUIATH CIEIYIOMIIH CMBICI.
IIycte B maptum u3 N nerasneir mmeercd M cTaHIapTHBHIX.
Torma p,, ecTh BEPOATHOCTH TOTO, UTO CPEAU N HAYIATY W3-
BJIeUeHHBLIX U3 TOH MapTum JeTaseil mMeeTcs pOBHO M CTaH-
maprabiX. [losTomy & — 9mMC/IO CTAHIAPTHBIX JeTAIel cpeau
n u3BjedeHHbIX. CyIIecTBOBaHNE CIyYaiiHOM BeinanHbI € 10-
Kazano. [loaToMy ITOMKHO BBITOTHATLCS

my min (M,n) cmon—m
M~YN-M
E Pm = g 7071 =1 (10.3)
m=my m=max (0,M —N+n) N

Koneuno, 310 KOMOMHATOPHOE TOXKIECTBO MOXKHO TOKa-
3aTh AHAJUTUYECKM, HE TOJB3YsCh TEOpHell BeposTHOCTEN
(HanpuMmep, MOXKHO BOCIOJB30BATHCA — MOJTUHOMUATLHOM
dopmymoii (3.10)). Ho sTo yBeno 6bl HAC B CTOPOHY OT
OCHOBHOT'O HaIlpaBJJeHUS HAIIUX UCCIEIOBAHUN.
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3adawa 1. Jokazaxwure (10.3) aHAIMTHIECKH.

Mer daxruaeckn pokazaan (10.3) ¢ momommpoo Bepo-
ATHOCTHOIO METOJa. JTOT MeroJ, MOXKHO 3¢hQEeKTUBHO
OPUMEHSITHh HIPH MOJAYYEHUN U JIOKA3aTEILCTBE CAMBIX pa3-
HOOOPA3HBIX KOMOMHATOPHBIX TOXKIECTB.

11. Abcorromno nenpepueHvie pacnpedeieHus.

1. Daemenmaprnti nodroo.

BCHOMHI/IM7 KaK B MEXaHUKE OIpeaeideTcd JMHeHAS
IUIOTHOCTh MAaCChl (MJIM [JIOTHOCTH PACIPEIETCHUsT MaCChl )
KOHEYHOTO CTEePyKHs. [IPenImomoKuM, ITO UMEETCA CTEPKEHD
JIJTWHBL | 1 MACChl M, KOTOPBIH MBI Oy/IeM IPeiCTaBIdTh OT-
peskoM [0,1] ocm Oz. O6osHauuM tepe3 m(r) TacTh Mac-
cbl crepkug Ha ydacTke [0,x) (TOYKY & MOXKHO BKJIKOUYATH
WM He BKJIIOYATh, IOCKOIBKY €e Macca paBHa HyJ0). Mac-
ca ydacTka crepxHs [z, x + Ax) pasaa M ([z, x + Azx)) =
m(z + Ax) —m(z). Cpenasia Macca, IPUXOISIIASICT HA €71~
HUTLY JJWHBI HA 9TOM yYacTKe paBHa

M([z, z +Ax))  m(z + Az) —m(x)
Az Az )

IIpenen cpeaHeit Macchl, TPUXOAATIEHCS Ha €IMHUILY JITUHBI
3TOr0 yYaCTKA, KOTJIa YIACTOK CTSATUBAETCH B TOUYKY T,

L M([z, x + Ax)) B
=T
.. m(z+ Ax) —m(x) ,
AT A
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B MEXaHHKE HA3BIBAETCId JHWHEWNHON MJIOTHOCTBI) MAaCCHI
CTepXKHs B TOUKe x. VI3 9TOr0 ormpeiesieHnst HeMe JIEHHO CJTe-
JIyeT u3BecTHas (GOPMYJIa, BHIPAYKAOIIAI MACCy CTEPXKHST de-
pe3 JIMHEHYIO IJIOTHOCTS:

m—/l p(z)dz.
0

[Mocrymum aHamOrMaHBIM 06PA30M C BEPOATHOCTHIO (C
BEPOSATHOCTHO! Maccoii). ExanHcTBeHHOE OoTyiMtne coCTOUT B
TOM, YTO BEPOSTHOCTHAsd Macca pacipejieseHa mo "crepx-
HI0 GeckoHeuHON muHbl" — unciaoBoil npsamoit R, u Besa ona
pasua 1, mockoimbky P{w : {(w) € R} = 1.

[Ipenmonoxum, 9ro GyHKINS paclpeieneHus Crydaii-
HOM BeqmumHbl £ nMeeT HA R HENPEPBHIBHYIO MPOU3BOIHYIO
F'(z). BeposiTHOCTH TIONAIanus CIydailHOW BeJUYUHBI & B
OpoMexRyTOK [z, ¢ + Az) pasaa P{w : 1z < {(w) <
z+ Az} = F(z+ Az) — F(z). Cpegusisi BepOATHOCTD OMA-
JAHWs HA eJMHUILY JJIMHBI Ha y9acTKe [z, T + Az) ecThb

Plr <{<x+ Az} F(x+ Ax) - F(x)
Ax N Az ’

B cuny malmero mpemnosoXKeHus MpH KaXKJI0M & CYIIeCTBYeT
KOHEYHBII ITpeest,

P{z <¢{ <o+ Az} _

plx) = lim Ax
. Fla+Ax)—-F(x)
= Jim, Ax = F'(z),

KOTOPBIN SIBISIETCsl HempepbiBHON (byukmmeir. Ilpemen sroit
cpejiHeil BeposiTHOCTH pP(X) eCTeCTBeHHO Ha3BaTh TJIOTHO-
cTbi0 BepodgTHOCTU. OTMETHM, UYTO NPH 3SIEMEHTAPHOM
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nojxose u3 HeyObIBaHust (DYHKIUHU pacrpeenenus F cie-
AyeT HeOTPUIATETHHOCTE TIJIOTHOCTU BEPOSTHOCTH.
N3 onpenenennst MIOTHOCTA BEPOSITHOCTH CJIEIYET, ITO

P{lzr <& <z+ Azx}=px)Az+o(Az) upu Az — 0.

[TosTomy ¢ TouHOCTBIO 10 GECKOHEUHO MaJoil Bojiee BICOKO-
ro mopsiaka, dem Az, nMeem

P{x <¢ <o+ Az} = p(x)Aw.

Bwmecto mpubIMiKEHHOTO pPaBEHCTBa THITYT TOYHOE, 3aMe-
Hss npuparienre Ax #Ha muddepeniman dr u TOHUMAST O
Pl{x < ¢ < x+ dx} nuddepentman dynkuun F(x):

P{x <¢ <z +dx} = p(x)de.

[Ipoussenenne p(z)dr HA3BIBAIOT JTEMEHTOM BEPOSITHO-
cTH.
U3 pasencrsa p(z) = F'(z) cregyer, 9ro

T

Flz) = / p(t)dt + C.

— 00

ITo ceoitcrBam dbyuKIHE pactpeaenenus F(—oo) = 0, oTKy-
1a C = 0. Takum obpazom,

Pla) = / p(t)dt. (10.4)

13 (10.4) cnemyer, ato
b
Pla<{<b}=F(b)—Fl(a) = / p(z)d. (10.5)
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s meseft TeOpUMW BepOATHOCTEH JOCTATOTHO TAKOTO
ommpegesieHnd IIJIOTHOCTH BEPOATHOCTH, LITO6I)I C ee IIOMO-
MBI JUIST TOCTATOYHO "Xopommx" MHOKECTB (a MMEHHO,
BOpesIeBCKUX) yMeTh HAaXOIUTh BEPOATHOCTH MOMAJAHUS B
HIX, TOOOHO TOMY, KaK 9TO MOYKET OBITEH CIETAHO MIJTsT IOy~
MHTEPBAJIOB ¢ HOMOIIBI0 cooTHomrerns (10.5). Ecrectsenno,
HAM HAJ0 TOCTAPATHLCA M3DABUTCS OT JOBOMBHO KECTKOTO
OTPAHMYEHHSI, COCTOSIIET0 B HEIPepbLIBHON muddepen-
nupyemoctun F. Bajaaumcs nenbio onpeennts p(r) Kak
TaKyto (bYHKINIO, [7Ts1 KOTOPOii BeimosHsieTcst (10.4). B cury
kpurepus Jlebera murerpupyemoctu mo Pumany, dyukina
p(z) onpenensiercss pasercteoM (10.4) meogrosnawHo. Ecim
U3MEHUTH 3Ha4eHus P(x) B TOUKAX MHOMKECTBA J1€OEroBoil
Mepbl HyJb, TO 3HadeHme wuHTerpasa (10.4) He w3MeHHT-
Cd. HOSTOMY B Ka4deCTB€ IIJIOTHOCTHU BePOATHOCTHU MOXKET
OpITh BBIOpaHa 00as Takas dyakiuda. xa ymobersa ee
OTPAHUIUBAIOT €IUHCTBEHHBIM TPeOGOBAHUEM — OHA, TOMKHA,
6bITb HEOTPpHUIATCIbHA. ECJ'[I/I AT B 9TOM HAIIPAaBJICHUN
JAaJIbIle, TO MOYXKHO CYIIECTBEHHO ocyabuTh TpeboBaHue
HenpepbiBHOH nnddepenuupyemoctu F(z). Opnako 3roro
Jenarh He Hy»KHO. Tak Kak y Hac yKe MOSBIJINCH B Paccy-
KIACHUAX MHOXKECTBa MEPbl HYJb, TO €CTEeCTBEHHO BMECTO
nHTerpaga PuMaHa B OTpeIeIeHnd TIOTHOCTH BEPOSTHOCTH
ncnonab30Barh uHrerpan Jledbera. K romy ke cymiecrsenHo
pPACIIUpSIETCsT KJIacC HHTETPUPYEMBIX (DYHKITHH.

2. [0o0x00, ocrhosannvili Ha HEONPEJEAEHHOM UHMEZPAAE

Jlebeza.

HamomunMm, aro dymrmusa f, onpeneseHHas Ha OTPE3Ke
[a, b], HABBIBaETCS aBCOIFOTHO HENPEPBIBHON Ha 9TOM OTPE3-
Ke, ecad 1js jro6oro € > 0 maiimercs Ttakoe 0 > 0, 94To 1
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BCAKO# KOHEYHOM CHCTEMBI MONApPHO HENEePEeCeKarOUXCsl HH-
repBasios (ak,bg) C la,b], k= 1,2,...,n, C CyMMOIt
JUTHH, MeHbIe# § > 0,

n

> bk — a) <6,

k=1

BBIIIOJIHAECTCA HepaBeHCTBO
n
> 1F(b) = fla)| <e.
k=1

N3BecTHO, 9TO BCAKas abCOMIOTHO HENPEPLIBHAA HA OTPE3KE
bYHKITNS PABHOMEPHO HENPEPHIBHA W WMEET OTPAHUIEHHOEe
u3menenve. Ecin GyHKIug mHTErpUpyeMa Ha oTpeske [a, b]
o Jlebery, To mbl Bynem obo3nadars, uHTErpas Jlebera or
Hee 110 OTPE3KY [a, x| Yepes

Flz) = / fdt,  welab). (10.6)

Wssectno, uro ¢dyuknusa F  abCOMIOTHO HeIpepbhbIiBHA Ha
orpeske [a,b] TOorma W TOJIBKO TOT/A, KOTJa s JH060ro
x € la,b] oHa mpenacTaBiasercss B BUJE HHTErPAJa C I€pe-
MeHHBIM BepxHUM npegenom (10.6) or mekoropoit dyHKIuM
f. llpu sTom mourm Bciomy (oTHOCHTESBHO Mepbl Jlebera)
POM3BOHAS OT MHTErpaJia ¢ MEPEeMEeHHBIM BEPXHUM IIpejie-
aom (10.6) cosmamaer ¢ f(z). Ormernm, 9To ecam 3ajaHa
dyukums F', to u3 ypasaenus (10.6) dbyukims f Haxoqurcs
HEOTHO3HAYHO, C TOYHOCTHIO JI0 3HAYEHWH Ha MHOXKECTBE
71e6eroBoii  Mepbl Hy/Ib. [l0B3ysICh STUME HABOISIIAMEI
COOOPaKEHUSIME, BBEJEM CIIEYIONIEe
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Oupeznenenne 10.5. Cayuaitnas pemmanna £ = &(w),
ee pacupegenenue P m dbynxiua pacupegenenusa e na-
3BIBAIOTCA aDCOJIIOTHO HEIIPEPLIBHBIMU, €C/IH CYIIECTBYET
dbyskimsg pe : R — [0,00) Takas, aTo GyHKIUA pacmpese-
JIEHWS CIIy4aiHOM BeJMYMHbBI & TPEACTABILAETCS JIJ1st JTF0D0T0
x € R B Buze

xT

Fe(z) = /pg(t)dt. (10.7)

—00

JIrobasg HeorpunarenbHas (QPYHKIOUA Pg, yAOBAETBOPIIONIAL
(10.7), wna3plBaeTCs IJIOTHOCTHIO BEPOSITHOCTU WJIN
IUIOTHOCTBIO PacHpeesIeHns BEPOATHOCTeH abcosor-
HO HEIPEPBIBHON CIy4dailHOW BesmyunHbI €.

Kak u B wiydyae (hyHKIUEM paclpeleeHus Mbl HHOTIA
Oy1eM HCATh Y TJIOTHOCTH BEPOSATHOCTH WHIEKC &, a WHOTJIA
He Oymem, Tak, 910 pe(x) = p(x).

[Tokazxkewm, aro u3 (10.7) creayer, aro mist ar0boro Gope-
JIEBCKOTO MHOXKECTBa B

Pi(B) = Plw: &(w) € B} = P{¢ € B} = /pg(x)dx.
B

(10.8)
Jlepast wacte (10.8), kKak paHee Mbl BUIENN, SABISAETCH Me-
poit Ha o-anrebpe 6openeBckux MHoXkecTB . 13 Teopun me-
pbl Bel 3Haere, aro unrerpas Jlebera oT HEOTpUIATENILHOM
dbyHKIN pe(x) ABIAETCA MEPOil MHOXKECTBA MHTErPUpPOBa-
HUS Ha o-ajrebpe M3MepUMBIX 1O JIebery MHOXKECTB, TeMm
Oosee, 3TOT mHTErpas DymeT Mepoil Ha BXOdIell B Hee O-
asirebpe HBopeneBckux MHOXKecTB B. UTak, 75 nokasare/ib-
cria (10.8), HaMO TOKA3ATH COBIAIEHNE ITUX ABYX MeD Ha B.
B cuny (10.7) 5T MepbI coBOagaroT Ha GOPETEBCKIX MHOMKE-
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crBax Buna B = (—oo, z). Tak kak mms 1000if MepHI {4 BBI-
nonusiercst p([a, b)) = p((—o0, b)) — u((—o0, a)), To aru me-
Dbl COBIIQJAIOT Ha MOJyHHTEpBasIax [a, b). B cury KoHeuHOit
AJJATABHOCTH 3TH MepPhI COBITQIAl0T Ha anredpe obbemsumme-
uuit nogywaTepBaios A. [To Teopeme 0 MpOIOIKEHIE MEDBI
9TH Mepbl COBIIAQYT U HA HaMMeHbIIell o-anrebpe, copepKa-
meit anredbpy A, T.e. Ha g-anredbpe GOPETEBCKUX MHOMKECTB
B.

O6parno, u3 (10.8) cuexyer (10.7), eciu B KadecrBe B
B34Th (—00, x). [losromy ompenenenwe 10.5 SKBUBAIEHTHO

CIeAyIoIeMy

Onpenenenne 10.6. Coayuaiinas pesmunba & = &(w),
ee pacmpegenenue P u dyHnkuus pacnpeienenus Fy Ha-
3BIBAIOTCSA aOCOTFOTHO HEMPEPbIBHBIMU, €CJIH CYIIECTBYET
dbynkimsg pe : R — [0,00) Taxas, 9To pacupejesneHne CiIy-
YaitHOil BesqimuuHbl € TpejcTaB/isieTcs st jawboro B € B B
BUJIE

P¢(B) = /pg(.r)d:b. (10.9)
B
Jlobas HeoTpuarenbHas (YHKIUS P¢, YIOBIETBOPAIOIIAL
(10.9), Has3pIBaeTCA TJAOTHOCTHIO BEPOSATHOCTHU WU
ILJIOTHOCTHIO PACIIPENEJIeHNsI BEPOSITHOCTENH abCooT-
HO HEIPEPBIBHON CIy4dailHOW BesmyunHbI €.

3. Ilodzod, ocrosannwvii na meopeme Padona- Huxoduma.

[lyets g m v — aBe MepBbl, ONpeNe/IeHHbIe Ha OTHOW 1
Tol ke o- anrebpe F. Hamomuwmm, 910 Mepa 4 HA3BIBAETCS
abCOTIOTHO HEMPEPBIBHON OTHOCUTETHHO Mephl 1 (0003Hade-
aue 4 << v), ecim u3 v(A) = 0 cnenyer u(A) = 0. Teo-
pema Pagona-HukommMva yTBepKIaeT, KAk MBI TIOMHUM, 9TO
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i << v TOrZa W TOJbLKO TOTIa, KOTa CYIIECTBYET HEOTPH-
naTebHAd CyMMHUpyeMad 1o Mepe v (DYyHKINA P TaKasd, 9TO
It 1106oro A € F BLIIOIHAETCS

u(a) = [ pav.

A

DyHKIMA P ONPEAESIeTCa YTUM PABEHCTBOM HEOIHOZHATHO
C TOYHOCTBIO JI0 3HaYCHUI Ha MHOXKECTBE HYJIEBON V-Mephl,
obo3HaTaeTCST p = Z—’V‘ U HA3BIBAETCA TTPOU3BOSHON WJIH TIJIOT-
HOoCThIO Pajona-Hukonmma Mepwl i o Mepe V.

[Tostomy onpenenernue 10.6 moxno mepedpazupoBaTh
caenyromuM obpasom. Ciydaitas sesmumba £ = E(w), ee
pacupenenenue Pe u dynknua pacupenenenus e HasbiBa-
0TCsi aDCOJIIOTHO HENPEPBIBHBbIMM, €CJIU PaCIpeeeHne
P:  abcomoTHO HEIPepbIBHO OTHOCHTENIbHO Mepbl Jlebe-
ra Ha wm3MepumoM mpoctparcTse (R, B). IlmorHOCTHIO
BEPOSITHOCTYA WM MJOTHOCTHI) PacOpeieeHns Be-
posiTHOCTel HasbiBaeTcs mponspomHas Pamgoma-Hukommma

pe(x) = % meper P¢ o mepe JleGera .

Cesoticmsa naommnocmu BEPOATMHOCIIU.

1. TLnoTHOCTH BEPOATHOCTH OIPEE/ICHd HEOTHOZHATHO,
C TOYHOCTBIO JI0 3HAYEHUN Ha MHOXKecTBe JieOEeroBoil Mephl
HOJIb.

D10 cnenyer u3 Teopembl Pagona-Hukommnma.

2. Tak Kax MWIOTHOCTH MOXKHO BBIOPATH B KJIACCE DKBU-
BAJIEHTHBIX MEXKIy coO0il DyHKIM, TOTOBOPUMCS BHIOMPATD
ee BCerma TAaKWM 00pPa30M, UTO €C/M B JAHHON TOUYKe CYyIIe-
CTByeT ee HelpepbiBHAs 3KBUBAJEHTHas MOMMMpUKAIUS, TO
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MBI OyzieM Opark umenno ee. Ilpu atom yciosum, eciv x —
Touka HenpepeiBHOCTH P(2), TO p(x) = F'(x).

B wacTHOCTH, €Ccim CyIIecTByeT HempepbIBHAs Ha BCei
YUCIOBON MPAMO MOIMUKAIMA IIOTHOCTH BEPOSTHOCTH,
TO MMEHHO €€ BBIOMpaeM B KadecTBe 3TOH IIoTHOCTH. [lpm
srom Jra Beex ¢ € R emonnserca F'(x) = p(x) (cpaBrure
C BIEMEHTAPHBIM MOAX0J0M K BBEIEHUIO IJIOTHOCTH BEPOAT-
HOCTH).

3. [louTu BCIOAY CyIIECTBYET MPOU3BOIHAS (PYHKIIUU PAC-
pejieIeHnst, TpUYeM TTOYUTH BCIOLY

p(z) = F'(a).

DTO chaeayeT w3 Teopuu uHTerpasa Jlebera ¢ mepemen-
HBIM BEPXHUM IIPEICTIOM.

4. p(x) >0 VzeR

Tak kak F'(x) He yObIBaeT, TO U3 MPEABIIYIIETO CBOACTBA
HEOTPUTATENHHOCT P(X) BBIMOJHAETCS MOYTH BCHOLY. 110
HalIen AOTOBOPEHHOCTHU B TOYKaX MHOXKECTBa MEDbI HOJIb, B
KOTOPBIX P(Z) MOXKHO 3aJIaTh IIPOU3BOIBHO, MBI JOOTIPEJIe-
JIdeM ee HeOTPpUIATEC/IbHBIMU 3HAYCHUAMMA.

—0o0

Do croiicrBo crenyer uz (10.7), ecim x ycrpemuTh K
OECKOHETHOCTH M WCIOIb30BaTh cBOicTBO F'(+00) = 1, min
u3 (10.8), ecm B3sTH B = R.
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CpoiictBa 4 u 5 SIBISIIOTCS AHAJOTOM IJIsT abDCOJIOTHO
HEIPepbIBHOIO ciay4asd csoiicts p; > 0 u Y. p; = 1 pa-

Ja paclpelecHud OUCKPETHOR CiydaiHoi BeZJ'[I/I‘{I/IHbI. Ou-
TypaJibHO BBIDAXKAACh, MO2KHO CKa3aThb, 9YTO BCA €AWHWY-
Has BEPOSTHOCTHAS MAacca, COCPEIOTOUEHHAs JJIsT JUCKPET-
HOTO CjIy4Yasd B KOHEYHOM WJIN CYHETHOM MHO2KECTBE TOYEK
"pazmaszpiBaeTcs" € MOMOIIBIO TIJIOTHOCTU PACIIPEIEICHUS
0 BCeil YnCI0BOi NPsAMOii (1K ee 4acTH).

B cuay (10.7) u (10.8) mioTHOCTH BEPOSITHOCTH OJHO-
3HAYHO OIpejesisieT (PYHKINIO PACIpPeIeTeHnsT H PacIpeIe-
JIEHIE, T.€. SIBJISIETCsI 3aKOHOM pacipeesenus. [logaepkuem,
9TO ITOT 3aKOH HE $BJISETCS YHUBEPCAJIbHBIM, & [OJUTCS
TOJTBKO JITsi aDCOTFOTHO HENPEPHIBHBIX BEJININH.

Teopema o cyniecTBOBaAaHUY aOCOJIOTHO HEMPEPhIB-
HOI ciaydailHOU BeJIMYNHBI ¢ 3aJaHHOI ILNIOTHOCTBHIO
pacmpe/iesieHsi BEPOATHOCTEIH.

Iycmo 3adana gynryua p: R — R, ydosaemsoparouwan
ceoticmeam

1. p(x) >0 Vz € R;
+00
2. [ p(z)dz =1.

Toeda cyujecmeyem 6epoammocmmuoe nPOCMPIHCMEO
(Q,F, P) u abCcortommo Henpepuienas CAYHaTinaa 6eAUNUHA
¢ = &(w), onpedeaenian na nem, maKas, 4mMo ee NAOMHOCTID
pacnpedesenua ecmo 3adannas pynxyua: pe(x) = p(x).

HdoxazaTenabcTBso. Kak 1 B AUCKPETHOM CIydae,
MOYKHO CBECTH JIOKA3ATETHLCTBO K TEOPEME O CYIECTBOBAHUN
C/TyJaiiHON BEJTMYUHBI C 33JaHHOM (DYHKIIME pacipesieeHnst
u3 pesaroro maparpada. [lo 3agannoit B ycjioBum TeOpeMbl
dyukumu p(x) mocrponm dyuaknuo F(z) ¢ momomnsio dhop-
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MYJIbI

F(x) = /p(x)dx. (10.10)

— 00

OueBunoO, 9T0 3Ta, QYHKIMSA HEYOBIBAIOIIAST, HETTPEPHIBHAS.
Tak Kak ocraTok cxoxsmierocst uarerpasa (10.10) crpemnt-
ca HA —00 K Hymo, T0 F(—00) = 0. Yerpemnsia  k +00 u
UCIIO/B3Ysl YCJIOBHE 2 TEOPEMBI, ToaydaeM, 9ro F(4o00) = 1.
ITockonbky myaa F' BBITIOTHEHBI BCE YCIOBUST TEOPEMBI O CYIIe-
CTBOBAHUU CJyYalHOM BEJIMUIWHBI € 33/1aHHON DyHKIIIEN pac-
peJIeJIeHNs, TO CYIIECTBYET BEPOSITHOCTHOE POCTPAHCTBO
(Q,F, P) u cayuaitnast Bequanna { = £(w), ompeeseHHasT
Ha HeM, ¢ dyukmei pacapenenerust (10.10). [lo ompenesre-
auro 10.5 sTa crydaiinaa Bennanaa abCOTIOTHO HEITPEPHIBHA
C IJIOTHOCTBIO BEPOATHOCTH P¢(x) = p(x).

Tax Kak TeopeMa O CYIIECTBOBAHUU CIydaifHON Be-
JIMIUHBI C 33JaHHON (DyHKIIWEH pacnpemeeHnus B OCHOB-
HOM TEKCTe He NOKa3bIBaJach, JAJUM HE3aBHCHMOE OT Hee
JIOKa3aTe/IbCTBO. [IOCTPOMM BEPOSITHOCTHOE MPOCTPAHCTBO

(QF,P),tne =R, F=B8,a

P(B)= [ p(z)dx. (10.11)
/

Tak kak p(z) > 0, To VB € B Bumonusiercs P(B) > 0. B
cuy ycnosust 2 Teopembl P(R) = 1. Cuernast aainTHBHOCTD
mepbl P criesyer u3 toro, uro unrerpad Jlebera (10.11) apisa-
eTCsl CYETHO aJINTUBHON (DYHKIHEH 0T MHOXKECTBa WHTErPU-
poBaHUs U3 g-AATedPbl N3MEPUMBIX 110 Jlebery MHOXKeCTB, a,
CJIEIOBATEIHHO, OT MHOYKECTBA MWHTEIPUPOBAHUS U3 €€ TI0JI-
o-anrebpet B. Utak P — BepoaTHocTs. OCTaeTcst BBECTH CITy-
Jaitayo Benunny §(w) = w (SBJISIONLYIOCST KOOPAUHATHOI).
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Torma, B cury (10.11),

Pe(B)=P{w: {(w) e B} =P{w: we B} =P(B) =

- / p(z)dz.

B

[To ompenenenuto 10.6 ciyuaiimas Beauuunna & abco-
JIFOTHO HeNpPepPbIBHA, W HMEET IIJIOTHOCTH PACIPEeIeIeHIs

pe(z) = p(z). 0

3ameuvanue 3. Mnrerpan B pasencrse (10.7) nornmaercs
kak wHTerpas Jlebera. Korma stor wHTerpas cyiiecrByer
KaK HecoOCTBeHHBIH mHTerpas Pumana, T0, B Cuay HEOTpH-
HATETPHOCTH TOJBIHTErPAJIbHON (DYHKINM, OH COBHAJET C
paccMmarpuBaeMbiM  uHTerpajsoMm Jlebera. Ecin nopsiaTe-
rpajgbHasg (PYHKIUG He ABIIIaCh Obl HEOTPUIATETHHOM,
TO W3 CXOJAUMOCTH HECOOCTBEHHOTO WHTerpajga PumaHa
He CJIeJIOBA0 OBl CYIMECTBOBAHWE 3JTOTO HWHTETPATa KaK
unrerpasaa Jlebera. Cama koHcTpyKnus wHTerpasa Jlebera
TaKOBa, YTO OH CyIEeCTByeT TOTrJa W TOJbBKO TOT[dad, KO-
rja CyHIeCTBYeT WHTErpajg OT MOJYJs PacCMaTpPUBAEMOM
dyrkupu. B obmem crywae, ecim B (10.7) momsiaTErpah-
Hasg (DYHKIUS TPUHUMAET KAaK I[OJOXKUTEJIbHbIE, TaK W
OTPUIIATENHHBIE 3HAUEHUsI, TO U3 GOCOAOMHOU CLOAUMO-
cmu unmeepasa (10.7) 8 cmwvicae Pumana caedyem eezo
cywecmsosanue 6 cmuieae Jlebeza. Ilpu smom unmezpanst
Pumana u Jlebeza cosnadarom. B majbHeiiiem, Kaxk TpaBu-
Jio, Byser BCTpedaTbCss MMeHHO Takoil ciaydail. [lostomy B
MPaKTUYIECKUX CUTYallNdX BO3MOXKHOCTH 3aMEHbI WHTEr'pa-
Jga, Jlebera cooTBETCTBYIOMUM HECOOCTBEHHBIM HHTEIDAJIOM
Pumana 3akonHa, €cyin 3TOT MHTErpaJi abCOTIOTHO CXOAUTCH.
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§ 10. Tumsr cry9IafiHBIX BETMIUH

3ameuanue 4. IHoraa, ocobeHHO B TEXHUYECKON JINTEPa-
Type, JAUCKPETHYIO CIYYafiHYIO BEJUUNHY TaK¥Ke 3a7al0T C
moMoIbo "morHocTH BepogaTHocTu". Ecim Bennmunna 3a1a-
Ha, PSAIOM pPacIpemeieHus

§ Hxl‘xé‘&“g‘ ......
P {pt [p2 [ps |-

TO €€ IIJIOTHOCTDb 3aIlIUCBhIBAKT B BI/I;LG
o0
p(z) = E pid(x — x;),
=1

rae 0(x) — Tak HasbiBaeMas jesnbra-bysknus upaka, T.e.
+oo

Taxas obobmennas gyrknus, aro §(z) > 0u [ §(z)dr = 1.
—0o0

U3 Teopun obobmennbix dynkuumii (pacnpenenenuii Isap-
1a) U3BECTHO, 9TO

/ F(@)8(x — zo)dz = f(x0)Ip (o),
B

rae Ip(x) =1, ecom z € B, u Ig(x) = 0 B mpOTHBOIOIOXK-
HOM ciydae. [IpuMeHerre TaKOTO TOIX0Ia, SIBASIETCS OMPEIe-
JIEHHBIM (hOPMATI3MOM, KOTOPBIH YI00EH YacTH MHAKEHEPHO-
TEXHUYECCKUX pa6OTHI/IKOB JJId TOTO, LITO6I)I HE 3aIIOMUHATH
dopmynbr tuma (10.1),(10.2), a Bceryma HUCMOTB30BATH BME-
cro mHux dopmyssl (10.7), (10.8). IIpu sTom ykazaHHBIE pa-
OOTHUKM, KAK TPABUIIO, TOIB3YIOTCH JAeabra-dyHKimei dop-
MaJILHO, TIPEJICTABAST €e KAK HeKUH WMITYJIbC, He TOHIMAST
OpU 9TOM, UTO TO HE eCTh (DYHKIUS B OOBITHOM CMBICTE, &
HHTErpaJj He sIBISETCS WHTETPAJIOM B ODIETPUHIATOM TTOHM-
MaHUK. 3aTO OHU XOPOIIIO BAAACIOT (pOpMaIu3MOM Ipeobpa-
30BaHWIT WHTErPAJIOB, KOTOPHIE COMEPKAT JIEIbTa-(DYHKITHH,
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[JIABA 1. TEOPUS BEPOATHOCTEN

YMEIOT MPOU3BOIUTL C HUMHU IIPOCTEHINNE ONepaIuy TUIa
muddepennuposanus. Tak, HanmpuMep, MPHU MOACIETE BEPO-
ATHOCTH NONAJIaHU 3HAYCHUN TUCKPETHOMN cay4YaiiHOl Ben-
YUHBI B HEKOTOPOe DOPEeJIeBCKOE MHOXKECTBO OHM MOCTYTIAI0T
npubIM3UTETHLHO TAKUM 00pa30M:

Plee By = [pidn = [ S pite— s =
B =1

B

- Zpi/é(az—xi)dw = ZPiIB(%’) — Z Di.
i=1 p i=1

it x;€EB

ITpodeccuonanbabie MaTEMATHKY, KAK MTPABUJIO, TAKOH MTOJ-
XOJ He UCIOJIb3YOT.

Yacmo ecmpenarowueca abCoMOMHO HENPePbeHble
pacnpedeserus

1. Pasnomepnoe pacnpedesenue Ha ompesxe.

DTOo pacipeie/IeHne y2Ke BCTPEIaIoCh, KOTa pacCMaTpy-
BaJIaCh KoOpamHaTa £ TOYKM, HayJady OPOIIeHHONH Ha OTpe-
30K [a, b]. OyHKIHUS ee paclpenesieHnsi pABHSIACH

0, ecin x < a,
F(zr)= ¢ 52, ecma<az<b,
1, ecnu x > b.

ITpeamomoxum, aTo paccmarpuBaeMas (PyHKIAA aOCOTIOTHO
HenpepbiBHa. [lo CBOHCTBY IJIOTHOCTH BEPOATHOCTH MOUTH
BCIOJTY

1
pl@) = F(z) = 8*“’ ectn T ¢ [a, b].

ecm a < x < b,
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§ 10. Tumsr cry9IafiHBIX BETMIUH

Tak Kak MHOXKECTBO, COCTOAIIEE U3 ABYX TOYEK @ U b, B KO-
TOPBIX NPOM3BOAHAA OT F' He ompeneseHa, WMeeT HyJIEBYIO
Mepy Jlebera, TO MBI MOZKEM ONPEAEIUTH IJIOTHOCTD PACIIPE-
ACJICHUA B 9THUX TOYKaX IIPOU3BOJIBHO, JIUIIIb 6]:)1 OHa OCTa-
BaJIaCh HEOTpHUIATENbHOMN. [Iig onpenenernoct Gyaem can-
TaTh, YTO

p(z) = par comasz<h (10.12)

0, ectn T ¢ [a, b].

Hnst nokasaresberBa abcomoTHOl HenpepbiBHOCTH & 1 F'(1)
OCTaEeTCHd, HAPUMED, MTPOBEPUTH BHIMIOJIHEHUE OTIPeIeIeH s
10.5, T.e. yCTaHOBUTH, 9TO paccMorpenuble F'(x) u p(x) yio-
BJIETBOPSIOT TIPU KaXKJI0M & € R cooTHOIIEHNTO

T

F(x) = /p(t)dt.

—00

3adava 2. IlpoBepbre, UTO 3TO TaK.

[TosTOMY 3KBHBAJEHTHOE ONPEIETEeHIe BBINISIAT TaK:
crydaiiHasi BeIMYMHa PABHOMEPHO paciipejiejieHa Ha OT-
pe3ke [a,b], ecin oHa abCOMIOTHO HEMpPEPLIBHA W HMEET
IJIOTHOCTE pacnpeaenenus suaa (10.12).

[IpoBepaTs cyImecTBOBaHMe TAKOH CIIyIaiiHON BETMIUHEI
C TOMOIIBIO TEOPEMBI O CYIIECTBOBAHUE aDCOTIOTHO HEIpe-
PBIBHOM cay4aflHofl BeIWYMHBI C 33JaHHON IJIOTHOCTLIO
pacipeie/ieHnst HeT HeOOXOIMMOCTH, TakK KaK TaKOi BeTrdn-
HOIl 9BJIsIeTCS KOODJMHATA HayAady OPOIIEHHOW Ha OTPe30K
[a,b] Touxkm. OgHako, ecam OBl MBI HCXOIWJIM TOJNBKO W3
HOCJIEJIHETO OIpejIeIeHIs PABHOMEPHOIO PACIIPEIe/IEH NS, TO
JOJIZKHBI OB OBbI TIPOBEPUTD, YTO BBLITIOJHSIOTCS YCIOBHsT 1
¥ 2 9TOI TeOpeMBbI, 4TO, BIIPOYEM, OUEBUIIHO.
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[JIABA 1. TEOPUS BEPOATHOCTEN

2. Iloxazamenvroe pacnpedesenue.

lopopsar, aro ciyuaiinaa Benmunna & mMeeT MOKa3a-
TeJIbHOE WJIN YKCIIOHEHIIUAJIbHOE PaCIIPEAEJIEHUE C TTa-
pameTpoMm A, Trme A > 0, ecin oHA abCOMIOTHO HENPEPHIBHA 1
MMeeT ILJIOTHOCTD PACIIPEeIe/eHNs BEPOITHOCTEN BUIA

Xe M ecmmx >0,

xTr) =
ple) 0, ecim x < 0.

Takag craywaiinas BeIWYWHA [IeHCTBUTEIBHO CYIIECTBYET,

TaK Kak
+o0 +o0o
p(z) >0, / p(z)dr = / e My =1,
—00 0

Ucmonb3yst (10.7), HAXOAMM COOTBETCTBYIOIIYIO (DyHK-
U0 PACTIPEIEIeHMNS:

1—e ™, ecmz >0,

0, ecn x < 0.

Ormernm, aro Tak Kak F'(0) = P{¢{ < 0} = 0, To moka-
3aTeJILHOE PACIPEIE/ICHIE UCILIL3YETCS It OMUCAHIS BEPO-
STHOCTHOT'O TIOBEJICHHsT HEOTPUIATEIBHBIX (110 CMBICITY) CITy-
gaiiubix BesimauH. Hampumep, 9acTo TakKuM pacipeaeieHneM
XapaKTepU3yOT JIUTETBHOCTh HEKOTOPOTO CJIyIaifHOTO IIPo-
LeCCa.

JIlemma 006 orcyrcrBum "mamsitu" (rmocieneiictBusi) y
[I0KA3aTeJIbHOI'O PACIPe/IC/IeHUS.

Ecau cayuatinaa eeaununa & umeem noxasameabHoe
pacnpedeserue, mo oasn aobozo T > 0

P{¢<t+T1/E>71)=P{£ <t}
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§ 10. Tumsr cry9IafiHBIX BETMIUH

HdoxaszaTeuasncTso. llo onpenenennio yciroBHoM
BeposgTHocTu jjist t, 7 > 0

P{r<{<t+71} F(t+71)—F(1)
Ple>7y  1-F(1)

Pl <t+r/é>T) =

e~ AT _ o= A(t+7)

— —5 =1—eM=F(t) = P{¢ <t}

Ecm xe t < 0, To o006 9WacTW JOKA3BIBAEMOTO
paBeHCTBa TaK»Ke paBHBI, ub0 00pamarTcs B HOJb.
O

Paccmorpum pabory HEKOTOPOro 3IEMEHTA, HAMPUMED,
aekTponaMmnodku. llpemmonoxkum, «9ro Bpems 'xwuzHn"
& 3TOro 3eMeHTa WMEET IOKA3aTeTbHOE PACIpEeIeIeHIe.
[Iycts B MOMEHT T (BpeMsi OTCUUTHIBACTCS C MOMEHTA HAJa-
J1a pabOThHI JIEMEHTA) JTEMEHT €IIe He BBIMIET U3 CTPOs, T.€.
npousonwio cobeitre {£ > 7}. Torma ero ocraTouroe BpeMst
"xkusan" £, = £ — 7 uMeer QYHKIMIO PACTPEIETCHIS

Fe (t) = P{& <t} = P{¢—T <t/¢ > 7} =

= P{§ < t} = Fg(t)

Taxkwum 06pa3om, 0OCTATOYHOE BPEMS UMEET TOT K€ 3aKOH Pac-
npejiesieHns, 9To u nojaHoe Bpems "xuzuu" asementa. py-
CUMH CJIOBAMU, 3JeMEeHT Kak Obl "'3abbiBaer", CKOJILKO Bpeme-
HU OH yZKe CYIIECTBOBAJ, H €0 OCTATOYHOE BPEMsT YITPABJIs-
eTCST TOYHO TAKUM K& BEPOATHOCTHBIM MEXaHU3MOM, KOTO-
pBIM yIpaBjsercs mojHoe epems ero xuzau". MoxHO 10-
Ka3aTh, YTO CBOMCTBO OTCYTCTBHS MAMSITH SIBJISIETCST XapaK-
TEPUCTUIECKUM JIJTsT TTOKA3ATETHHONO PACIPeIe/IeHUsT: IPY-
MUX CAYyIafiHBIX BEJWYHH, KPOME TOKA3aTeJLHO pacrpese-
JICHHBIX, KOTOPbIC YyJIOBJCTBOPAIN 6bI CBOfICTBy OTCYyTCTBUA
MaMSITH, HE CYIIECTBYET.
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[JIABA 1. TEOPUS BEPOATHOCTEN

Bnaromapsa »sToMy CBOMCTBY TOKa3aTeJbHOe pacIpe-
JleJIEHNE OINNCHIBAET BPEMEHA MPEObIBAHUSA B COCTOSTHUAX
TaK HA3BIBAEMBIX MAapPKOBCKHUX I[POIECCOB ¢ He Oojee deMm
CYETHBIM MHOXKeCTBOM cocrogHuii. IloaTomy oHO HaxoguT
MIMPOKOE NMpUMeHeHre B (bu3uKe (HAIpUMep, IPU ONUCAHUY
paJIMaKTUBHBIX $IBJCHU{T), OMOJOTUH U XUMHUH (HAIIPUMED,
Opyu M3y4YeHWM OMOJOTMYECKMX MOIYJIInil), TeOPUU Ha-
JIE?KHOCTH, TEOPUU MAaCCOBOTO OOCTYKHUBAHUs, aKTyapHOit
HayKe, TeXHUKE.

3. Pacnpedeserue Kowu.

[MpeamomokumM, 9TO0 APTUIEPUICKOE OPYIHE PACIOJIO0-
JKEHO Ha, eJUHHIHOM PACCTOSHUU OT OECKOHEUHO IIMHHOIM
crensl (cM. Puc.3).

0 X § xtdx

Puc.3

Jlader opyams Bpalaercsi ¢ MMOCTOSTHHOW YIVIOBOH CKOPO-
CTBIO OT TIOJIOXKHWA, KOTA3 CHAPAL UIET NapaslIeIbHO CTeHe
BJICBO, [0 MOJIOXKEHHdA, KOTJa OH HJAET NapaJljleJbHO CTEeHe
BIIPABO, U MEXKJIy HUMHU BCE BPEMs MMOTAAET B CTEHY. 3aTeM
Jtaher BpaliaeTcs B MPOTUBOTIOIOKHOM HAIIPABIEHUN, 3aTEM
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BCe ToBTOpsieTcs W T.J. Ha KazkaoMm moiayobopore B Haya-
49y BBIOPAHHBI MOMEHT W3 OPYyIHUs MPOU3BOAUTCI BBICTPE.
[TycTh & — paccrosiHye 0T OCHOBAHUS MEPIIEHIUKYJISIPa, Oy~
[MEHHOTO U3 OPYIWs HA CTEHY W B3ATOrO €O 3HakoM "+ ecim

" "
—" ecnm cHapsan

CHApsiJl OTKJIOHUJICST BIIPABO, U CO 3HAKOM
oTKJIOHI/ICS BIeBO. Ilycrs coryvaitnas Benmanaa 6 — yrom, Ha
KOTOprﬁ TMOBEPHYJICA CTBOJI OPyAUd OTHOCUTE/JIBHO IEPIICH-
JUKYJISIPa, OTCINTBIBAEMBII 110 4acoBoii crpesike. OUeBUIHO,
—7m/2 <6< +7/2nu =1tgh. Tak KaK CKOPOCTH BPAIEHUsI
nadera MOCTOSIHHA, & MOMEHT BBICTDETIa BBIOMpAeTCs Hay-
Jady, To caydaiiHas BesndnHa § pPABHOMEDHO pacipejesneHa
Ha OTpe3ke [—7/2, +7/2|, cileoBaTeIBHO €e IJIOTHOCTH Be-
POSITHOCTH PaBHA

%, e — /2 < @ < +7/2,

9 pu—
po(¢) 0, ecmwmz ¢ (—m/2, +7/2).

[Iycrs momamanuto yria 6 B quanason (¢, ¢ + dp) coor-
BercrByer nonaganue ¢ B guanason (z, x + dr). OueBup-
Ho, * = tg, ¢ = arctgr, dp = li’;,
Plo <0< p+de} = Plzx <& <z+dzx}, T0

Tak kak

po(p)dyp = pe(x)de,
OTKYyJIa
B 1
(1 +a2?)
DT0 pacupejesieHre HasbiBaeTcd pacnpeneseHueM Ko-

K, a clyd4aiiHad BeJIWYWHa C TaKUM paclpelesaeHueM —
pacnpenesenHoit mo 3akony Korrru.

pe(z)

PaCCMOTpeHHbIe paccyxkKaennd, OCHOBaHHBIE Ha MTOHATUN
dJIEMEHTa BEPOATHOCTH, MOXKHO CIe/JlaTb CTPpOruMmu, ecjian
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HCIIOJIB30BaTh CJEJYIONIee YTBEPKICHHE.

TeopeMa 0 MJIOTHOCTU BEPOATHOCTU (DYHKITUU OT
CIIyJaifHOU BeJIMYINHBI.

ITyemo (a,b) — xoneunwidi usu beckoneunud urmepean,
f: (a,b) = R — cmpozo monomonnas duddepenyupyemasn
Pynryua, & — abCONMOMHO HENPEDLIBHAA CAYHATHAA BEAUYU-
na, pacnpedesenue Komopot cocpedomoueno na (a,b) (m.e.
P{¢ € (a,b)} = 1). Tozda caywaiinan seavuunan = f(§) ab-
CONOMHO HENPEPBIGHA U UMEET, NAOMHOCNY PacnpedeseHus
BEPOATNHOCTIY

po(@) = pe(fH @)IIF (@) (10.12)

[Ipexne, dem JOKa3LIBATHL TEOPEMY, NPUBEIEM MIPU-
Mep, WLIICTPUPYIONINN CTAaHJAPTHBIM CIIocob paccyxkie-
uwmit. [lycTs ciyaaiinaga Benmanaa £ abCOTIOTHO HEIPEPHIBHA,
n = €2, Tak kax f(z) = 22 — menpeprnBHAs byHKIHA, T.€.
OopesieBckas, TO 1) — caydalinaa Beauwdnna. Beipasum GyHK-
W0 pacmpeseneHud 1 depe3 (PyHKIUIO pacrpeneiennd .
Ecmm z > 0, To

Fy(x) = P{n <a} = P{€® <a} = P{—Vz <& < Va} =
= Fe(Vz) — Fe(—V).

Ecmu x <0, To, oueBugno, F,(x) = 0. Ilpeanonoxum, aro n
takke abcomorno menpepoiBaa. Juddepennupys momryaen-
HBIE COOTHOIIEHHUS, TTOIYYUM:

po(z) = {ﬁ[pf(\/@ +pe(—v/x)], ecmx >0,

0, ecm x < 0.
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Pasymeercs, »To0 paccy:KaeHne He BISIETCI WCIEPITHI-
BAIOIINM, TOCKOJIbKY a0COMIOTHAA HEMPEPLIBHOCTL 1) HE
JI0Ka3aHa.

Badaua 3. JJoKazkure, U4TO CAydaiiHAS BEJIMUYMHA 1) = &2
abCOTIOTHO HempephiBHA, ecyin & abCOMIOTHO HEMPEPHIBHA.

Hdoxasarensbcrtso. Tak kak f(z) muddepen-
EpyeMa, TO OHA HelpepbiBHA, T.e. SIBJSIETCS OOPETEBCKOM
dyukiueit. [lo memme o GopeneBckoit (yHKIME OT CIy-
JaifHOil BeaWduHBI W3 JeBsaroro maparpada n = f(§) —
Cllydalinad BeJUYUHA.

1-1 cnocob doxazamenvcmsa.

1. llycte dyuknus f Bozpacraer. [IockoabKy B 3TOM C1y-
gae cobbitre {f(£) < x} mpoucxoauT TOrAA U TOIBKO TOTJA,
Korja mponucxomutT coberrue {€ < f~1(z)}, To

Fy(x) = P{n <a} = P{f(§) <z} =
= P{¢ < (@)} = Fe(f (@),
u quddepeHupyd Moy IeHHOe PABEHCTBO, HAXOINM:
po(x) = pe(fH @) [f T (@)]"

Tax xax f BozpacTaer, To f ! Takwe BO3pACTAeT, CeI0Ba-
temsuo, [f~H(x)]) > 0, Te. |[f ()| = [f~1(z)], n (10.12)
JTOKA3aHO.

2. Ilycts dymxumsa f yoweiBaet. [lockombKy B 9TOM CTy-
qae cobbiTre {f(£) < x} mpomcxoanT TOrIA M TOITBKO TOTAA,
Korjia TTpomucxoautT coberrue {€ > f~1(z)}, To

Fy(x) = P{n <z} = P{f(§) <a} = P{¢> [T(2)} =
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=P{{> @} +PE= o)} =PlE2 [ (o)) =
=1-P{E< (@)} =1~ F(f'(2)),
OTKY /12
py(x) = —pe(f~H(@))[f ()]

Tak kak f y6waer, To [f~(z)] < 0, re. |[f71(2))| =
—[f~Y2))’, n (10.12) noxkazamo.

Ha camom geme (10.12) Bemmomneno nourm seomy. Ho
MOKHO 3aliCaTh TOYHOE PABEHCTBO, BLIOPAB MMEHHO TaKoOii
BapHaHT IIJIOTHOCTHU BEPOATHOCTHU U3 KJIaCCa IKBUBAJIEHTHBIX

Mexk Ty coboit mmoTHocTel. Ocraercs 10Ka3aTh abCOTIOTHYIO
HenpepsBHOCTE 7). Tak kKak pp(z) > 0 u

“+00 “+00

/p"("”)df”: /Pdfl(x))l[fl(x)]’\dx:
b +o00
:/pf(y)dy: /Pg(y)dyz L,

TO CyIecTByeT abCOMIOTHO HelpepblBHAs CiydaiiHas Besd-
9HHA C IVIOTHOCTBIO Py (2), KOTOPOH COOTBETCTBYET DYHKINSE
pacmpenenenns F(z). 91o u o3navaer abCOMOTHYO Hempe-
PBIBHOCTD 7).

2-1 cnoco6 dokasamenvcmaa.

3nechb yao6HO paccMOTPETh HEOPUEHTUPOBAHHDBIN WH-
rerpas (naTerpasn Jlebera), B KOTOPOM MPOU3BOJANTCS 3AMEHA
y = f(z), 2 = f~(y) (B cu1y MonoTomHOCTH f C TIOMO-
B0 HEee YCTAHABIWBAECTCH B3aWMHO-OHO3HAYHOE COOTBET-

crue Mexay (a,b) u (min{f(a), f(b)}, max{f(a), f(b)})):
P{ne B} = P{f(§) e By =P{¢ € f'(B)} =
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= / pe(w)dz.
f=1(B)
[Ipoussoast B unrerpase Jlebera 3ameHy repeMeHHOU Yy =
f(z), z = f~1(y), momy=mu:

P{ne B} = / Pe@) I~ )] dy.
B

B cuny ompenmesnenua 10.6, 310 o3Hauaer, uTO CaydaiiHasd
BeJinurHa 1) abCOMIOTHO HENpEpPLIBHA, W UMEET HCKOMYO
MJIOTHOCTb. O

Sameuarue 5. Fcam mHTErpas CyIecTByeT B CMBICTE
Pumana, To BO 2-M cmocobe m0OKa3aTeIbCTBA MCIOIB3YeTCs
3aMeHa TIeEpeMeHHONl B HEOPHEeHTHPOBAHHOM WHTErpaJie
Pumana. O6biuHO, B CWJIy CIOXKUBIIEHCS TPASUITUH, O
HOMEpHBIE HWHTEerpaJibl PuMaHa paccMaTpHBAIOTCI —Kak
OPHMEHTHPOBAHHBIE, B TO BpPeMdA KaK KpPaTHBIE WHTErPaJIbl
Pumana aBnsdioTcs HeOpHEeHTHPOBaHHBIMU. Ilo3TOMY Teope-
Ma O 3aMeHe MePEeMEeHHOH BBITVISINT, B HEKOTOPOM CMBICTE,
IPOIIE I KPATHBIX HHTErPAJIOB, UeM JJIsi OOBITHBIX. 3JeCh
KaK pa3 MpUMeHseTcss ee MOANMUKAINS 15T OJHOMEPHOTO
Cayvas.

Tenepb MOHATHO, KAK PEITATH 33739y 3.

Bosspamasch K pacnpenenseanto Ko, BCIOMHAM, 9TO
¢ = tgl. Tak xax yHKIUT y = tgx BO3pacTAET U AUQ-
depenmupyema Ha (—7/2, m/2), obparHas yHKIHA T =
f~1(y) = arctgy, To no gokazamHOI Teopeme

1
pe(x) = polarctg v)|[arctgal'| = .
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4. Hopmaavroe pacnpedeserue.

Topopar, aTo ciayuaitras BenuawHa £ MMeeT HOPMAJIb-
HOe pacIpejesieHne ¢ napamerpamu a, o2 (a € R, o >
0), eciiu oHA, ABCOTFOTHO HETPEPBIBHA U MMEET ILJIOTHOCTD Be-
POATHOCTH BHUIA

1 _(z—a)?

p(z) = Vo

Takasi crydaiinasi BeJIMYMHA CYIIECTBYET, TaK Kak
p(x) >0 YVx€eRu

+o0o +o0o +o0
/ (x)da = — / o / dt =1
T)axr = —— (& 54 Xr = —— (& = 1.
P V2T NZS
—00 —00 —00

3/ech MBI ClIeJIa I 3aMeHy TIepeMeHHON x&% =t U BOCIIOJIL-
g

30BaJIUCh HU3BECTHBIM HN3 MaTCMaTHYCCKOI'O aHaJI3a HWHTE-

rpasom Ilyaccona

+o0

/ e dt = /7.

— 00

Hnsg kparkoctu 3anucu ¢pazy "€ uMeeT HOPMAJbHOE
pacipesesenie ¢ mapaMerpaMu a, 02" 6ymeM mucarTh Kak
¢ ~ N(a, o2).

C IIOMOINBIO CTAHAAPTHBIX METOJ0B MaTEMaTHYIECKOr'O
aHaJIM3a JIErKO TPOoBepsieTcst (TIPOBEPhTE), 9TOo

1) p(z) cummverpudHa OTHOCHTENLHO NPAMOI T = a;

2) B TOUKe T = @ OHA JOCTHTAET MAKCUMyMa, KOTODBIH
paBeH ———:

V2o’

3) B mpomexxyTke (—00, a] OHa BO3pacTraer, a B IpOMe-
KyTKe [a, +00) yObIBaer;
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§ 10. Tumsr cry9IafiHBIX BETMIUH

4) TOYKYM a — 0, a+ 0 SBISIOTCS TOYKAME TIepern6a; mpu
9TOM B IIPMeXyTKax (—00, a—0o], [a+ 0, +00) oHa BhIITYKIA
BHI3, & B IPOMEXKYTKE [a — 0, a + 0] BBITYKJIa BBEPX;

5) ock abcrpce SIB/ISETCS TOPH30HTATBHON ACHMIITOTOM
npu x — oo ( lim p(z) = lim p(x) = 0);

r—+00 r——00

6) MIOMAIL, 3aK/II0UYEHHAS MEXKIy TpadUKOM U OCHIO

abcruce, pasua 1.

Onpenesnenue 10.7. lopopdar, 9To caydaiiHas BeTHIH-
Ha £ UMeeT CTAH/IAPTHOE HOPMAJIbHOE pachpejieseHne,
ecmn § ~ N(0,1).

[TsoTHOCTH CTAHAAPTHOI'O HOPMAJIBLHOTO PACIpEIeTeHNs
(MIOTHOCTH BEPOSATHOCTH CIy4aiiHONH BeIWYWHBI &), MMEFO-
el cTaHIapTHOE HOPMAJIBHOE Pacipe/iesieHne) 0003HaTaoT

depes
1 <2
€Tr) = €Tr) = e 2
(/7( ) péo( ) o

OTa QYHKIUA yXKe BCTpeUAJach HAM B (DOPMYJIUPOBKE JIO-
KaJILHOU TpeienibHol TeopeMbl Myaspa-J/lammaca. @yarImio
CTAHAAPTHOrO HOPMATBHOTO pactpesenenus ((byHKIIO pac-
npeJiesieHns CJIyYaitHON BeJTMIuHbl £y, UMEIOIIeH CTaHJapT-
HOe HOpMAaJIbHOE pachpezeneHue) OyaeM 0603HATATh depes3

T

Niz)= Pl <o} = [ plt)at

— 00

DTa (hyHKIUS U CBsi3aHHAs ¢ Heil hyHKus Jlamngaca
€T
P(x)=P{0< & <z} = /gp(t)dt
0
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[JIABA 1. TEOPUS BEPOATHOCTEN

BCTpEYAIUuCh HaM paHee B (DOPMYJUPOBKE HHTErDAJBHON
npenenbHoit Teopembl Myaspa-Jlamraca. Teopemsr Myaspa-
Jlanmnaca dakTuuecku yTBepKIAJU, YTO HOPMAJhHOE PAC-
npejeieHre sBISeTCd TpemeabHbIM I OMHOMUAILHOTO
pactpenenennsg. TaknM 00pa3oM, B 3aBUCUMOCTH OT CIIOC0DHa,
cTpeMJieHUsT N K ODECKOHEYHOCTH MPEIETbHBIM it OUHOMU-
AJILHOTO PACIPEIETEHUsT MOYKET CJIYKUTH KaK HOPMAJBHOE
pacrpenenenue, Tak u pacnpenenenune Ilyaccona.
Tak xak p(—z) = ¢(x), To

B(—z) = /xgo(t)dt - / o(—t)dt = — / o(t)dt = —&(z).
0

Takum obpazom, dyukiws p(x) — verHad, a yukuusa P(z)
— mevernad. lasmee, nasg x > 0

T 0 T
N(z) = /cp(t)dt = /gp(t)dt—l—/go(t)dt =
—00 —0o0 0
+oo
—1)2 / o)t + B(z) = 1/2 + B(x),
a g x <0
T 0 0
N = [ otwit= [ ot~ [ o=

e(t)dt =1/2 + &(z).

I
=
N
+
o\&
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§ 10. Tumsr cry9IafiHBIX BETMIUH

Hrtak, 11 moGoro o
N(z) = 1/2 + &(x).
Nmeem
N(z) + N(—z) = 1/2 + &(z) + 1/2 + &(—x) = 1.

Nmetorcs tabmunpr dyukuuit p(z), (), N(x). Yacrs
aBTOPOB TOJIb3yeTcs TabsunaMu (DYHKIUH DPACIIpe/Ie/Ie s
N(x), gwacrb aBropop — tabmunavu ¢yakunn Jlammaca
&(z). Ilpm sTOM, Kak MpaBW/IO, W TY ¥ APYTYIO0 (DYHKIHIO
obozragaor oauuakoBo Kak P(x). IMosromy mpu mcmoms-
30BaHUM TeX WM WHBIX HMCTOYHUKOB TabJIUIl HAJ0 ObITH
BHUMATEIbHbIM ¥ CMOTPETh He Ha 00O3HaueHWe, a Ha Mpe-
JeJTbl MHTEIPHPOBAHUS.

JlemMMa 0 HOpMaJIbHOM PACIIPEAEJIEHUN.

Ecau € ~ N(a, 02), n= A+B, 20e A # 0, — aunetinaa
pynwyua om &€, mon ~ N(Aa + B, A%0?).

B wacmnocmu, ecau € ~ N(a, 0?), mo & = % ~
N(0,1).

JdJoxaszarensctso. [Ipuw A # 0 dysxnus
y = f(x) = Ax + B aBagercsas cTporo MOHOTOHHOH aud-
depennupyemoit byukimeit. Obparaas QyHKIUS IMEET B
r = fYy) = %, npraem [f~1(y)] = &. To Teopeme
0 TJIOTHOCTH BEPOATHOCTH (DYHKIUE OT CJIyYailHOM BeTrMIn-
HBI CTy9aifHas BeJIMIuHa 1) aOCOMIOTHO HETPEPBIBHA, W MMEET
IJIOTHOCTH PACIpeIeIeHIsT BEPOsTHOCTEH

pa(y) = pe(S WIS W) =pé(¥)ﬁ B
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[JIABA 1. TEOPUS BEPOATHOCTEN

1 _F-? 1 _l-(AarB)?
— e 202 _ = — € 20242 5
2o Al V2ro|A|
T.e. n ~ N(Aa + B, A%0?).
Ecmu, B wactHocTH, n = & = nga’ o A =1/0, B =

—a/o, re. Aa+ B = 0, A%0? = 1, mostomy & ~ N(0,1).
O

Cuaencrsue 10.8. Ecau & ~ N(a, 0?), mo ama cayuati-
HAA BEAUNUHG MOXHCem Boimb npedcmasaena 6 sude

5 = 0-50 + a,
ede &y ~ N(0,1).

I[Iycts &€ ~ N(a, 0?). Kax HailTn BepoaTHOCTE
P{a < &< B},

Tak kak £ abcomoTHO HempepbisHa, T0 P{{ = a} = 0. Ilo-
TOMY

Pla << p}=Pla<§< B} = Fe(B) — Fea).

YUTo6bI BOCIOMB30BATLCS 3TOM (hOpPMYIoOi, HAM HeoOXO0In-
MO OBl OBLIO MMeTh TabauIbl (PYHKIMNE HOPMAJLHOTO Pac-
npejieIeHns IpH JTIOOBIX 3HAUCHMAX TapaMerpos a, o2. K
CYACTHIO, JIEMMa O HOPMAaJIBLHOM PACIPEIETEHUN TTO3BOJISIET
oboiiTrck 6€3 5TOro HeyA00HOIO II1ara U MoIb30BAThHCs TabTH-
[AMU CTAHIAPTHOTO HOPMAJIBHOTO pacipeaesienus. B camom
zeJie,

Pla<é<pl=Pla—a<é—a<fB—a}=

—r{Estctn Lonypfene g c2oe)

o o o
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§ 10. Tumsr cry9IafiHBIX BETMIUH

=N(E) () = (5 - e(25)

B wacrroctn, eciu & ~ N(a, 02), T0

P{ 5_“‘ <e} =20().
o

Mp&r Bupe/n, 9TO HOPMAJIBHOE PACIPEIETEHNE STBIISIETCS
npejebHbIM I OMHOMUAJIBHOTO pachpesenenus. [lozxke
MBI ODODIIUM DTOT PE3YALTAT U JOKAXKEM, UTO HOPMAIHLHOE
pacrpesiesieHre BBICTYIAET TPHU JOCTATOYHO OOIMIUX Mpe-
MOJIOYKEHWSIX B KAdeCTBE MPEIEThHONO PaCIpeeseHus st
CYMM TaK HA3bIBACMbIX HE3aBUCUMbIX Cﬂy‘{af/iHbIX BEJITYUH.
DTOT pe3yJbTaT — IEHTPAIbHAS peJe/bHas TEOPEMa TeO0-
pun BepositHocTeli. OH Teopermdeckn 0OOCHOBBIBAET YACTOE
[OsIBJIEHVE HOPMAJIBHOI'O 3aKOHA PACHpee/IeHUs] B TPaKTH-
TIEeCKUX CUTyalIudAx.

111. Cuneysaprvie pacnpedeseHus.

Onpenesnenue 10.9. Touka x Ha3RIBAETCI TOYKON PO-
cra dyukipn pacupenenenns F(z), ecin

Ve > 0 soimonusiercs F(x +¢) — F(x —¢) > 0.

Onpenesnenue 10.10. Cayugaiinas Besuauna &, ee pac-
npegenenue Pe n dynknug pacnpenesnenns Fy Ha3bIBAIOTCA
CUHT'YJISIPHBIMHU, €CJIU

1) F menpepbiBHA;

2) MHOXKeCTBO TOYeK pocra F mmeer sieberoBy mepy
HOJTb.
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[JIABA 1. TEOPUS BEPOATHOCTEN

Ecnn x we aBasgercsa Toukoit pocta, To Hafimercsa € > 0
Takoe, YTO BO BCEM INPOMEXYTKe [x — &, & + £] dbyHKIusd
pacmpene/neHna OyJeT IIOCTOSHHA M, CJIEJ0BATEIBHO, €€
NpoM3BOJHAA B TOYKe X Oyaer pasHa mHyaw. Urak, ecam
¢ cuuryngpra, to F(x) menpepbHa, a F'(z) = 0 mo-
grr BCrogy. Takas ciaydaiiHasd BeJIUYMHA HE MOMKET OBIThH

aDCOIFOTHO HEMPEPBIBHOMN, TAK KAaK TOTAA €€ MJIOTHOCTH Be-
+00

posirrocrr p(z) = 0 nourn serony, nosromy [ p(z)dz =0,
—0o0

9TO HEBO3MOXKHO [JIsT a0COIIOTHO HEMPEPBIBHOTO CIIy<asl.

Ob6bsicasgercs 3T0 U3BECTHBIM (DAKTOM U3 TEOPUH HEOIpee-

JIEHHOr0 mHTerpaJja Jlebera: (pyHKINS BOCCTaHABINBAETCS

O CBOEW MPOM3BOJHON B BHJE HEOIIPEICJICHHOIO MHTETrPaJIa

TOTJIa W TOJBKO TOT/IA, KOT/IA OHA abCOTOTHO HempepbIBHA.

IIpumep 1. KanTopoBa JsiectHUIa. Bo3pmem oTpe3ok
[0, 1] n moctponm dyuknmo F(x) creyrommm obpasom (cM.
Puc.4). Tlomoxum F(z) = 0 upu x < 0 u F(x) = 1 npnm
x > 1. Orpesok [0,1] pasbuBaercsi Ha TPW YACTH PABHOI
et [0,1/3], (1/3,2/3), [2/3]. Ha cpeguanom uaTepBase
nonaraem F'(x) = 1/2. OcraBmmecs 1Ba 0Tpe3Ka CHOBA pas3-
OMBAIOTCS Ha TPW YACTHW PABHON JIMHBI KarKIBIH, W Ha Cpe-
JIUHHBIX HHTEepBasax F'(z) momaraeTcst paBHOl COOTBETCTBEH-
HO 1/4 u 3/4. KaxKublil 13 0CTABIINXCS TIPOMEXKYTKOB CHOBA
JIEJIATCS Ha, TPU YaCTU PABHOI JJIMHBI ¥ HA CPEIHUX WHTEPBa-
aax F(x) ompenesnsiercst KaK TMOCTOSIHHASI, pPaBHAS CPETHEMY
apupMETHIECKOMY MEXK Ty COCEJTHUMH, Y2KE OTPEIETeHHBIMI
sHadeHusiMu F'(x), u .1

Taxwum obpazom, F' ompeseneHa BO BCEX TOYKAX OTPE3KA,
[0, 1] 3a nCKJIFOUEHNEM TOYEK KAHTOPOBA COBEPIIEHHOTO MHO-
»kecTBa K. DT0 MHOXKECTBO, KaK MbI IOMHUM, OJHOBPEMEHHO
u "6onbimoe" u "maserpkoe', TaK KaK MMeeT MOITHOCTh KOH-
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§ 10. Tumsr cry9IafiHBIX BETMIUH

THHYyMa 1 JieberoBy Mepy Houb. Kaxknas Touka K sBisercs

F(x)
1

34 | —

1/2

14, —

0 1/92/9 1/3 2/37/98/9 1 X

Puc.4

npesenbroit s Touex K = [0,1]\ K. [losromy B Toukax K
MBI MOXKeM joonpeeauts F(z) mo menpepsirocTu. MTak,
F(x) menpepbiBaa. O4eBnanHo, nocrpoernas dbyHkimsa F' He
yObIBaeT, HenpepbiBaa, F'(—o0) = 0, F(+00) + 1, . sapis-
ercs (DYyHKIMEH pacripeieseHns HEKOTOPOH CIydaiiHoil Be-
guauabl. [lycte N — MHOXKecTBO TOUeK pocTa F'; 0UeBUIHO,
N C K, orkyna K C N =[0,1] \ N, crefosarensro,

1 2 4 1/3

M > u®) =t 2 2y = —1
pN) 2 p(K) =g+ 5+ 52+ a3 b
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[JIABA 1. TEOPUS BEPOATHOCTEN

rae p — Mmepa Jlebera. Ilostomy p(NV) = 1, orkyma u(N) =
0. Urak, F' — mempepbiBHA, a MHOYXKECTBO €€ TOYEK POCTa
uMeeT Mepy Homb. Kpome Toro, sta QyHKINs He yOBIBAeT,
F(—o0) =0, F(+00) = 1. Cnepoparenbho, F — dbyukuus
pacupeiesieHud HEeKOTOPOR CIyYalHOU BeJIUYUHbL, U OHa CUH-
CyJISIpHA.

[MpuBemem 06e3 O0KA3ATENBCTBA W3BECTHYIO TEOPEMY

Jlebera.

Teopema Jlebera. Qynxyus pacnpedeserus 410600 cay-
walinol 6eAuBUHDbL MOdCEm Dbimob npedcmasaiena 6 sude

F(z) = pr1F1(x) + p2Fo(z) + p3F3(w),

ede p1, p2, p3 >0, p1+p2+p3 =1, aF| — duckpemnaa

Pynryua pacnpedenenus, Fo — abcoaomuo mnenpepuieHas
Ppynuryua pacnpedeaenusn, F3 — cumneysapras GyHryua
pacnpedeseru.

Taxum obpazom, pacrpenenenue Joboit caydaiiHoil Be-
JMHMuHBL MO0 mpuHAAIeXRUT K "aucromy' Tuny (aBmiser-
csl JUCKPETHBIM, abCOMIOTHO HENPEPBIBHBIM WM CHHTYJISD-
HBIM), J160 SBJISETCS B3BEILICHHOH JIMHEHHONH KoMOuHaImed
STUX Tpex TUNoB. OTMETUM, UTO Ha MPAKTUKe CHHTYJIsIPHAS
COCTABJIAIONIAA, KaK TPABMIO OTCyTCTBYeT. [losTomy mpwm-
KJaJHIKAM HET JayKe HeOOXOANMOCTH 3HATH YTO-JTH00 O CHH-
ryssipaoM Tune. OHU CTAJKUBAIOTCA C JUCKPETHBIME, abCO-
JIIOTHO HENPEPLIBHBIMM PACHpeIeSIeHNsIMA U HEMHOTO DeXKe
CO CMECAMU JUCKPETHBIX W abCOMIOTHO-HEMPEPBIBHBIX PaC-
npejesiennii. A B yaeOHUKAX JJsl He MAaTEMATHKOB, KakK Ipa-
BHJIO, PACCMATPUBAIOTCS TOJBKO JMCKPETHBIE M a0COIIOTHO
HEeTPEPLIBHBIE CIYyJIaiiHble BETMIUHBI U TaXKe He PACCMATPH-
BaIOTCsl CMeCH WX DaclpeeseHuil.
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§ 11. Cayuainbrit BekTop. CoBMECTHOE pacmpeseneHne
CITyJalHBIX BEJTMIUH

§ 11. Cayuaiinbrii BekTop. CoBMecTHOE
pacnpejieieHue COyYaiilHbIX BEJIUYUH

Bo MHOTHX BOIIpOCax TEOPUH BEPOATHOCTE BO3ZHUKAET Heob-
XOILI/IMOCT]:) I/ICC.HQ,HOB&HI/IH HECKOJIbBKHUX CJIyLIafIHbIX Be.HI/ILII/IH7
KOTOpBLIE MOTYT TaK WM MHade BAMATHL APYT Ha JApyra. B
TAKOM C/lydae 3HaHUS 3aKOHOB MX pPacIpeeaeHus, BOOOIIe
roBoOPsl, HEJOCTATOYHO /15T OUCAHUS B3AUMOJEHCTBIA MeyK-
ny uuvu. JIaa 3Toro HeobxoanMo 3a1aTh TAK HA3LIBAGMBbIN
3aKOH COBMECTHOTO PacIpe/e/eHus, 9To yJo6Hee BCero cie-
JIATh C HOMOH_IBIO BBe;LeHHH IIOHATHUA C.quaj/'lHOFO BeKTOpa.

[ycts &1 = &(w), & = &(w), - & = &lw) —
CJIy‘{afIHbIe BeJ‘[I/ILH/IH]:)I7 OHpe,ZLeJIeHHbIe Ha OILHOM n TOM XKe
BEpOsATHOCTHOM mpocTpancrse (2, F, P).

Onpenenenue 11.1. Orobpaxkenume & : 1 — R”,
CTaBdIliee B COOTBETCTBUE KaxKIOMy w € () n-MepHbIil
BekTop §(w) = (§1(w), &2(w), ..., &n(w)) n3 R™ HasbiBaeTcs
(n-MepHBIM) CJIy9aifiHBIM BEKTOPOM wWiIn (n-MepHOii)
CJIyYaiiHOM TOYKOIA.

JImst KpaTKOCTH 3amucu MBI 9acTO Oymem 0bo3Ha-
JaTh CaydaiiHblii  BekTOp Kak £ = (&1, &2, ..., &n)-
Paccvorpum N-MepHbIe rapaJijie/Iernure bl BU/JIA
[a1, b1) X [ag, ba) X ... X [an, by), TIe MPUHSTA Ta JKE OTOBOP-
Ka, KOTOpasl IPUMEHS/IaCh HAaMU B OJHOMEPHOM CIydae, 9To
[—00, b) u [—00, +00) 0603HAYAIOT COOTBETCTBEHHO MHTEP-
Basbl (—00, b) u (—o0, +00). Ilycts anrebpa A cocrour u3
BCEX KOHEYHBIX OOLEIWHEHU! TOMapPHO HEMePeCeKAIONTNXC s
napaJLIe/eNuIIe 0B YKa3aHHoro Buaa. Kak u B 0MHOMEPHOM
caydae, MOXKHO jgokazark, uro B = B(R") = o(A), r.e., aro
o-anrebpa M-MEpHBIX OOPENEBCKUX MHOYKECTB COBIAIAET
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¢ HAUMeHbINeit o-agrebpoit, comep:kameii aarebpy A. C
HOMOIIBIO 9TOr0 (haKTa JErko JI0Ka3aTh, YTO OMpe/eIeHIe
11.1 5KBHUBAJEHTHO CJIETYIONIEMY.

Omnpenenenne 11.2. Orobpaxenne £ : 2 — R” maswi-
BAaETCH CJIy4aliHbIM BEKTOPOM, €CJIM OHO U3MEPUMO OTHO-
cuTenbHO o-anredper F, T.e.

VB € B" sumosmsiercs £ H(B) € F.

Heiicteurensuo, u3 onpenenenus 11.2 coemyer ompere-
genme 11.1. Benp muoxkectso Buga B =R X R x ... x R X
(—00,2;) X Rx ... x R € B" cnemosarensbno,

B ={w: W) ER,... & 1(w) €R&(wW) < 4,

§i+1(w) S R,... ,fn(w) S R} =
={w: &w) <z} € F,

TMostomy kaxmas & (i =1,2,... ,n) — ciydaiiHasg Bedu-
Ha.

Jokaxkem Temepb, 4T0 M3 ompenenenus 11.1 cremyer
ompenenenue 11.2. PaccMoTpuM ceMeficTBO MHOYKECTB

M={BecR": ¢YB) e F},
KOTOpOe, KaK HeTPYIHO BHIEThH, oOpasyer o-aareopy.
3adava 1. Jokaxkure, aro 9 — o-anrebdpa.
[TockombKy
£ (=00, 1) X ... X (=00, x,)) =
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CITyJalHBIX BEJTMIUH

={w: Hw)<z1, ..., (W) <ap} =

BCe MapaJuUIeSIeuIe bl BUIA (a1, b1) X [ag, ba) X ... X [an, by)
BBIPAKAIOTCA C TOMOIIBI0 KOHEYHOTO YHCIA TEOPETHKO-
MHOKECTBEHHBLIX  OIEpalyii  d9epe3  MHOXKECTBA — BHIA
(—00,21) X ... X (—00,x,), a onepanusi B3ATHS TPOOD-
pasa COXPAHAET BCE TEOPETHKO-MHOXKECTBEHHBIE OIIEPAIINH,
TO BCE BbIIHeyKaBaHHbIe IIapaJiIeJennuie bl ITPpUHAIIe2KaT
o-agrebpe M. Orcroma cneayer, uro A C 9. Tak xak I —
o-anrebpa, comepxkamasa A, TO OHA CONEPKUT HAMMEHDBIIIYIO
o-anrebpy, comepxamyio A, Te. B Urak, B C M. Tlo
onpenenenuto M dro o3navaer, uro VB € B BbinonHs-

erca ¢ Y(B) € F, me. mmeer mecto ompesenernme 11.1.
O

Onpenesnenue 11.3. BepositHocTHast Mepa, ONpeJieieH-
Hasg Ha o-aarebpe n-MepHBIX DopeaeBCcKuX MHOXKecTB B" ¢
[TOMOIIBIO PABEHCTBA

Pﬁ(B) = P§1,§2,---,§n(B) =

= P{w: {(w) € B} = P{¢ € B} = P(¢(B)),

Ha3BbIBAETCA PACIIPEIEJIECHUEM CJIydaiiHOro BekTopa §
Ui COBMECTHBIM pacripeaeieHueM CJIYHaiiHbIX BeJIU-
unh §1,82, ... , &y Oynxua = Fg = Fe ¢, ¢, R" =R
BHIA

F(x) = Fg(x) = F517527...7§n(1’1,1’2, e ,xn) =
=Plw: &w) <z} =
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[JIABA 1. TEOPUS BEPOATHOCTEN

=Plw: &(w) <z, &) <o, ..., &i(w) <zp} =
:P{él <7y, 52 <2, ..., £n<xn}

Ha3biBaeTcd (PyHKIOUMEN pacipenesieHus CJIy4ailHOro
BekTOpa ¢ winm (pYHKIMel COBMECTHOTO pacripeie-
genust (coBmecrHoil (dyHKIMel pacnpesereHust)
caydaiHbIX BeauwdnH £1,82, ... ,&,.

DTO ompene/ieHne KOPPEKTHO, TaK KAaK MHOXKECTBA,
CTOLAIIME MO, 3HAKOM BEPOATHOCTH, SB/ISIOTCA COOBITHAMUI
(r.e. mpunasgiexkar F). To, uto pacmpeneneHue sBISETCS
BEPOATHOCTHOIT MEPOM, JOKA3BIBACTCH TOYHO TaK K€, KaK U
JJIs crydaifiHON BeJIMYUHEL.

3adava 2. Jokaxkure 310.

Csoticmea dynxyuu pacnpedenenua.

1.0< F(z) < 1.

2. OyHKIOUS pacipe/ieieHnsT HEMpPePBIBHA, CIeBa, 10 KaK-
IO mepeMeHHon.

JoKka3aTebCTBO aHAJOTUYIHO JI0KA3aTETbCTBY CXOJIHOTO
cBOCTBA (DYHKIMY PACIPEICTCHNA CIyIaHON BEIUINHBI.

3adaua 3. JJokaxkure CBOICTBO 2.

3. DyHKIUS pacIpeeaeHus YAO0BICTBOPIET YCIOBUAM
COTJIACOBAHHOCTH:

a) e 1,149, . .. , iy — OPOU3BOJIBHAS TTEPECTAHOBKA €~
MeHTOB MHOXKecTBa {1,2,... ,n}, 10

F§i17§i27---7§in (.Til,$i2, .. 7xin) = F&?&’m £n (ml, Loy ... ,xn);
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6) mast mroboro ¢ = 1,2, ... ,n BBITOTHSETCS CIETYOIIee:

lim thn.,gn(xl, ceoyTp) = 05

Tj——00

lm Fe e (1,...,20) =

n
T;—+00

= Fil,--- W&im 1,841,642, ,Sn(xlv B S ER I AR PRI axn)'

CBOMCTBO a) OYEBMJIHO W BBIPAZKAET KOMMYTATHBHOCTH
omeparyn mepecedernsi MHOXKecTB. CBOiicTBO 6) JT0Ka3bIBA-
eTCA C TIOMOIIBIO CBOMCTBA HEMPEPBIBHOCTH BEPOATHOCTH
TOYHO TakK Ke, KaK CBOHCTBO (DYHKIIUU pacIpejeeHns
cayuaitaon sesmananl F(—o0) = 0, F(400) = 1.

3adava 4. Jokaxkure cBOUCTBO 3.
Bropouewm, ecsin iepBoe CBOICTBO 6) I0KAa3aHO, TO BTOPOE

CBOCTBO 6) MOXKHO JI0KA3aTh C MOMOIIBI0 AKCHOMBI CIETHOR
a1 IUTUBHOCTHU:

FEL---,Ei—17§1:+17§1:+27---én(xlv"' s Lj—1y Li41y Li425 -« - axn) =
=P{& <, 60 <@io1, &1 < T, o < Tiga, -
bn <xn}=P{& <w1,... &1 < @i—1, —00 < & < o0,
§it1 < i1, & <ant = P& <m1,... &1 < @i,

—+o0
Yok <&<k+1}860 <ign,... n <} =
k=—o00
= Ffl,...,fn('xl)"' 7x’i717+oo7xi+17"' an)'

Ilocnennee paBeHCTBO MOIYIAETCS IO OMPEAETEHUI0 CYMMBI
pda.
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Caencrsue 11.4.

= lim lim ... lim F(z,...,2,)=1.
Z1—+00 Z3—+00 ZTp—+00

4. OyHKIUA pacupeleseHns CIyJaffHOTO BeKTopa He
yOBIBAET O KAXKJION TTEPEMEHHOIA.
eiicTBUTENBHO, TAK KaK €Clu T; < Y, TO

{w: &w) <z,...,&G—1(w) < xi-1,&6(w) < g,
Cir1(w) < Tig1,... & (w) <zn} C

CHlw: &(w) <mp,..0,61(w) <21, G(w) < vy
Sir1(w) < zigr, ..., 6(w) <zn},

¥ BEPOSTHOCTD MEPBOTO COOBITUSA HE TTPEBOCXOIUT BEPOATHO-
CTU BTOPOTO, T.€.

F(Llj'l,... sy Lj—1yLgy Lj41y- - - ,{Ii'n) S

S F(xl,. o 3 Li—15Yiy Tit15 - - - ,Jjn).

OxkazbiBaeTCs, 9TO CBOHCTBO MOXKET OBITH YCHUJIEHO Cjie-
ayromuM obpazom. CHavama paccCMOTPHUM JIBYMEPHBIN CITy-
qaitabiii BekTop & = (£1,&2). llyers II = [aq,b1) X [ag, bs)
— OPAMOYTOJBbHUK Ha IIJTOCKOCTH. BepOHTHOCTb II0IIa JaH A
B HEro JABYMEDPHOH CIydaiHoil Toukn £ paBHa

P{E¢ell} = Play <& < by, ap <& < by} =
= P{ar <& <by, § <bo}— Plar <& < by, & <ag}=
= F(b1,b2) — F(a1,b2) — [F(b1,a2) — F(a1,a2)] =
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= F(bl,bg) — F((ll,bz) — F(bl,ag) + F(al,ag).

g pyHRImm 1ByX MefCTBUTETHHBIX TEPEMEHHBIX f BBemeM
Pa3HOCTHBIE OTepaTopel Ag, p, U Ag, p, CIeAyOIEM 06pa-
30M:

Aal,blf(xlpr) = f(bth) - f(alpr)u
Ay po f(21,22) = f(21,b2) — f(21, 02).

C X MOMOUIBIO BEPOATHOCTH MOIaJaHUA B IMPAMOYTOJTbHUK
ABYMEPHO cay4daflHoil TOYKU 3aluIleTcd B BUIE

P{f S H} = Aal’blAaLbQF(xl,xg).

Tak Kak BEPOATHOCTH MOMALAHUA B MPIMOYTOJILHIK HEOTPU-
raTesbHa, TO JJIs IBYMEPHOrO Caydasd YKeJaeMoe CBOHCTBO
npuarMaeT GopMy

Aal,blAa27b2F(xlam2) >0

JJIsT JTIOOBIX TeHCTBATEIbLHBIX YHCENT a1, a2, b1, by TAaKUX, 9TO
ay < by, ag < bo.

Boseparmasich K n-MepHOMY BEKTOPY, I/t PYHKITUU N, 16~
pemenubix f mpu ¢ = 1,2,... ,n BBeJIEeM Pa3HOCTHBIE OMepa-
TOPEI Ag, p, A/ TIOOBIX JeHCTBATETBHBIX THCeT a; < b; Kak

Aai,bif(xlux27"' 7‘rn) - f(xlu"' 7x’i717b’i7xi+17~” 7xn)_

—f((L'l, e 3 Li—1,A5, Tj41y - - - ,{Ii'n).

ITpocroit moacuer MOKA3BIBAET, YTO BEPOSATHOCTH MOMATA-
HUsI CTy9aifHOro BekTopa B mapasuterernunesn 11 = [ay,by) X
[ag,b2) X ... [an,by,) paBHA

P{§ S H} = Aal,blAag,bg R Aan,an(xl,xg, - ,Jjn).
(11.1)
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IIockonMbKYy 3Ta BEPOSATHOCTH HEOTPHIATETbHA, TO IOJIyda-
eTcd CBOMCTBO

. s JIFOOBIX AeficTBUTE/IbHBIX qHUCes
1,09, ... ,0n,b1,00,... b, TaKWX, uTO a1 < by, az <
b27 cee sy Qn < bn

Agy b Dag by - Doy b F(21,T2,... ,2) > 0. (11.2)

3adaua 5. Jokaxkure dhopmyay (11.1).

Teopema o cymnecTBOBaHMM CJOyYaifHOTO BeKTOpa
C 3aJIaHHBIM pacHpeiesieHIeM.

Iycmov F : R™" - R — ¢ynrxuyua n nepemennvir, yoosie-
MBOPANVWGA c8OTCMEaM:

1) F — momaavho 603pacmaiowas 6 WUPOKOM CMbl-
cae Qynkyus, m.e. oaa 41006 JeTUCMBUMEADHIT YUCEA
a1,a9,... ,an,b1,be,... b, maxuzx, wmo a1 < by, as <
b2, ee s Cbngbn

Aal,blAag,bg . Aaman(xl, Loy ... ,l’n) Z 0;
2) das mobozo i =1,2,...,n

lim F§17~~~,§n(x17 - ,xn) = 0;

Tj——00

F(+4o00,...,+00) =
= lim lim ... lim F(z,...,2,)=1;

xr1—+00 r2—+00 Tp——+00

3) F nenpepwiena caesa no xancdoti nepemennod.
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Toeda cywecmseyem 6ePOAMHOCIMHOE NPOCMPAHCINEO
(Q, F, P) u n-mepuwiii cayuatinod sexmop &, onpedeneh-
bl Ha HeMm, MmaKkoll, ¥mo e20 GYHKYUA PacnpedescHUs CO6-
nadaem ¢ 3adannoti Pymryued F:

Fe(x) = F(x), xze€R"

[Tpumem 31y Teopemy 6e3 J0Ka3aTENHCTBA.
Pacopenenenne ciaygaiiHoro BeKTOpa OIHO3HAYHO OIpe-
nesigeT ero (PyHKIUIO pacupenenerus mo hopMysie

Fél,ég,...fn(xl,fl?, cee 7«%'71) = P(f S I),

rae [ = (—o00,21) X (—00,22) X ...(—00,zy). Kak u gna
CIyJaiHBIX BEJUYNH, I CIYYaHBIX BEKTOPOB MOXKET ObITH
JIOKa3aHO 00paTHOE YTBEPXKICHUE: GYHKUUA PACNPEIENEHUA
cAYHatinoz0 8eKmopa 00HO3HAUHO ONPEJeaiem €20 pacnpe-
deaenue. Utak, pacnpenenenne n QYHKINUS PACTIPETETEHUS
CIYyYaHOT'0 BEKTOPa OZHO3HATHO OHPEIEISIOT APYT APYTa.

Onpenesenne 11.5. Jlwobas dyHKIMS, OIHO3HATHO
onpesengomasn pacupenesenue ((PyHKINIO PACTIPee/IeHns ),
HA3BIBAETCS 3AKOHOM PacIlipeJeJieHusl CJ1y YaliHOro BeK-
TOpA.

3aKOH PpaCHIpee/eHust II03BOJIAeT HAXOAUTh BEPOAT-
HOCTb MOMAIaHUs CAyYIaiffHOrO BeKTOpa B JI0O0e m-MepHoe
OopeeBCKoe MHOXKECTBO.

3adava 6. Jloraxkure, UTO (DYHKIHS PACTPEIETICHIS

CIy4YalfHOr0 BEKTOpa OJIHO3HAYHO OIIPEJlesigeT ero paclpe-
JleJIeHTe.
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Onpenesenne 11.6. Coyuaitabiii BekTop &, €ro pac-
npegenenue Pe n dynknug pacnpenesnenns Fy Ha3bIBAIOTCA
AUCKPeTHbIMMU, eci Mepa P: cocpeloTodeHa B KOHEIHOM
WA CIETHOM MHOXKECTBE TOUEK.

Kak u gy coyyaifiHbix BeINYUNH, A8 CIyYaiHbIX BEKTO-
POB C IIOMOIIBIO aHAJOTHYIHBIX PACCY2KICHUI MOXKHO IPUWTH
K DKBUBAJIEHTHOMY OIIPEIeICHUIO.

Onpenenenune 11.7. Cayuaitasiii BekTop &, ero pac-
npenenenue P u dynkuus pacnpenenenus Fy Ha3bIBalOTCs
JUCKPETHBIMM, €C MHOMKECTBO BO3MOXKHBIX 3HAYEHUIH
CIYyYaHOT'0 BEeKTOpa & KOHEYHO WIN CIETHO.

OueBn/IHO, KOODJAMHATHI CIYYAHHOTO JAUCKPETHOTO BEK-
TOpa ABJIAIOTCA JUCKPETHBIMHA Cﬂy‘{aﬁHbIMI/I BeJIMYNMHAMU.

3aKoH pacupesesieHnst JUCKPETHOTO CIyIaifHOTO BEKTOPaA
yI06HO 33]aBaTh B BUIE COOTBETCTBUSA MEXK Y BO3MOXKHBIMU
3HAYEHUSIMU €r0 KOOPAWHAT T1,X2,... ,Ty U COBMECTHBIMU
BeposiTHOCTAMY TuX 3HadeHuil P{& = x1,&s = xa,... &, =
Zp}. DTO — 3AKOH pACIpee/IeHns, TaK KaK sl JTF060ro n-
MepHOTO 6OpeIeBCKOT0 MHOXKeCTBa B

PigeBt= Y Pla=s.H=12. &=}

(xlnyV" 7xn)€B

LI AUTIOCTpalul PAcCMOTPUM  JBYMEDHBIN JTUCKDET-
w1 coryuaitaeiit BekTop £ = (&1, &2). Ilycth @1, 22, ... — BO3-
MOXKHBIE 3HAYUEHUs MEPBOil ero KoopauHathl &1,  Y1,Y2,. ..
— BO3MOXKHBIE 3HAUEHUS BTOPOH KoopauHaThl &o. O6o-
sHaguM 4epe3 p;; = P{{ = x;,§ = y;} — BeposTHOCTH
BO3MOXKHBIX 3HQUCHUI CJIy4daiiHOro BEKTOpa.
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Onpenesnenue 11.8. CoorBercrBre MexKy 3HAYEHUS-
MU CIy9aiffHONO BEKTOpPa M WX BEPOSITHOCTSMH, 33aHHOE C
IIOMOIIBIO TAOIUIILI

52 V1 Y2 V3

&

X Pu P12 P13

X2 P Py | P o,

X3 P31 P3| P33

Ha3bIBaeTCd PAJOM WM MaTpUIleit pacrpejiejieHns
JABYMEPHOTO JIMCKPETHOTO BEKTOPA.

[TockombKy

{& =2} = Z{fl =x; &=y},

TO

pi.=P{& =z} =) py (11.3)
J
Amnaornano,

pj=P{{& =y} = sz‘j- (11.4)
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QueBunHO, 4TO
E Dij = E pi. = L.
i j i

C mowmormpio (11.3) u (11.4) o psamy pacmpenesieHus IBY-
MEPHOI'0 BEKTOpPa ONPENeAIOTCA Psibl pacCIpeneeHuii ero
KOOPJIMHAT. DTO 00CTOATENBCTBO YJA0OHO y9eCTh B MATPHUILE
pacipesie/ieHnst BEKTOpa, CYMMUDYsl BEPOSITHOCTH B €€
CTPOKAX, & 3aTeM B CTOAONAX, W J0DABAAS MOIyIEHHBIH
cTosiber] U CTPOKY K 3TOil Marpuile. Pacmupentas MaTpuiia
CofIepKUT Kak NHGMOPMAIMIO O PACTIPEIETEHNN BEKTOPA, TAK
1 uHGOPMAIIIO O PACIpeseeHul ero KOOpInHAT:

3 & N Y2 V3
X Pu P | Pi3 P
X2 Do | Pn | P23 Da.
X3 P31 | Pxn | P33 Ds.

Onpenenenue 11.9. Cayuaitaeiii BekTop &, ero pac-
npenenenue P u dynkuus pacnpenenenusa Fy Ha3bIBalOTC
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abCoOJIIOTHO HeIIPEepPBLIBHBIMU, €CIU CYIIECTBYET HEOTPH-
narenbHag bopesieBckas PyHKITIST

p(l’) = pg(x) = p(xl, Z, ... axn) = DPt1,6a,... bn (1’1, Zo, ... axn)

TaKasl, ITO JJIsT JTFOOOTO N-MEPHOTO HOPETeBCKOTO MHOXKECTBA,

B
F(B) = P{¢ € B} =

—/---/p(xl,xg,... , Ty )dxrdzsy . . . dTy,. (11.5)
B

ITpu srom dyrkuus p(z), onpegenennas ¢ nomomusio (11.5) ¢
TOYHOCTBIO /10 3HAYEHUI HA MHOXKECTBE N-MEPHOII JieberoBoii
MepBI HOJIb, Ha3bIBAETCS MJIOTHOCTHIO PACHPEIeJIeHUs
BepPOsAATHOCTEI, 1160 MJIOTHOCTHIO BEPOSATHOCTU CJTY-
4aiilHOoro Bekrtopa ¢, qub0 MJIOTHOCTHIO COBMECTHOIO
pacnpeqesieHUs caydaiiHbIx BesuduH £1,&, ... ,&,.

[TnorHoCcTs pacmpenesenust 00aMaeT  CAETYIONIAME
CBOMCTBaAMMU:

1) pe(x) > 0 ms moboro x € R™;
2) [ ... [ pe(z)dardas ... dz, = 1.
Rn

Ceoiictso 2) cinenyer n3 (11.5), ecin mooxknuts B = R™.
Bepsa B (11.2), B wactHoctn, B = (—00,x1) X (—00,23) X
oo (=00, xy), TTOTYIHM:

Ffl,f%--- $n (‘Th Z2,. .. 7$n) =
r1 T2 Tn
= / / s / Pey o, 6n (tl, ta,... ,tn)dtn ... dtadt.
—00 —00 —00
(11.6)
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Uz (11.5) wimm u3 (11.6) craegyer, 9TO IUIOTHOCTH pac-
NpeJIe/IeHNs ABJISeTCs 3AKOHOM DACIpeneeHus: abCcoF0THO
HEPEPBIBHOTO CJIyYaiiHoro BekTopa. Kpome toro, u3 (11.6)
C TIOMOIIBIO TOCAEA0BATEIbHOTO nudEPEHITUPOBAHNS 110
X1,%2,... , Ty BHITEKAET, YTO TIOYTU BCIOAY (OTHOCHTEIHHO
n-mepHoit Mepbl JleGera)

( ) 8”F({L’17{L’2’,,, ,.’L’n)
P, %2, e 61’16%2 N 6$n

Moxer ObITh JOKA3aHA CIETYIONTaT

Teopema o cymnrecTBoBaHUN aGCOTIOTHO HETTPEPHIB-
HOTO CJyYaifHOTO BEKTOpa C 33/JaHHOI TJIOTHOCTBIO
pacnpefesieHus BEPOSITHOCTEI.

Hycmv pynrxyus p @ R — R obaadaem csoticmsamu
1), 2). Toeda cywecmeyem 6epoOAMHOCTHOE NPOCMPAHCNEO
(Q,F,P) u abcosomno nenpepvishvili caywatinbili eexmop
€= (&1,8,...,&), onpedeaennviti na nem makxot, 4mo ez2o
NAOMHOCTL pacnpedesenus sepoamuocmedi cosnadaem ¢ 3a-
dannoti pynryued:

p§1,§2,...,§n(x17x27”' 7xn) :p(xlux27"' 7$n).

Ecan miorHOCTL pacnpeneneHns HeOpephIBHA, TO, IPH-
MeHsgs TeopeMy O cpemaem s maTerpana (11.5) ¢ B =
[x1,21 + Ax1) X [x9,29 + Ax2) X ... X [Ty, Ty + Azy), TIO-
JIVIUM C TOYHOCTBHIO 10 DECKOHETHO MaJIbIX 0DOJIee BBHICOKOTO
HOpAIKa, MaJIoCTH, 9eM Ax1Axs. .. Ax,, 9T0

P{xl Sfl<$1+A$1,x2§§2<$2+A$2,...$n§§n<

< xTp+ Azxpt =p(x1, 20, ... 2n) A1 ATy . .. Ay,
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[Iycrs & = (&1,&2) — ABYMepHBIil aOCOTIOTHO HEPEPHIB-
HBI ciyvaiinbiit BekTop. [TockonbKy

P{€&, e B} =P{ € B, & eRy=P{€e BxR} =

= //p§1,£2($1,$2)dx1d:132 = / [/pgl,&(xl,xg)d@]dxh

BxR B R
TO 110 OIpeJeeHno aDCOMIOTHO HETPEPBIBHOMN CITyYaifHON Be-
JIMYMHBI 3TO 03HA4YaeT, YTO &1 abCOTIOTHO HEIIPEPLIBHA, U UMe-
€T IVIOTHOCTb PaCHpeieIeHus BePOATHOCTEN

+oo
pe, (1) = /pgl,@(xl,@)dfm-

—0o0
Anajornyno, Bropas KoopauHaTa abCOIIOTHO HEIPEPLIBHO-
r0 CAYYANHOTO BEKTOPA SABAIETCH aOCOTIOTHO HEITPEPHIBHON
CJIy4aliHO¥ BEJIMYMHON C IJIOTHOCTBIO PACHpPeNe/ICHUs Bepo-

ATHOCTEN
—+oc0

Pey (12) = /P&,&z(ﬂﬁlaﬂ«“z)df'«“b

—0o0

[Mocnentue aBe GOPMYJIBI SIBJISIFOTCS HEIPEPBIBHBIM aHA-
gorom dopmyn (11.3) n (11.4).

Ormernm, 4TO MO MHIYKIMUU OTCIOA CJEJYeT, 9TO JIHo-
fas moArpynna KoopauHaT abCOMIOTHO HENPEPbIBHOIO BeK-
TOpa 00pasyeT abCOTIOTHO HEMPEPHIBHBIH BEKTOD, IIOTHOCTH
PACIIPEAEICHIsT KOTOPOTO MOy YaeTCs ¢ HOMOIIBI0 HHTErPH-
POBaHUS IJIOTHOCTH PACHPEIETEHNsT BEKTOPa & MO MOIIPO-
CTPAHCTBY I€PEMEHHBIX, COOTBETCTBYOIIMX BbIOPOIIEHHBIM
KOOD/JIMHATAM CIydaiiHoro BekTopa. Hampnmep, mma n < m

Der b (X1, ) = / . '/pg(x)d:cmﬂdmerg ... dzy,.
Rn—m,
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§ 12. HezaBucumMocCTh CIIy4vaiiHbIX BEJIUIUH

Ouenb BaxXKHOE 3HAYEHUE B TEOPUU BEPOATHOCTEH PUIAETC
MMOHATHIO HE3aBUCAMOCTU CJIYyYallHbIX BEJIUYWH.

Onpenesenue 12.1. Cryuaiiabie BEJTMYIHNHDI
&, &, ..., &, HA3LIBAIOTCId HE3aBUCUMBIMU, €CIu
JUTST JTIOOBIX JAeHCTBUTENBHBIX L1, L2, ... , Lp

F§1,§27~~~,5n(x17x27 s 7xn) =

= F§1($1)F§2($2)...an(mn). (121)

[Momoxkuwm B (12.1) , = k, tie k — HaTypaJbHOE THCIIO.
Torma

F§17§27___ £n (ml, L2y.oo yLp—1, ki) = F§1 (xl)F§2 (wz) .
o Fe (wn1) Fe, (K). (12.2)

Paccmorpum nocnenosarensrocTs cobbrrnii Buga Ay = {w :

fl(w) < Ty, 52((")) < T2,... 757171((*)) < Tp-—1, fn(W) < k}
Ouesunno, Ay C Agyq m QAk =A={w: &w) <

ry, &w) < m, ..., &oi(w) < mpoa), Te Ap T
A. Tlo ceoiicrBy nenpepbiBHOCTH BepositHocTH P(A) —
P(A). Ilosromy neBast wacte (12.2) cxomures xk P(A) =
Fe gy en(x1,22,... ,xn_1). Ilo cBoiicTBY dynKImm pac-
npegenenns Fe (k) — 1 npu k — oo. Ilepexona B (12.2)
npejiesty, oLy IuM:

Ffl:f%---én—l(‘rl? T2, . .. wrnfl) =

= Fe (ml)F& (z2) ... Fe, (Tn-1).
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DTO 03HAYAET, YTO Ciaydalinbie BeauduHbl &1, &o, ..., &1
HE3ABUCHUMBI. JIETKO MOHATE, UTO OTCIOA CJIeIyeT

Ceoticmeo 1. Ecau cayuatinve seaununvs 1, o, ..., &n
HE3ABUCUMDL, MO OAA 4100020 MHOHCECNBA HE MEHEE 08YT
undercos 1 < i1 < iy < ... < ip <N cayualitHve EAUBUHDL
vy Ciny -+ 5 &ip ME3AGUCUMDL.

B sTom cymiecTBeHHOE paziuyue OT HE3ABUCUMOCTU
n COOBITHII, TIPU OMPENEICHUN KOTOPON KPOME PABEHCTBA
P(A1Ay ... A,) = P(A1)P(Ag) ... P(A,,) tpeboBaimch aHa-
JIOTHIHBIE PABEHCTBA, JIs JTFOOBIX MOATPYIIT COOBITHH. 3/eCh
JK€ PAaBEHCTBA JJIs MOJAIPYII ABTOMATHYECKU BBITEKAIOT U3
OJTHOTO ITOTO PABEHCTBA.

Harire onpesesienre HE3aBUCUMOCTH CJIYYIANHBIX BEJIMYUH
03HATAET, UTO JJIsT JTIOOBIX JeHCTBUTENBHBIX X1, T2, ... , Tn
cobbrtust {&1 < 21}, {&2 < x2}, {€n < @} HE3aBHCHMEL

Ecmu cnyuatinas penwawna kKak QyHKIHS o7 w € )
nocrostara, T.e. {(w) = C, To Mbl OymeM Ha3bIBATH €e
HeCcJTy4alHOW Wi MMOCTOSAHHON BeTMINHOI.

Csoticmeo 2. Jlobas cayuatinas u HecAYHatinga 6eAUYU-
HOL HE3ABUCUMDBL MeNHCOY CODOT.

Hoxaszarenascrtso. [lyers § = {(w) — cayuaiinas
Besmuanna, 1)(w) = C' — vecnyuaiinas Bennansaa. OuesniHO,

P®) =0, ec <C,
Folp) = Plo: C<yp=q 00~ 0 com

P(Q) ecm y > C.

[Tosromy coBmecTHas dyukius pacupenerenns & u C paBHa
F{,C(‘T7 y) :P{§<‘T7 C<y}:
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P{{ <z}ni} =0, ectmy < C,
P{{e¢<a}nQ} =Pl <z}, ecuy>C
0, ecmy<C,
1

= Fe(x)F, .
e & = @)

Corutacao onpenenenuto 12.1 ato u o3uagaer, uro & u C
HE3aBUCUMBI.

O
Harre onpeneienne HE3aBUCUMOCTH O3HAYAET, UTO
P{w : fl(w) € By, fz(w) € By, ..., fn(w) S Bn} =
= P{w : fl(w) S Bl}P{w : fz(w) S BQ} ..
o Plw: &p(w) € By} (12.3)
aast  mobeix  BopenmeBCKMX  MHOXKECTB  Buaa, Bj =
(—o0,21), By = (—o0,22), B, = (—00,z,). Oxa3bl-

BaeTCsd, YTO KOHKDPETHBIM BUI OOPETEBCKUX MHOYKECTB B
onpenenenun 12.1 MOXKHO He YYNUTBHIBATH, 8 WMEHHO, UMEET
MECTO CJIeJIY IO

Kpurepuit He3aBUCUMOCTH CJIyYaiiHbIX BEJIMYIWH.
as mozo, wmobwv cayuatinwe seauvunor 1, Ea, ..., &, Obvi-
AU HE3ABUCUMDIMU, HEOOT00UMO U OCMATNOYHO, 4MobblL 0
A6 bopesescrkuxr muooicecms By, Bs, ..., B, évnoans-
nocw (12.3).

Jokaszareascrtso. Jocmamouwnocme. N3 (12.3)
creayer (12.1), ecim B (12.3) B3sTH B; = (—00,21), By =
(—00,22), ... By =(—00,2p).

Heob6zodumocms. s npocrorsl OymeM CYAUTATH, 9TO
n = 2. Obmwmit caydait TOIYyIaeTCd C MOMOIIBI0 MATEMATH-
geckoit mHayKiwn 1o n. [lycrs Bomonneno (12.1):

F§1,§2(x17x2) = Ffl(xl)Ffz(xQ)' (12'4)

204



§ 12. HezaBucumocCTh CaydaiiHbIX BETNTHH

Tpebyercss moka3aTb, 9TO s JOOLIX OOPEIEBCKUX MHO-
xecTB By, By

P{& € By, & € Bay = P{&1 € B1}P{& € B} (12.5)
OueBuano,
Pla; <& <bi, ag <& <bo} = Fe ¢, (b1, b2)—

—F¢, gy(a1, bo) — Fg ¢, (b1, a2) 4+ Fg, ¢,(a1, a) =
= F, (b1)Fgy (b2) — Fe, (a1) Fey (b2) — Fe, (b1) Fe, (az)+
+Fg, (a1)Fgy (a2) = [Fe, (b1) — Fe, (a1)] Fg, (b2)—
—[Fe, (b1) — Fe, (a1)]Fe, (a2) = [F, (b1) — Fe, (a1)):
[Fe, (b2) — Fe,(a2)] = P{ayr < & < bi}P{ag < & < ba}.

Urax, (12.5) nokazano mag g0OBIX GOPETEBCKAX MHOKECTB
suna By = [a1, b1), Bz = [ag, by). dokaxem remeps, 4ro
(12.5) BuimonHsIETCA 115 JHOOBIX GOPEJIEBCKUX MHOXKeCTB B
Buna By = [a1, b1) u J00BIX GOPEIEBCKUX MHOXKECTB Bj.
ITpu duxcuposanrom By = [a1, b1) Kak dyHKIUM MHOXKe-
cTBa By 0be yacTu siBJIAIOTCS MepaMu Ha, g-ajirebpe 6opesies-
cknx MHOXkecTB B. Tlo mokazsaHHOMY 5TH MEPBI COBMAJAIOT
n
Ha TOJAyUHTepBadax [az, b2). Jms moboro A = Y [a;, b;)
u3 anrebper A mpowsBOSbHASA MEpa, [ onpegeﬂﬂeTéHICBouMM
3HAYCHUSIMU Ha TOJYHHTEpBaIaxX [a;, b;) ¢ momorbo ¢dop-
MYJIBI

w(A) =" p(lai, b))
=1

ITosTomy MephI, cTogme B J€BOH U mpaBoi gactsax (12.5),
comamaroT Ha anrebpe A. [lo Teopeme 0 mpomozKeHI MephI
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[JIABA 1. TEOPUS BEPOATHOCTEN

ouu comanyT Ha o(A) = B, T.e. Ha o-anredbpe GOPETEBCKUX
muoxkecTB. Tem cambiv (12.5) nokazano just Bcex By Buzja
B; = [a1, b1) u mobeix 6operesckux Bs.

Tenepy ¢dukcupyem Bs € B. Kak dyakmmm mHONKE-
crBa, B obe gactu (12.5) sasgorces Mepamu Ha B, mpudaem
yKe€ JIOKA3aHO, 9TO OHW COBMAJAI0T HA MHOXKECTBAX BUZA
B = [a1, b1). [losTomy onm cosnamaror Ha anrebpe A. [lo
TeopeMe O MPOJIOIZKEHUU Mepbl OHU coBraayT u Ha B = o(A).
Buaant, (12.5) 6ymeT BBITOIHATHCS JJ1s1 JTIOOBIX GOPETEBCKUX
MHOXKeCTB B u Bs.

O

JIyist yeTaHOBJIEHUST HE3aBUCUMOCTH CIyYaifiHbIX BEJIHINH
Ha, TPAKTUKE TOMB3YIOTCH CJIEYFOIIAM TTPUHIIATIOM: €CJTH
cllydaiiible BEJUYUHBI HE CBS3aHBI IPUYUHHO, TO OHU He3a-
BUCUMBI. ODTOT TPUHIUI TOATBEPIKIAETCA MHOTOJETHIM
YCIEITHBIM TIPUMEHEHeM U HU pasy He MPUBOJIMUI K MPOTH-
BopeunsiM. Ho OH He sBISeTCs MaTeMaTHYecKuM, TaK Kak
MBI HE MOXKEM JaTh (POPMAJHLHOTO MATEMATHIECKOTO OTpe-
JleJIeHUsT TIPUYUHHON HECBSI3aHHOCTU CIyYailHbIX BEJTUINH.
Ha camom nenme ompenenenme HE3aBUCUMOCTH CITy9aiHBIX
BEJIMYUH 3HAYUTEIHHO IIMPE UX TPUIUHHON HECBSI3aHHOCTH,
YTO MOKA3BIBAET CJEHAYIOMA

3adava 1. okaxkure, uTo eciiu & paBHOMEPHO pacIpe-
nesiera Ha orpeske [0, 1], To B ee pasiokKeHUNW B JIBOUIHYIO

IpobH
G & &
=X 422y
¢ 2 22 23
coydgaiinbie BeqmawHbl &1, &2, ..., &, HE3ABUCHUMBI TIpU

JgroboM HarypaspHOM n. Ho 3Tm ciaydailHble BeJTUYUHBI
MPUYAHHO CBA3AHBI ITO CBOEMY TTPOMCXOXKIEHUTO.
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§ 12. HezaBucumocCTh CaydaiiHbIX BETNTHH

Ecmu &1, &, ..., &, UpUYMHHO HE CBS3aHbI, TO
NpUMEHEHNEe YKA3aHHOTO TPWHIWIIA BeJeT K TOMY, 9UTO
cayuaitapie Bemawabl  f1(£1), f2(&2), ..., fu(&n), ToE
fi, fo, --o, fn: R — R, mesaucumbl. [leiicTBUTENBHO,
HMEET MEeCTO

Teopema 12.2. Feau  cayvatinoe  seauswunot
&, &9, ..., & mesasucumol, fi1, fo, ..., fn: R— R
— bopesescrue  GYHEUUU, MO CAYHATHBIE  BEAUNUHDL
m = fi&1), 2 = f2(&), ..., M = fal&n) nesasucu-
ML

dokaszatTeJsbcTBo. boperesocts dyHKIINNE — Un-
CTO TeXHUIECKOoe TpeboBaHme, KOTOPOe 00eCIeunBaeT TO, ITO
dbyurmm 71 (w), M(w), ..., Np(w) ABAAOTCT CIyIARHBI-
MW BEJIMIUHAMU, T.€. W3MEPUMBI OTHOCUTEIHHO O-aaredpb
F. Ucnonp3yst KpuTepuii HE3aBUCUMOCTH (HEOOXOIUMOCTD)
U ompejesenne DOpPeseBCKON (DYHKIWY, TOIYydInM, YTO II/Ist
JI0OBIX BopemeBCcKuX MHOXKecTB By, Bo, ..., By,

P{w : ?71(&)) S Bl, 772(w) S BQ» ey nn(w) € Bn} -

=Plw: fi(&1(w)) € By,..., falén(w)) € Bn} =
=Plw: &(w) € fi1(B1),... .&a(w) € £ (Bn)} =
= Plo: Gw) € [T (B} Plo: &) € £ (Ba)} =
—Plw: fl@(@) € Bi. Plw: fal€n()) € Bu} =
=P{w: m(w) € Bi}P{w: m(w) € Ba}...
. Plw: nu(w) € By}

[lo xpuTepuio HE3aBUCUMOCTH (IOCTATOYHOCTH) 3ITO
O3HA4aeT, UTO CJAydaiiHble BEeJIWYIHHBI 7)1, 72, ..., In
HEe33BHUCHMBI. O
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[JIABA 1. TEOPUS BEPOATHOCTEN

JL1s1 aBCOIOTHO HEIPEPLIBHOIO CIYYasl CAMBIM YIOOHBIM
3aKOHOM PACIPEIETEHUs SB/ISIETCA TIJIOTHOCTH  PACIpe-
genennst  BepositHocTe#. IlosToMy  KegaTeabHO HMETh
OTIpesie/IeHNEe  HE3aBUCUMOCTH, BBIPDAYKEHHOE C IMTOMOIIBIO
IJIOTHOCTEH pachpenesnenud. Ecan pacupenenenne Caydaii-
HOTO BekTOpa § = (&1, &2, ..., &,) aBCOMIOTHO HENPEPLIBHO,
TO KpUTepuii HEe3aBUCUMOCTH CIyJailHBIX BeJWIWH
&1, &9, ..., &, BRINVISIOUT CIEOYIOMIAM OOPa30M.

Teopema 12.3. Ecau  cayuatinwe  6eaunuin
&1, &, ..., & abCoaOMHO HENPEPBIBHDL U HE3AGUCUMDL,
mo caywatinod sexmop & = (&1, &2, ..., &) abcoarommo
HENPEPHLBEH, NPUAEM NOUMU BCI00Y

Dey oy fn (T15 25 - - 5 Tn) = Dey (T1)Py (T2) - - - D, (T).-

(12.6)

Obpammno, ecau caywatinwd sexmop & = (&1, oy -y &n)
abCOMOMHO  HENPEPBIGEH, MO CAYHQUHBIE  BEAUNUHDL
&1, &2, ..., &, GOCOMOMHO HEMPEPBIGHDLL, A ECAU K TOMY

orce nowmu 6cody svnoareno (12.6), mo onu He3a6uCuMbL.

Takum o6pazom paBeHcTBO (12.6) MOXKET CJIYKUTH OMpe-
JleJIEHUeM HEe3aBUCHMOCTH ADCOFOTHO HENpPEpPBIBHBIX CJTY-
YalHBIX BEJIMYUH.

HokazaTeabcTso. [lycTs ciydaitHble BETUIIMHBI
&1, &, ..., &, abCOTIOTHO HENMPEPLIBHBI W HE3ABUCHUMBI. B
CUTy UX abCOMIOTHOW HETPEPHIBHOCTH

Ty

Ffi(xi): /pfi(ti)dtiv i:l,—n,

— 00

a B CHJIYy He3aBUCUMOCTU (DYHKIUS UX COBMECTHOTO PaCIpe-
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§ 12. HezaBucumocCTh CaydaiiHbIX BETNTHH

JeJIEHUsT IMeeT BII

F§1, &9, ”'75“(!,171, Ty v vvy {Ii'n) = Fﬁl (xl)F§2(x2) e an((,lfn) =
1 i) T
= /pfl(tl)dtl /p§2(t2)dt2 /pfn(tn)dtn =
—00 —00 —00

1 T2 Tn
= / / e / p& (tl)p& (tg) .. .pgn (tn)dtn e dtQ dtl.

—00 —O0

DTO 03HAYAET, UTO CAyJadHBIA BekTOp & abCOMIOTHO
HerpepsIBeH, a GYHKIU De, (21)pe, (T2) - . . De,, () ABIAETCA
MJIOTHOCTBIO €r0 PACTIPEIETeHUs BEPOATHOCTEH, T.€. BBITIOJN-
uero (12.6).

ObparHo, TyCcTh CAyJaiiHbI BeKTOD £ abCOTIOTHO HETpe-
poiBeH. Kak moka3aHo B KOHIE MPEJBIAYINEH TeMbl, OTCIOa
CEeIyeT, YTO ero KOOPAWHATHI aDCOTIOTHO HEempPephIBHLI. Fc-
au BeIonHEHO (12.6), TO

Fél, &a, .., én(xlv T2y «vvy xn) =
r1 X2 Tn
= / / / p§17§27m7§n(t1,t2,... ,tn)dtn ...dtz dtl =
—00 —00 —00
1 x2 Tn
= / ... / Dey (tl)p§2 (tg) - Den (tn)dtn Loodty dt) =
—00 —00 —00
1 T2 Tn
= / pgl (tl)dtl / p& (tg)dtg e / pgn(tn)dtn =
—00 —00 —00

= F§1 (xl)F§2 (wz) - an (-Tn)a
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[JIABA 1. TEOPUS BEPOATHOCTEN

re. &1, &2, ..., &, HE3ABUCHUMBIL. O
B mpumoxenunsax wacto 6biBaeT yao0HBIM CASIYIONTEE

Cnencreue 12.4.  FEcau  cayualinve  8eAuNUHD
&, &, ..., & abcoaromno HenpepuieHbl, HE CEA3GMHDL
Mmeocdy coboli GYHKYUOHAADHOT 306UCUMOCTIDIO U NOUMU
8100y

DPerga,.. \6n (xlv Z2,. .. 7xn) = f1($1)f2($2) cee fn(xn)v

2de waoicdan Pynrkyus fi(z;) sasucum moavko om x;, i =
1,n, mo cayuatinoe seaununovt 1, o, ... , &, HE3GBUCUMDL,
a fi(z1), folz2), ..., fo(zn) cosnadarom ¢ mounocmoio
00 MOCMOAHHBIL MHONCUMENET C NAOMHOCMAMUY Pacnpede-
nenuti pe, (1), Pey(T2), - .., P, (n) coomeememeseno.

Jdokasaresabctso. JeficrBurebHo, HanpumMep,
B YCJIOBUSX CITEICTBHS

(e.] o o
Pe, (1) = / / /p&@’mgn(xl,xg,... , Ty )dzo dxs ...
—00

o day = 7 ]O ]Ofl(xl)ﬁ(@)...fn(xn)dm dzs ...

e d$n == lel(ml),

riue
01: /fg(xg)dxg/fn(xn)d:rn

Ananoruyno JokasbiBaercs, 4to pe, (v;) = C; fi(xs),
t = 2,n. [loaromy

p§1,§2,... En (fEl, T2y .. 7‘rn) - Cp§1 (‘Tl)pfz (‘TQ) .. pfn (-Tn)a
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rne O~ = C,Cs...C,. Unrerpupysa obe uactu no R”, Ha-
xomum, ato C' = 1. TTo Teopeme 12.3 cayvaiinbie BeTHIHHDBI
SABJIAIOTCS HE3aBUCHMBIMH. g

Jlns MUCKPeTHBIX CAyYalHBIX BEJIMINH KPHUTEPH He3a-
BUCHMOCTH BBIIVISJINT CJEAYIOIIMM 06pa30oM.

Teopema 12.5. Feau  cayuatinoe  seauvumvt
&, &, ..., & Juckpemmbr U HE3GBUCUMDL, MO CAY-
watinoii eexmop & = (&1, &, ..., &) makowce asasemca
duckpemmnvim, npuvem  0aa  M0OLT  0elicmBUMENbHLT
Ty, T2, ..., ITn

P{Elth 52:3727 SRR gn:xn}:

Obpammno, ecau caywatinwd sexmop & = (€1, &2, -, &n)
ABAAEMCA  QUCKDEMHBIM, MO  CAYHQTHBIE  BEAUNUHDL
&, &, ..., &, makoice Juckpemmbl, G E€CAU K TMOMY

orce evinoanero (12.7), mo onu nesasucuMbL.

JJokaszaTeabCTB O aHAIOITIHO JOKA3ATEILCIBY
TeopeMBbl 12.3 ¢ 3aMeHOI WHTErpajoB Ha COOTBETCTBYIOIINE
CYMMEL.

3adaua 2. oxaxkurte Teopemy 12.5.

Samevanue 1. Ecan Kakoe-HUOYIL x; HE SIBISETCI BO3-
MOKHBIM 3Ha9eHHEeM CIIyIalHON BEJIWUUHEI £, TO PABEHCTBO
(12.7) BBIIONHSETCS ABTOMATHYECKH, MOCKOJBKY B JIEBOIt
gacT OymeT CTOSTh BEPOSTHOCTH HEBO3MOXKHOIO COOBITHS,
a B IIPaBOil JaCTH ¢-if MHOXKHUTEJb OyIeT BBIPAKaTh BEPOAT-
HOCTH HEBO3MOXKHOT0 coObITH. [ToaToMy B Teopeme 12.5 nya
HE3aBUCUMOCTH JIOCTATOYHO TpebGoBaTh BhimosiHeHus (12.7)
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TOJIBKO [JI BO3MOXKHBIX 3HAUCHUN CIyYalHBbIX BEJIWYUH, d
HE /19 BCEX JENCTBUTENbHBIX 3HAYCHW.

Cnencreue 12.6. FEcau  cayualinve  8eAuNUuHb

&, &, ..., &, Juckpemnvs, He c6A3GHBL MeAHCIY o060l
PYHKYUOHAADHOT,  3G6UCUMOCTIDIO U 0AA  A100VT  3HaYe-
Hull 1,%2,... ,Ty CAYuAUHOE eesuswun &1, Ea, ..., &,
COOMBEMCMEEHHO

P{&i =x1, =22, ..., & =an} = fi(x) fa(x2) ... fu(zn),

ede xavicdaa Pynxyua fi(x;) sasucum moavko om x;, i =
1,n, mo cayuatinve seauvunor €1, o, ... , &, HE3GEUCUMDL,
a fi(x1), falza), ..., fulxn) cosnadarom c mounocmvio
do nocmoannuxr muoscumenet ¢ sepoasmuocmamu P{& =
x1}, P{& =z}, ..., P{{, = xn} coomeememeentio.
JokazaTenscTtso. leficTBuressHo, HATPAMED,

Pllp=an}=>_ Y ...> Pla=m, &G=19, ...

1 T2 Tn—1

s & =0} = Cp falan),
rae Cp, =) fi(x1) D fa(z2) ... Y. fa—1(zp—1). AHamormd-

Tn—1
HO, P{fz = xz} = szz(xz), 1= 1,TL — 1. HOSTOMy
P{fllev 52:$2, ) gn:xn}:

= CP{fl = {L'l}P{gg = {L’Q} e P{gn = xn},
e 1 = 01Cy...C,. Cyvmmupys ofe gacTm MO Beem
BO3MOXKHBIM 3HAYEeHUAM L1, T2, ... , Ly CIAYIAUHBIX BeJIWYNH
&, &, ..., &, coorBercTBeHHO, ybexgaemcs, uro C = 1.
O
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3amernm, uTo B ciencTusx 12.4 u 12.6 ycmoBue, 910061
CaydJaliHble BeJIUYUHBI HE ObLIM CBA3aHBI (DYHKIMOHAILHON
3aBUCUMOCTBIO, SBJISIETCS BECHMA CYIIECTBEHHBIM. [leitcTBu-
resabHo, nyctb X = {0,1,... , K}, quckpernbie ciaydaiiHbie
Bemwauubl £1, 9, ..., &N TPUHUMAIOT BO3MOXKHBIE 3HATE-
Husi B MHOXKecTBe X, mpuueM s joboro k € X u siroboro
i = 1, N sepoatnocts P{{ = k} > 0. TlycTh Takxe 3TH
c/TydaiiHble BEJIMYUHBI CBSI3aHbI JIMHENHON (DYHKITMOHATBHOM
3aBuCcuMOCTBIO &1 + €9 + ... + En = K u u3BecTHO, 9TO /T8t
BCEX 11,%92,... ,tny € X TaKUX, 9TO 4] + 19 = ...+ iy = K,

P{Elzila 52:@.2, 7£N:ZN}:

= fi(in) fa(iz) - fn(in), (12.8)

rae pyHKIUS fi, 3aBUCUT TOJBKO OT if. Tak Kak & + & +
...+ &y = K, to caydgaiinple BennauHbl £1, &2, ..., En HE
SIBJISTFOTCST HE3aBUCUMBIMU. JleiiCTBUTE/BHO,

P{&i=K}=P{&i=K, §+ 6+ ... +év =K} =

=P{& =K &+...+&y =0} =
:P{fl:Ka 52207 7€N:O}

Ecnu 6561 cmyuaitabie BeIMauHbl ObLIN ObI HE3ABUCUMBIME, TO
U3 TIOCJIETHETO PABEHCTBA CJIEJ0BAJIO ObI, UTO

P{& = K} = P{& = K}P{{ =0}... P{{y = 0}.
ITo ycaosuto P{{; = K} > 0, mostomy
P{& =0}... P{{&y =0} =0,

OTKysa npu HekoropoMm i Beimonuurcs P{& = 0} = 0, gro
OPOTUBOPEYUT HAIIAM TIPEIIONOKEHHUSIM.
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B uewm ke npuyunHa TOro, YTO B CJIy4ae JOMOJHUTESTBHON
dYHKINOHAIBHON 3aBUCUMOCTH MEXKY CIy4dailHbIMU BeJIHU-
qrHAMU, paBeHCTBO (12.8) He TPUBOAUT K HE3ABUCHUMOCTH?
Ecnu 661 byuknnonaasuoit 3asucumoctn £1 4+ &+ ... +En =
K wme cymecTBoBaJiO, TO KaK B TOKA3ATEIHLCTBE CACACTBUS 2
CYMMUDOBAHUEM (2.7) O BCEM 41, ... ,ik—_1,0ft1,--- ,iN € X
Mbl 661 oy anin, aro P{&, = i} = C fr(i). Ipn vHanuanu
yKa3aHHOU (DbYHKIMOHAJBHON 3aBUCUMOCTH, HAIIPUMED,

P{El - il} - Z f1(’i1) fg(’ig) ce

12,...,iNEX: 11+i2+...+in=K

- In(in) = C1(ir) f1(in),

rIe

C1(iy) = > faliz) ... fn(in)

12, iNEX: dot+. Fin=K—1

yxe 3apucur or i (Hampumep, Ci(iy) = 0 mpm i; >
K, Ci(K)=f2(0)... fn(0)nrnr)

UTax, Ipu HAJIUYMU YKA3AHHON 3aBHCUMOCTU MHOMKHTE-
au B (12.8) cymecrenno ornmuatorcs ot P{& = ix}, a He
POCTO MOCTOSTHHLIM MHOXKHUTEIEM, KaK 3TO OBLIO P OTCYT-
CTBUU beHKHI/IOHaﬂbHOﬁ 3aBUCUMOCTHU.

B zakmodenne 1aauM onpeseseHne HE3aBUCHAMOCTH CIIy-
YafiHbIX BEJIMUYMH Yepe3 MOHATHEe He3aBUCUMOCTH o-ajaredp.

Onpenenenne 12.7. oc-aarebper  Fi,Fo,... , Fn

HA3LIBAIOTCE  HE3ABUCUMBIMHM,  eCJId  Jjid  JIHO0BIX
Ay e Fi, Ab e Fo, ..., Ay, € F, cobritusg Ay, As, ..., A,
HE3aBUCUMBI.
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§ 13. TIpeobpazosanme caydaitiabix Bennant. CBepTKa
pacupeieneHuit

[TpuBenem He3 moKa3ATETLCTBA €I OJUH KPUTEPHii He3a-
BUCUMOCTHU CIYyJIaffHBIX BEIWIUH: OAA M020, 4mMobbl CAY4aT-
note geaudunvt £1,€2, ..., &, OVAU HE3ABUCUMBIMU, HEOO-
200uMo u docmamouno, 4mobv, OvAU HEIABUCUMDL TOPO-
orcdenmme umu o-amrebper Fe, = {61(B), B € B} =
&1 (B), Fo, ={6°(B), BeBy=&'B), ..., F, =
[&1(B), BeB)-¢(B).

§ 13. ITpeobpa3zoBanue ciaydaiiHbIX BEJIUYUH.
CepTKa pacnpeneneHmnii

Bo mHormx BoOmpocax BO3HUKaeT HEOOXOJMMOCTH TI0 3aKO-
HY COBMECTHOTO DAaCIIPeJieSieHNs KAKUX-TO CJIYUYANHBIX BEJIU-
YUH HAXOJUTHb 3aKOH COBMECTHOI'O PAaCIIpPe/e/IEHUs] HEKOTO-
pBIX (DYHKIUI OT HUX.

[Iycre n rmagkux GYHKIWHA (T.e. UMEIOIINX HEPEPhIB-
HbIE YaCTHBIE ITPOU3BO/HBIE [IEPBOTO MOPS/IKA 10 BCEM Iepe-
MEHHBIM )

Y1 :fl(.Il,ZEQ,... 7‘rn)7
Y2 :fQ(:rlvaa"' 7xn)7
Yn :fn(x17x27"' wrn)

33Taf0T B3aMMHO-OfHO3HaUHOe oToOpaxkenue f : R"™ — R™
¢ AK0OMAHOM

8fz n o D(y17y27"' 7yn)

I=Df(x)= det( ij=1 o D(xy,xa,... %)

Kax wm3BecTHO W3 MaTeMaTHYecKOro amaam3a, B 9TOM CIIy-
Jae CyIecTByerT obpaTHOe oTobpazkenue f~ 1 ¢ sKoOGHAHOM
Df~(y), yrosnersopstonm paBeHCTBY

Df~!(f(x))Df(z) = 1.
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[JIABA 1. TEOPUS BEPOATHOCTEN

[Iycrs € = (&1,&2,... ,&,) — abCOMIOTHO HENMPEPBIBHBII
caydaiinblii Bekrop u nycrb n = f(£), re.

m :fl(glvg%"' 7571)7
72 :f2(£17527"' 7571)7

N = fn(§17527 <o 7571)

[Iycts B — n-meproe HOPETEBCKOE MHOXKECTBO, TOT/IA

P{ne B} =P{f(§) € B} =P{¢e f'(B)} =

_//pg(i’)dflfl dxg ceey d(L’n
f=H(B)

HpOI/I3BOﬂH B 9TOM KPATHOM MHTErpaJie 3aMEHY MePEMEHHBIX
y = f(x) mmm, 9To To Xe camoe, x = [~ (y), momyamM:

P{ne B} = / / pe(F @)D @)y dys ... dy.
B

ITo ompenemennio abCOMOTHO HEMPEPHIBHOTO BEKTOPA ITO
O3HAYAET, YTO CAYyUANHBIN BEKTOD 7) aOCOTIOTHO HEIIPEPHIBEH,
npuaem pe(f1(y))|Df 1 (y)| aBnserca ero maorHocTBIO
pacrpenenenus BeposTHocTel. Takum obpazom, HAMU JTOKa-
3aHA CJIEITYTOITAsT

Teopema 13.1. FEcau & — abcosomno nenpepovis-
MO BEKNOP € NAOTHOCTGIO PACNPEJeseHUA 6EPOAMHOCTEND
pe(x), f — npeobpasosanue R"™ ¢ nomouspro 2radkus Pyrs-
yutl ¢ axobuanom Df(x) # 0, mo cayuatinod eexmop 1 =
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§ 13. TIpeobpazosanme caydaitiabix Bennant. CBepTKa
pacupeieneHuit

f(&) maxorce abcomomno menpepvisen, a NAOMHOCL €20
pacnpedesenun sepoammuocmeti pasha

po(@) = pe(f~H (@)D f (). (13.1)

OTrMeTuM, 9TO TeOpEeMa, O TIOTHOCTH BEPOATHOCTH (DYHK-
ouu oT cydaifnoil Beawansel (cM. (10.12)) asiasgercs wact-
HBIM CTydaeM JaHHON mpu n = 1.

[lycTb M3BECTHA IIOTHOCTB Pg p(T,Yy) COBMECTHOTO pac-
[pejieIeHns BeposiTHOCTElN ciyuaiinbix Beaudus & u 7). Haii-
JeM IUIOTHOCTDb paclpeleseHnsd BepodaTHOCTel ciryyaiiHoi Be-
sgmuanibl ( = € + 1. OyHKIUA ee pacupeeseHns

Fe(z)=P{(<a}=P{{+n<uz}= // peq(y, 2)dydz.
y+z<x

IIpousBoast B TOM HMHTerpaJjie 3aMeHy IepeMeHHBIX U =
Y, V= 2z + Y, HOIyIAM:

Fo(e) = / / P (1, v—t) = / [+/wp§,n(u,v—u)du]dv.

ITo ompenemennio abCOMIOTHO HEMPEPHIBHON BEJIMIUHBI ITO
3HAYUT, 4TO ( abCOIOTHO HENPEPBIBHA C IJIOTHOCTHIO PAaC-
IpeieieHud BepodTHOCTeR

+oo
pe(x) = / Pey(u, v — u)du. (13.2)

— 0o
Mensst posiz & U 1), AHAJOTUYHO TTOJTYUUM:

+o0
pe(x) = / Pen(x —v,v)dv. (13.3)

—0o0
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[JIABA 1. TEOPUS BEPOATHOCTEN

Jlrobast m3 dopmys (13.2), (13.3) maseBaercs popmysioit
cBepTku. OTMETHM, UTO €€ MOXKHO MOJYUUTH C MOMOIIBO
(13.1), npumenenHoit K mpeobpasosaruio ( = & + 1, 7 = &,
n  GOPMYINIBI, BBIPAXKAIOIMIEH MJIOTHOCTH PACIHPEIeTeHIS
KOODJMHAT CIYYafHOTO BEKTOPA 9Yepe3 ILIOTHOCTH DPACIpPe-
JIEJIEHAST STOTO BEKTOPA.

3adava 1. llonyaure dopMyIy CBEPTKHU STUM CIOCOOOM.

OTMmeTuM, 9TO JJIs HAXOXK/IEHUS 3aKOHA PaCIIPeIe/IeHus
CYMMBI IBYX CJIyUafHBIX BEJUYUH 110 POPMYJIe CBEPTKU B 00-
[MeM CIydae 3HAHWS 3aKOHOB PaCIpeleleHnsd ITUX BEeTUINH
HeJocTaTouHOo. T pebyercss 3aKOH COBMECTHOI'O pacCIpesesie-
HUg 5TuX BeqndwH. HO B Ba)KHOM 9acTHOM Caydae, KOT/Ia
cIyJaliHble BeJMYINHLI HE3aBUCHUMBI, 3aKOH WX COBMECTHOTO
pacrpeneneHns TOTHOCTHIO OITPeeTsaeTCd 3aKOHAMHA pacIpe-
JleJIeHUsT 3TUX BendnH. Tak, HampuMep, A pacCMaTpUBa-
eMOoro abCOTIOTHO HEMPEPBLIBHOTO C/Iydas IMPHU YCIOBUM HE3a~
BUCHUMOCTH BBITIOTHSIETCS

pen(x,y) = pe(x)pn(y),

TAK 9TO Mg HE3ABUCUMBIX CAyUIafHBIX BewmduH Hopmysia
CBEPTKU NMPUHUMAET CACTYIOMINAN BAI:

+o0 oo
pe(x) = /pg(u)pn(az—u)du: /pg(z:—v)pn(v)dv. (13.4)

ITpu aToM pacmpenenenne cayIaiiHONl BEIMIUHBI ( HA3BIBAIOT
CBEPTKOU pacnpenejaeHuii ciiyYaiiHbIX BeJIUYnH & 1 7).

Ipumep 1. Ilycts &1, &9, ..., &, HE3ABUCHUMBI U HMEIOT
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§ 13. TIpeobpazosanme caydaitiabix Bennant. CBepTKa
pacupeieneHuit

[OKA3ATETbHOE PACIIPE/IEIEHUE C [TAPAMETPOM A, T.€.

() Xe M ecmu x> 0,
\xr) =
Pe: 0, ecau < 0.

ITo dbopmyse ceeprru (13.4) ast z > 0
T x
_ —wdu = A —>\U)\ —)x(ac—u)d _
Per+e(®) = [ pe(Wpe(x —u)du = [ Ae™"Ae u =
0 0
x
= /\26)‘x/du = Nge
0
a g ¢ < 0, 09eBHIHO, P¢ 4¢, () = 0. B cumy HesaBucn-
voctu &1, €9, &3 cayuaitabie BemwauHbl &1 + £o u €3 TaKKe
Oyayr HezasucumbiMu (modemy?). Ilostomy mas x > 0 1o
dbopmye ceeprkn (13.4)

Pei+&+¢3 (x) = P(&1+€2)+¢3 (x) =
= /p§1+§2 (u)pe; (x — u)du = /)\2ue_’\”)\e_’\(”_“)du =
0 0

T

_ ANa?
= Xe ’\x/udU— e

2 )
0

st < 0, 0UEBUIHO, P, 4¢,4¢,(2) = 0. Ilo maaykiun

Atz Xz
me , ecIn x > O,

:I/‘ =
Pé1+éa+...46n (T) {07 ecin x < 0.
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[JIABA 1. TEOPUS BEPOATHOCTEN

Onpenesnenue 13.2. Pacrpenenenue ¢ IIOTHOCTBIO Ta-
KOIO BHA, T.€. CBEPTKA 7 TOKA3ATEIbHBIX PACIPEeIeeHui
€ TapaMeTpoM A, Ha3bIBAETCS pacCHpeieIeHueM IJPJiaHra
N-T0 TIOPSAAKA C TTapaMeTPOM .

[Ipu paccMoTpennn JaHHOTO IPUMePa NCIOIB30BAHO CJTe-
Ayrolee

Yreepxxkaenne 13.3. Ilycmo &, &2, ..., & —
He3asucumoie cayuatinoe seauvuns, 1 < k < n, f,g —
bopesescrue PYHKUUU COOMBEMCMBYIOULE20 YUCAG Nepe-
mennoiz. Toeda caywatinve eeauwunve f(€1,82,... &) u

(15 Epg2s - - En) Mesa6UCUMDL.

3adava 2. JlokaxkuTe 3T0 yTBEPKIEHUE JJIsi aOCOTIOTHO
HEIPEPLIBHLIX CIyIailHbIX BEJHYNH.

3adaua 3. JJoKaKnTe, 9TO CBEPTKA HOPMAILHBEIX PACIIPE-
fenernit ¢ mapamerpamu (a,02) u (b, 7?) COOTBETCTBEHHO
ABJIAETCS HOPMAaJbHBIM paclpejeleHieM ¢ HapaMeTpaMu
(a+0b,0%+712).

Kak mbr ybemumca B masipbHEAIEM, yTBEPKICHUE 3a/a-
9r 3 TPOIIEe TOAYYUTH C MOMOIIBIO XaPaKTEPUCTAIECKUX
GYHKINHA, Teoprus KOTOPBIX OyIeT M3/I0XKEHa, UyTh IMO3XKe
n KoTopast Oosiee mpumcriocobiieHa /s PereHnst MmOog00HBIX
3a0a4.

Onpenesnenue 13.4. [oBopsr, uTo ciyuaiiHas BETUIUHA
“MeeT raMMa-pacrpejiejienne ¢ mnapamerpamu (o, p),
ecJii OHA abCOJIFOTHO HENPEPBIBHA U MMEeT [JIOTHOCTH Pac-
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§ 13. TIpeobpazosanme caydaitiabix Bennant. CBepTKa
pacupeieneHuit

npejeseHns BepoaTHOCTe! BUIa

ol —az,.p-—1
p() = T ¢ TaPT, ecm x> 0,
0, ecmn x < 0.,
“+oo

rne D(p) = [ tP~le~tdt — ramma-dbyukuus Ditepa.
0

3adawa 4. Jokaxkwure, 9TO  CBEpPTKA ~ raMMa-
pacmpenesernii ¢ mapamerpamu  (o,p) u (a,q) C€OOT-
BETCTBEHHO €CTh TaMMa-PaclpeeseHrne ¢ HapaMeTpaMn

(o, p+q).

[Iycrs & ~ N(0,1), Torma aas z > 0

Fsz(x):P{§<x}:P{—\/%<§<\/ﬁ}:

Pl 2
= N(V2z) — N(—V2z) = ®(v2z) — &(—V2z) =
V2

— 20(v37) = 2 / o(t)dt.
0

IlosTOMY MIOTHOCTL pacmpeiesleHns BEPOATHOCTEN CTytaii-
2

HOW BEJIWYWHBI %, MOJTY9aIoMasacsa u3 (PYyHKIUA PacIpese-

JIEHUST C TIOMOTIHI0 AU PepPeHIInpPOBAHNS, I/ TOJTOKNUTETb-

HBIX 3HAYCHUN T paBHA

pg(az) = 2@(\/%)\/5% = \/%ex = ﬁxéle“j.

Jlas oTpunaTesbHBIX X OHA paBHA Hyar0. Takwm obpazom,
2
cyJdaiiHasi BeJIUYUUHA % UMEET TaMMa-pacIipeieseHne ¢

napamerpamu (1,1/2).
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[JIABA 1. TEOPUS BEPOATHOCTEN

Onpenesnenue 13.5. [oBopsr, 4To ciyuaitHast BETUIUHA
2 2 2 2
X =&+&+. . &,

rae &1,&2,...,&, — HE3aBUCHMBIE CIyYaiflHbIE BEJMYMHBI,
KaXK/aass W3 KOTODBIX WMeeT CTaHJIapTHOe HOPMaJIbHOe
pacmpenenenve, UMeeT pacrpesiesieHne Xu-KBaapaTr Cc n
CTeleHsIMU CBODODI.
X2
[TosToMy pacnpenenenne % MOPEACTABIACT N-KPaTHYO
CBEPTKY C cobBO TaMMa-pacupeneseHnsa € MapaMeTpaMu
(1,1/2). B cumy 3amauan 4 4- mveer raMMa-pacpeseneHue ¢
napamerpamu (1,n/2), re. g x > 0
1 ny

Pa(0) = pyet e

CrenoBareibHO, IJIOTHOCTH PACIpeieeHnsT XU-KBaJIpaT C 7
cTermeHaMu CBOOOIBI MMEET BUI

x

kn(z) = py2(2) = %PX_; (§> =

1 n_1 _z
————x2 e 2, ecmmx >0,
— ) 221(%)

0, ecmn z < 0.

DopMyIy CBEPTKH MOKHO BBIBECTH [JIsl DaCIpejete-
HUA CYMMBI HE3aBUCHUMBIX AUMCKPETHBIX CﬂyqaﬁHbIX BeJIN-
uqnH. s mpocToThl BBIBEIEM (DOPMYITYy CBEPTKH ISl CJIy-
Yad TEJIOYUCIICHHBIX HEOTPUIATCIBHBIX Cﬂy‘{aﬁHbIX BeJIN-
unH. [lycrs € w1 — 1e/ouncIeHAbIe HEOTPUIATETLHBIE HE3a-
BHUCHMBIEC Cﬂy‘{aﬁHbIe BEJIMYUHBI, T.€. UX BO3MOXKHBIC 3Ha4E-
Hust gexar B MHOKecTBe {0, 1, ... }. O4eBUIHO, BOZMOXKHBIE
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§ 13. TIpeobpazosanme caydaitiabix Bennant. CBepTKa
pacupeieneHuit

sHaueHus ( = & + 1 TakKe MPUHAIJIEKAT ITOMY MHOXKECTBY,
npuaeMm

P{¢=n}=P{¢+n=n}=) P{E+n=mn, =k} =
k=0

=Y P{{=kn=n—k} =) P{{=k}P{n=n—k}.
k=0 k=0 (13.5)

D10 U ecTb (POPMYJIa CBEPTKU [IJIsi TETOUNCTEHHBIX BEJIUYUNH,
KOTOpas MOXKeT ObITh 3aMMcaHa TaKKe B BUJE

P{¢=n}=> P{¢=n-1}P{n=1}. (13.6)
=0

Ipumep 2. DopMyaBl CBEPTKH MIUPOKO MPUMEHSIOTCI B
GbUHAHCOBON MaTeMaTHKe, HAIPUMED, B TEOPUH CTPAXOBA-
uusi. Ilpocreiimas Moaenb QyHKIIMOHUPOBAHUS CTPAaXOBOI
KOMIAQHWN — MOJIE/Ib WHAWBAIYAJTHLHOTO PUCKA — Dasupyer-
¢S Ha CJIEAYIOIINX TIPeTONOKEHNSIX:

1) amanmsupyercs KOPOTKUIl ITPOMEKYTOK BPEMEHHU, Ha-
npuMep, OIuH rof (T.e. MOXKHO HE YUUTHIBATE WHMIAIUIO U
JIOXOJT OT WHBECTUPOBAHNUS );

2) umcmo JoroBopoB crpaxoBanusi N (DUKCHPOBAHO U
Hecay4aiHo;

3) miarTa 3a CTPAXOBKY BHOCHUTCS B HAYAJIE AHATU3UDYE-
MOTO MEPUO/a; HUKAKUX MOCTYIIEHWH B TEUEHWE ITOTO Te-
puojia Her;

4) HabJTIOAIOTCST OTEbHBIE JOTOBOPA CTPAXOBAHNUS C M3~
BECTHBIM 33aKOHOM PACIPEICICHUS CBI3AHHBIX C HUMU WHIHU-
BUJIyaJIbHBIX UCKOB &, =1, N.
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[JIABA 1. TEOPUS BEPOATHOCTEN

[TocKOMBbKY WCK m3MepsieTcss B JIeHEKHBIX, T.e. IeJIBIX
eIMHATIAX, TO &; — HEOTPUIATEIbHAS TEI0INCTCHHAS CIy-
JaifHasl BeTMINHA, HAIIPUMED, ee 3aKOH paclpeleIeHnus] Mo-
KeT OBITh TaKOIi:

& HO ‘bl ‘bQ H 13.7
P Ta Ta ] (13.7)

p+aq +q2=1, by > b,

rme & = 0, ecu i-e U0 HE yMpeT B TedeHme roaa, & = by
py6., ecau JIUIIO YMPET B pe3yJibTaTe HECYACTHOIO CIydasi, U
& = bo py6., ecytm sutio ymper ot "ecrecTBeHHBIX! NpUYMH.

[Ipeamosoxum, aro ucku or N goroBopos £1,&2,... ,EN
~— HE3ABUCHUMBIE CIyUYafHBIE BEJTMYUHBI (MCKTIOYAI0TCA KaTa-
cTpoduiecke HeCIYACTHBIE CIyYau, BJAEKYIIUE UCK CPa3y Io
HECKOJIBKMM JIOI'OBOPaM; B MPOTHBHOM CJIy4ae HEKOTODhIE U3
& OyayT CBsI3aHBI IPUYMHHO, [TO3TOMY BPs/J| 1 OYJyT He3a-
BUCHMBIMH).

QyHjaMeHTAIBHBIA MHTEPEC /18 KOMIAHUN TTPEICTABIIA-
€T BEPOSITHOCTH ee pa3openus. Pazopenue cTpaxoBoit KoMia-
HUW OMPEAeIsIeTCs CyMMapHbIM UCKoM S = &1+ &+ ...+ &N
K He#t. Ilycrs v — kanuTtan kommnanun. KoMmaHus pa3oput-
Cs1, eC/TU CyMMAapHbBIH UCK S K Hell MPeB30HeT ee Pe3EPBHI U.
[TosTOoMy BEpOSTHOCTH pa30peHUs KOMIAHUY PaBHA

oo

R=P{&i+ &+ +év>ub= Y Pla+&+...+
n=u+1

+iv=n}=1- P{&+&+...+&n =n},
n=0

rae P{& + &+ ...+ &y = n} MOXKHO HaHTH C IOMOIIBIO
N-KpaTHO# CBEPTKU paclpeieseHns CIydaiiHO# BeTnInHBI
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§ 13. TIpeobpazosanme caydaitiabix Bennant. CBepTKa
pacupeieneHuit

¢; (mampumep, pacnpeneserust (13.7)) ¢ coboii ¢ TOMOIIBIO
(13.5) nom (13.6).

ITpumep 3. Ecim (€,m) — abCOMOTHO HETPEPBIBHBIN CITy-
YaitHbIl BEKTOp, TO & U 1) — abCOIOTHO HENPEPBIBHBIE CITY-
JaiiHple BeIWIHHBL, crenoBarensHo, P{n = 0} = 0. Tak
Kak & W 1) OIPEeIeICHBI HA OJHOM W TOM K€ BEPOATHOCTHOM
OPOCTPAHCTBE, TO MBI MOYKEM OIPENEJIUTh Ha HeM CIydaii-
HYIO Besinunny ( = %, 3a72aBasl ee 3HAUEHNS HA MHOYKECTBE
{w : n(w) = 0} BeposTHOCTH HYJIH MPOU3BOIBHBIM 0Opa-
30M, JIUIH OBl COXPAHAIACH U3MEPUMOCTH OTHOCUTE/TBHO O-
asreropsl F. Hampumep, MOXKHO CINTATL, 9TO HA 3TOM MHO-
JKECTBE OHA TIPUHUMAET HECOOCTBEHHOE 3HAYEHUE OO.

Haiinem pacnpenesnenne yacTaoro (:

Fe(z) = P{% <u}= //pgm(u,v)dudv.

1
T<w
[Mpouzso/ist 3aMeHy MepeMeHHBIX % = t, 0 = § B 3TOM HWHTe-
v
rpaJie, moayydnM:

z  4oo
Fe(x) = Pey(st,s)|s|ds|dt.
J (ot

ITo ompemenmennto abCOTIOTHO HEMPEPBIBHON CIyYaiiHON Be-
JMYUHBI 3TO O3HaYaeT, 9T0 ( abCOMIOTHO HEIPEpPHIBHA, a
[JIOTHOCTH €€ PaCTPeIe/IHNsT BHIPAKACTCS Yepe3 TIOTHOCTD
COBMECTHOT'O pacmpenenerud £ u 1) CAeAyIONuM 06pa3oM:

“+00

pe(z) = /pg,n(st,s)\s\ds.

—0o0
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[JIABA 1. TEOPUS BEPOATHOCTEN

B wacrtHocTH, eciu € U 1) HE3ABUCUMBI, TO

+o0o

pe(z) = / pe(st)py (s)]sds. (13.8)

— 00

Onpenenenue 13.6. OrHotrenue

ln = 3

X2

n
B KOTODOM WYHCIWTETh W 3HAMEHATEJb — HE3aBUCHMBbIE
cryuaitaeie Bemmuamae, ¢ ~ N(0,1), a x? — caywaitmas

BeJIMYNHa XHU-KBaJApaT C N CTEIIeHAMMN CBO60/JBI, Ha3bIBaCTCA
oruonreHiuem CTbIOAEHTA C 7 CTEHEHAMH CBOOOIDI,
a pacipeneieHnue 3TOr0 OTHOIIEHUs — pacHpeaesieHueM
CrbIoeHTa ¢ N CTEIIeHSIMU CBOOOIbI.

[Tonb3ysicb  KpUTEpPHEM  HE3aBUCHMOCTH  abCOTIOTHO
HenpepbIBHBIX BeqmuwH 1 (opmynoit  (13.8), merpymmO
BBLIBECTH, YTO IJIOTHOCTHL pacnpejpenenus CTbiojeHTa ¢ n
CTEreHsAMU CBOOOIBI MMEET BH/I

ntl i1
sn(2) = pr,(z) = jir—;(g))(l +x2)_7. (13.9)

3adawa 5. Buieeaure dopmyy (13.9).

Tak Kak s, () — verHas QyHKIWsI, TO COOTBETCTBY IOIIAST
dbyHKIWMS pacnpenerenns
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

ob1aJaeT CJIeYIOMMUM CBOHCTBOM:

(@) + Sn(—1) = 1.

§ 14. YucaoBbie XapaKTEPUCTUKU CJIYyYIANHBIX
BEJIMYNH

ITonmo#t BEpOATHOCTHOM XAPAKTEPUCTUKON CIyUIANHON BesIH-
YUHBI, [I03BOJIAIONIECH HAXOAUTH BEPOATHOCTU €€ IOl JaHus
B IIPOU3BOIbLHBIE DOPETEBCKUE MHOYXKECTBA, SABIIETCH 3aKOH
pacmpeeeHus. YCTaHOBUTH TAKOM 3aKOH Ha MPAKTHUKE 3ata-
CTYIO CJIO’KHO, 714 ¥ HE BCETIA B MIPUJIOKEHUAX OH HEODXOIIM.
Bo muormx ciydadgx JOCTATOYHO WMETH OIpe/leJIeHHbIe TH-
CJIOBBIE XapaKTEPUCTUKU, KOTOPBIE XapaKTEePpU3yIoT Caydail-
HYIO BeJIMYUHY U €€ 33KOH paclpele/eHud JIUIIb YaCTUYHO.
Beenem nanbosiee BayKHBIE U3 HUX.

[Tpex e BCEro mombITAEMCS OMPEIE/TUTh TOHITHE CPeIHE-
ro 3HavYeHUs ciaydalino#t peqwawnbl. [lycrs € — nuckperHas
cllyvaiiHad BeJIMYUHa C PAJIOM PaclpejiesieHns

f H I ‘{L’Q ‘ ...... ‘{L’k w ' (141)

Ple‘pz‘ ...... ‘pk

[Ipenmonoxum, aTo poBeieHo [N He3aBUCUMBIX U3Mepe-
HUM BeUYIUHGB! £, B KOTOPBIX 3HAYEHNE T MOABIIOCH [N pas,
3HAUYEHUE To MOSBUIOCH No pa3 u T.J., HAKOHEIl, 3HAUYEHUE
x), nogBusiock Ng pa3. Ouesnauo, N1+ No+ ...+ N = N.
Cpennee apudMeTnuecKoe pe3yabTaTOB N3MEPEHU paBHO

- Niz1 + Noxo + ...+ Nixy
= 2 .

SaMaHUYMBO TPUHATH €0 33 CpeIHee 3HAUEHWE CJIyJaiiHOil

BeJIMINHLI, HO 3TOTO CAENaTh Heab3d. lelicTBUTETBLHO, 3TO
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[JIABA 1. TEOPUS BEPOATHOCTEN

3HAYEHUE 3ABUCUT KAK OT YUC/IA ITPOBE/IEHHBIX n3MepeHuit IV,
TaK W OT 9YUCIa mogBaeHnit N; Kaxk10r0 n3 3HAUYeHu x;. MbI
JKe XOTUM, 4TODBI CpellHee 3HAYEHUE CIAyYalHON BEJMYUHBI
OTIPEJIEJIS/IOCh TOJIBKO 3aKOHOM PACIpE/Ie/IEHUS U He MEeHs-
JIOCh TIPU PA3HBIX CEPUAX IKCIEepuMeHToB. Ecam N Beauko,
TO, B CUJIY YCTOUYUBOCTH OTHOCUTEIBHON YaCTOThI, OTHOCH-
TeabHAS 9acToTa COObITHS {§ = 2} cTabWIn3upyeTcs OKOJIO
€ro BEPOSITHOCTH:

N;
N~ Dbi.
CrenosarebHO,
A P P +paaa ..
= le NJ}Q N(Ek P11 P22 PrT.

Wrak, cpenmee apudmerndeckoe CTabUIHM3UPYETCT OKO-
k

JO YMCIA Y PiT;, KOTOPOE He 3aBHCUT OT IPOBOAMMBIX
i=1
U3MEPeHuil, a 3aBHCUT TOJBLKO OT 3aKOHA PACIPEIeICHHs

¢. CkazanHOe ODOCHOBBIBAET ECTECTBEHHOCTH CJEHYFOIIEro
OTIpeaeICHUSI.

Omnpenenenne 14.1. MaTeMaTu4eCKUM OXKUIAHU-

€M WIN CPpeAHUM 3Ha4dYeHueM JUCKPETHOU CIIy4daillHO# Be-
JIMYUHBI ¢ psi/IoM pactpesesterns (14.1) Ha3bBaeTCsS IUCITO

k
M¢ = szwz
i=1

N3 MexaHWKW W3BECTHO, UTO €CIU B TOYKaX C KOOPIMHA-
TaMW T1, X2, ... ,Tk HA IUCIOBOH ocu O MOMEIIEHBI COOT-
BETCTBEHHO MAaCChI M1, M2, ... , Mk, TO KOOPAWHATA IIEHTPa
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

TAXKECTH 3TON CUCTEMBI MaTepI/IaJIbeIX TOYEK eCTb
k
Z m;x;
i=1
k
Z mg
i=1

Bakon pacnpenenenus (14.1) samaer pacnpenenenne "Bepo-

k

ATHOCTHO# Maccel", pauoii 1 (Beap Y p; = 1), M0 TOUKaM
¢ KOOpAWHATAMU X1,Z3,... ,Xk. lIpn ZaTloM MaTeMaTHIeCKOe
OXKUJAHNE COBHAAACT C KOOPAWHATON HEHTPA TAXKECTHA ITON
CHCTEMBI TOYEK.

B ciydgae, Korja BeqWUYMHA MPUHUEMAET CUYETHOE YUCTIO
suadennii, ompenenenne 14.1 mommdunmpyeM CraemyrOIuM
obpaszomM.

Onpenenenne 14.2. MareMaTudeCKuM OXXKUIAHM-
€M WId CPEeJHUM 3HAYCHUEM JUCKPETHOHR CIy4ailHOR Be-
JWYUHBL C PAIOM PacIpelecHUd

HA3BIBAETCA YHUCJIO
o0
M¢ = E DiTs,
i=1

OpU YCJAOBUM, 9YTO IOCAETHUN DA CXOAUTCS abCOMIOTHO.
Ecnn xe panm pacxoanTcd WM CXOAUTCS YCIOBHO, TO TOBO-
psT, 9TO ciiyvaiiHasg BeJaudnHA { HE MMEeT KOHEYHOr'o
MaTeMaTUIeCKOT0o OXKUJaHUS.
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[JIABA 1. TEOPUS BEPOATHOCTEN

[louemy B ompenenenun 14.2 Tpebyerca abCoaroTHAST
cxoaumMocTh? Jlemo B TOM, UTO ec/ii 3aHy MepOBaTh 3HAUEHMST
CIydafiHON BEJIMYMHBI 110 IPYTOMY, TO 3TO OYIET COOTBET-
CTBOBATH MMEPECTAHOBKE WJICHOB psina, (DUTYyPUPYIONIEro B
srom ompenenenun. [lo teopeme Pumana wieHBI yCIOBHO
CXOJIAIIErocst Psi/la MOXKHO TakK IOMEHSTH MEeCTaMU, YTO
CyMMa, TIOJIYIEHHOTO PAga OyaerT paBHA JIIOOOMY 3aJaHHOMY
qUCITy, B TOM d9HCIe HecobcrBeHHOMY (T.e. 00). Ecam B
ompenenennn 14.2 TpeboBaTH TOJBKO CXOAUMOCTH, TO B
3aBUCUMOCTH OT crocoba HyMepaluy 3HaYeHUU CaydaiiHoil
BEJIMYWHBI MBI 6bI TOJIy9aJId PA3HbIC 3HAYECHUA MaTeMaTUYe-
CKOTO OKMIAaHUs (B TOM 9Unc/Ie n GeCKOHETIHBIE) OHOM 1 TOif
JKe Crydaiinoil Bemmanabl. ECan ke psii CXOauTea abCOTI0T-
HO, TO 10 Teopeme Koy Nnpu mepecTaHOBKE YJEHOB Dsifia
ero cymma coxpansgercs. Takum obpazom, ompeaenenue 14.2
KOPPEKTHO, MOCKOJBKY HE 3aBHUCHT OT CIocoba HyMeparun
3HAYEHUN CIIy4alHON BeJIMYUHEI.

[Ipemmonoxum, 9o v = v(w) — HEOTPHUIIATETbHAS TEJI0-

YHCJICHHAA Cﬂy‘{aﬁHaﬂ BeJIMYMHA (T.e. BO3MOXKHBIEC €€ 3Ha4ve-
Hust npuHaTexar MEokectBy {0,1,... }). Torga

My = ZP{M >n}.
n=1

JleficTBuTe/IHHO,

My=> kP{u=k} =Y kP{u=Fk}=
k=0 k=1

o k oo 00 00
=D > Plu=k}=) > Plu=k}=) Pluzn}

k=1n=1 n=1k=n
(14.2)
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

U3menenne mOpAAKa CYMMHUPOBaHWS 3aKOHHO B CHJIY
HEOTPUIATETBHOCTH CJIATA€MBIX, BXOAAIINX B CYMMBI pac-
CMOTPEHHBIX BBIIIIE Ps/I0B.

3adaua 1. [okaxkure, 9TO €CIU [ — TEJTOUNCTEHHAS CITY-
JafiHasi BeJIMINHA, TPUHUMAOIIAS 3HAYCHNS B MHOXKECTBE
{..,=2,-1,0,1,2,... }, 10

My =>"P{|u| > n}. (14.3)

n=1

[Iycts Temeph & — abCOIFOTHO HENPEPBIBHAS CIydaliHast
BEJIMYMHA C IJIOTHOCTBIO pacnpesenenus p(x). Temepsb
"BepogTHOCTHAS Macca' pasMasaHa 10 YHCIOBON IpAMOif
(BEPOATHOCTD TOMANAHUA B KAXK/IYI0 TOYKY DABHA HYJIIO, &
BEPOSITHOCTL TIONATAHUS B MPOMEXKYTOK [r,z + dx) npu-
6mmxenno pasua p(r)dr). Tostomy B onpenenenwm 14.2
3Ha4YeHWe T; HAJ0 3aMEHHTL Ha NPOM3BOJLHOE 3HAYEHHE
x € R, BepositrocTh p; = P{{ = x;} — Ha ss1eMeHT BeposiT-
HocTH p(x)dr, a onepanuio CyMMUPOBAHUS — HA OLEPAIIUIO
MHTErPUPOBAHASL. DTO 0OOCHOBBIBAET PA3yMHOCTH CJIELYIO-
IETO ONPEIEIeHNSI.

Onpenenenne 14.3. MareMaTudeCKuM OXXKUIAHU-
eM WId CPEeaHUM 3HavYeHueM aOCOTIOTHO HepPepbIBHOM
CIYUIAfHONW BEJUYUHBI C IJIOTHOCTBIO pacrpejeseHust p(z)
HA3BLIBAETCS YUCTIO

“+00

M¢ = /xp(m)dx,

— 00
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[JIABA 1. TEOPUS BEPOATHOCTEN

OpU YCJIOBUM, 9UTO MOCAETHUI WHTErpas abCOTIOTHO CXO-
mutcd. Ecam mHTerpaa pacxoauTCd WX yCIOBHO CXOIUTCH,
TO TOBOPST, 4YTO CJiyYaliHasi BeJituMHa ¢ HE HMEeeT
KOHEYHOTO MAaTeMaTUIeCKOT0 OXKUJaHUS.

3adava 2. llokaxkute, 9T0 JJjis HEOTPHUIATEJBHON abco-
JIFOTHO HereprBHOfI BEJIMYUHBI

M¢ = /[1 — F(x)]dw, (14.4)
0
a Jiyig abCOIOTHO HEMPEPBIBHON BEJINIHUHDI
0 o0
M¢ = — / F(z)dz + /[1 — F(z)]da. (14.5)
~oo 0

Cpasuure (14.2), (14.3) ¢ (14.4), (14.5).

[Tozxke mbl BeiBeseM (14.4) s nponsBosbHOM cityvaii-
HOW BEJIMYUHBI.

B Teopur HaIEKHOCTH PACCMATPUBAIOT BpeMsl KU3HU
HEKOTOPOTO 37IeMeHTa, (HAPUMED, SJIEKTPOTAMIIOUKN ), B T€O-
pHM CTPaXOBaHWsI — BPEMS JKU3HU YET0BEKA. ITO — HEOTPHU-
narenbHad Caydaiinad Benwanna £ ¢ QyHKIMeR pacipenesie-
aust F'(x). B kauecTBe OCHOBHOI XapaKTEPUCTUKH B 3TUX Te-
opugax bepercsa He QYHKIINA PACTPEICTCHNUS, & TOTOTHATE b=
nag gyskuus Q(z) = 1 — F(z) = P{¢ > z}, naspiBaemas
B TEOPUM HAJEKHOCTH (DYHKIHEH HAaJZesKHOCTH, a B TEOPUH
crpaxoBanust — (yHKImel BpkuBanusd. B cury (14.4)

Mé¢ = /OOQ(x)d:Jc.
0
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

IIpumeput.
1. Hecnyuaitnast Beqimunnaa C' MOXKET PacCMaTPUBATHCS
KaK CIyJaiiHas ¢ psioM pachpeleeHnst

¢ | c
P [1

[Tosromy ee maremarudeckoe oxuganue MC = C.
2. Jlna ciygaifnoit Be IMInuHbI ¢ PacupeneienneM bepHy.i-

£ It o |
P lp [q |

JIn

MaTeMaTH4IecKoe oxumanne paBao ME=p-14q-0=p.
3. llycts 4 mmeer GBrHOMMUATILHOE PACIPE/IE/IEHNE C TAPa-
Merpamu n, p. Cornacuo onpenesenuto 14.1

n
Mp =Y kChp*q" "
k=1

Ucnonb3yd ciiemyrorniee CBOWCTBO COUETAHMI:

n! (n—1)! b1

k _
Mo = R =~ "= i — B! n—

u ¢dopmyny bunoma Hpiorona, momyunm
n n—1
Mp=nY Ciiptq" " =np) Cl_plg" ' =
k=1 =0

)nfl

=np(p+q = np.
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[JIABA 1. TEOPUS BEPOATHOCTEN

4. Ilycts € umeer pacnpenenenue [lyaccona ¢ napamer-
pom A. Torma

v _Ook)\k _)\_Ook)\k —)\_A—AOO )\kfl B
=2 ke =D ke = e Z(k—l)!_
k=0 k=1 k=1
= e et =\

Taxum obpasom, mapamerp A B pacnpenenenun llyaccoma
UTrPAET POJIb MATEMATHIECKOTO OXKUIAHMUS.

5. Jlsis paBHOMEpPHO DacClpejieJieHHON Ha oTpeske [a, b]
CJIydaiiHON BEJTMYMHBI, KOTOPasi PABHOBEPOSATHO IIPUHUMAET
3HAYEHUA HA MPOMEXKYTKAX ONMHAKOBOW IIWHBI, Tae Obl oHK
HU HAXOJWINCH BHYTDH [a,b], HHTYHUIINS MOJCKA3BIBAELT, UTO
CpejiHee 3HAYEeHne JIOKHO HAXOMNTHCA B CEPEMHE OTPEe3Ka
[a,b]. deitcTBurenpHo,

+o00 b
1 a+b
Mf—/xp(x)d:c—/xb_ad:p— 5

6. Ecmu € nMmeeT mokazarebHOE PACIPeneeHne ¢ mapa-
METPOM A, TO

“+00 “+oo

1
M¢ = / xp(x)dr = A / ze Mdr = X

—00 0

7. Ecmm € ~ N(0,1), To B CHJIy 9YeTHOCTH IUIOTHO-
CTM CTAaHJAPTHOTO HOPMAJILHOTO pacnpenenenns o(r) =
2

_az .
%e 2 WHTErpaJl 0T HeYeTHOH (DYHKITUN B CUMMETPHIHBIX
s

npegesax
“+oo

M¢ = / wo(z)dz = 0.

—00
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8. Ilokakem, 4TO TIpueM, IPUMEHEHHBIN B MPEIBIIYIIEM
npumepe, Tpebyer ocropoxuocTu. IlycTs € pacupenenera mo
1

sakony Kommu, te. p(z) = P Ecnm paccyxkmaTh Tak

e, TO, B CHIy deTHoCcTH p(),

+oo
M¢ = / ap(x)dx = 0.
—0o0
DTo paccykIeHre HEBEPHO, MOCKOIbKY DPacCMaTpUBAEMBIi

HHTErpajl pacxoauTcs (mpoeepbre 370). OHO BEPHO TOTBKO
0 OTHOIIEHWTO K TVIABHOMY 3HAYEHWIO WHTerpaJsia, T.e.

+o0 A
Vop. / xp(z)dr = AEToo xp(z)dz = 0.
—00 —-A

Cortacao omnpenenenuto  14.2  caydaiinas BenuuuHa &
HEe unMeerT MaTeMaTu4dYeCKOIro OXKUJaHUA. PaCCY?KILeHHH
OpEJBIIYIIEro MpUMepa TTPaBOMOTHBI, MOCKOJBKY pPacCMa-
TPUBAEMBINl B HEM WHTEIPAJT CXOAUTCH abCOTIOTHO.

3adaua 3. Halimnte MaTeMaTndeckKoe OKUIAHUE CITyUaii-
HOH BeJIMYUHBI, UMeEIOIIeH
a) TeOMETPHUIECKOE PACIPEIEICHNE;
) rumepreoMeTpIUECKoe PaCIpPEIeIeHue;
B) HOPMAaJIBLHOE pACIpeIeIeHre ¢ IapaMeTpamu (a,o?);
)

T') TaMMa-pacCIIpeaeJacHue.

[Tepeitmem & obieMy OIPEIEICHUIO MATEMATHIECKOTO

oxumanns. Ilycrs & = {(w) — cayuaiiHas BeJIWYHHA, OIpe-
JIeJIEHHAs HA, BEPOATHOCTHOM mpocrpanctee (Q, F, P).
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Onpenenenne 14.4. MareMaTudeCKuM OXXKUIAHU-
€M WM CPEJIHUM 3Ha4YeHMEM CiIydaiiHoil BeanyunHbl £ Ha-
3LIBAETCS UHUCJIO0

Me= [wiir = [ewire) = [ gwp)
Q Q Q

31ech UCIOAL30BAHbI TPU Pa3IUYHbIX 0D03HAUEHUs s
nHTerpasa Jlebera oT m3MepuMoil OTHOCUTEILHO 0-aaTe0ph
F dysknun &(w) mo mepe P.

3ameuanue 1. HanomuuM onpenenenue uHTerpasa Jlebe-
ra. [LycTsb £ — nuckperHas cydaifHas BeJIUIUHA ¢ KOHEUHBIM
MHOKECTBOM BO3MOXKHBIX 3HaYeHuil {r1,x2,...,Tr}, A =
{w: &(w) = 2;}. OueBunno, A1 + As + ... + Ay = Q. Ecimn

1, ecum w € A,

la=1lalw) = {O ecn w ¢ A

— mHAMKAaTOp MHOXKECTBA A (cobbiTnsg A), TO cydaiinas Be-
JanHa € MOXKeT OBITH 3alliCaHa B BUJE

k
W)=Y wly W)
=1

7 [0 TEPMUHOJIOTMH TeOPHUU Mepbl Ha3bIBAETCA IIPOCTOHR
dyuknueit. Uarerpan Jlebera or mpocroit dhyHKIUM ompe-
JTENISTeTCST KAk

k
/g(w)dp => mP(4).
Q =1
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[Ipu 3TOM 1OKA3BIBAETCS, UTO ITO ONPEIETEHNE KOPPEKTHO,
T.e. HE 33BUCHUT OT CIIOCO0a TIPECTABACHUS TPOCTOM (HYyHK-
WU B BUJE JIMHEHHOW KOMOWHAIMU WHINKATOPHBIX (DyHK-
nuii. TakuM obpasom, ompejesieHne WHTErpasa, OT MPOCTOMH
dyukIMr coBmamaer ¢ onpenenernem 14.1 mareMaTuaecko-
ro OXKUJaHUs OT JUCKPETHOH! CIy4YalHOA BEeJIMYUHBI ¢ KOHEeY-
HBIM MHOYKECTBOM BO3MOXKHBIX 3HATEHMUIA.

Hanee nnrerpan Jlebera omnpenensercs jisi HEOTPHUIA-
renbHbIX QyHKImi § = (W), M3MEPUMBIX OTHOCUTENBLHO J
(HEOTPHUIATELHBIX CIyYailHBIX BEJINYWH B HAIEH TEPMUHO-
gorun). Jlms mo6oit Takoit (DyHKImM CymiecTByer HeyObl-
BAIOIasi MOCJIEI0BATENBFHOCTh HEOTPUIIATETBHBIX IIPOCTHIX
dbyukumit (§,) Takasi, 9to &, — £ Upu N — 00, HAIPUMED,
MOXKHO B34Th

En(w) = f(€(w)) = Z on I{w; ’;_n}gg(w)<%}+nl{w: £(w)>n}-
(14.6)

Tak kak

[awiar < [euwar,
Q Q

TO CYIIECTBYET KOHEUHBIN WU OECKOHEUHBIN Mpemes TaKOi
MOCJIeIOBATEFHOCTH WHTerpasoB. llo ompenenenmio noTe-
rpamoMm Jlebera oT HEOTPHUIIATETHLHOW W3MEPUMOIN OTHOCH-
TesibHO F (DYHKIUN HA3BIBAETCS

Q/ §()AP = lim Q/ Enlw)dP,

OpUIeM JOKA3BIBAETCS, ITO STOT TPeIes He 3aBUCUT OT CITO-
coba BeIbOpa HEYOBLIBAIOIIEH MOC/TEIOBATETHHOCTH MPOCTHIX
dbyuknmii, cxonsmuxcs K €. B caydae, korma sToT mpemest
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OecKOHEeYeH, B 3aBHCHMOCTH OT yA0OCTBA CUUTAIOT, UTO HH-
rerpan Jlebera He cyiecTByeT WM YTO OH PaBEH +00.

OrMmeTuM, UTO JAHHOMY OIpeJesIeHnt0 nHTerpasa Jlebe-
ra OT HEOTPHUIATETLHON M3MEPUMOi (DYHKIINY SKBUBAJIEHTHO
CITEITYTOIITee OTIPeIeIeHNE:

{n<¢} o

[e@ar = swp [ ywjar
Q

[/le TOYHAST BEPXHSISI TPaHb OEPeTcst IO MHOYKECTBY TTPOCTHIX
HEOTPUIATE]bHBIX H3MEPUMbBIX (DYHKIUi, HE MTPEBOCXOsI-
mmx €.

Haxkonen, ecnmn £(w) — npoussonbHast (DyHKIINSA, ©3MEPH-
Mas OTHOCHTEIBHO F' (mpomsBosibHAST CIydaiiHas BEJIUIHHA
B HAIEHl TEPMUHOIOIHN), TO MO ONMPEIETEHNIO

[ewiar= [¢r@ar - [ @ar.
Q Q Q

rme £ = max (£,0), & = —min (£,0). B 3aBucuvoctu ot
yI06CTBa CIUTAIOT, 9TO OO0 &) eciu XOTd Obl OJIMH W3 WHTE-
rpaJsios oT £ um or € Geckoneden, To uHTerpaJ Jlebera oT
¢ me cymectByer, b0 6) ecim 06a mHTErpasa GECKOHEIHBI,
To mHTerpaJ Jlebera or £ He CyHIIeCTBYeT; eCjiv TePBbIH WH-
Terpas GeCKOHedeH, a BTOPOil KoHeveH, TO waTerpas Jlebera
oT £ paBeH +00; €CJTU TIEPBbII WHTErPaJ KOHEYEH, a BTOPOIi
b6eckoneueH, To narerpaJ Jlebera or £ paBen —oo.
OrmernM, 9TO KOHEUHBIH wHTErpas Jlebera or m3Me-
pumoit dyrkImH (W) CyIMIECTByeT TOTIa W TOJBKO TOIJIA,
KOJa CyIIecTByeT KoHednslit unrerpan Jlebera or [€(w)].
[IpuMmeHUTETPHO K HANIEMY CAYyYal) KOHEYHOE MAaTeMaTH-
geckoe oxumanme ME cymecTByeT TOTJa W TOIBKO TOTA,
KOI/Ia CYIIECTBYET KOHEUHOE MaTeMAaTHUYECKOe OKHUJIAHUE
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M|£|. A o, aro caydaiinast BequanHa { TMeeT KOHETHOE Ma-
TEeMATHYECKOe OXKHjaHue, o3Hadaet, 4ro {(w) € L1(Q, F, P).

HanomuuM Te cBoiicTBa WHTErpaJia, KOTOPBIE MMOHAJIO-
Ogarca B gasbHehmeM. /g coKpalenns: 3amucy UCIoIb3yeM
obozunauenue ME. B cuiny obmero omnpeneneHuss Mare-
MaTHUYIEeCKOTO OXKWIAHWS CBOMCTBa wWHTerpada Jlebera ot
CIyJYaliHON BEJWYWHBI MO BEPOATHOCTHON Mepe P — cBofi-
CTBd MATEMaATHUYCCKOTO OXKHIAHMA.

Ceoticmen Mamemamuyeckozo 0ACUIGHUA.

1. Mamemamuueckoe oocudarue Hecay4alinot 8eAuduHl
pasno amot necayuaiinod seauvune: MC = C.

2. Jlunetinocmuv: M(a& + bn) = aM§& 4+ bMn, 2de a,b —
nocmoannvie. B wacmnocmu, nocmoannyio (necayuaiinyio)
BEAUNUHY MOHCHO BHIHOCUMD 3G 3HAK MGMEMGMUNECKO20
00ICUOGHUA.

3. Monomownocmu: ecau & > 0, mo ME > 0.

O4eBUIHBIMU CIEACTBUAMU CBOWCTE 1,2 ABIAIOTCS: &) eC-
mm & < m, o ME < Mn; 6) |ME| < MIE|

OCTaﬂbeIe CBOIICTBA HE BBITEKAIOT HEIIOCPEeACTBCHHO M3
9JIEeMEHTAPHBIX CBOWCTB mHTerpaja Jlebera m Tpebyror m0-
IIOJTHUTEJIBHBIX paccny,quI/H?I.

4. HepaBeHnctso YebGbInieBa (i MaTeMaTu4€CKO-
ro oxkuzanusi). Ecau cayuwatinas eeaununa § umeem ma-
memamuseckoe odlcudanue, mo daa 4106020 € > 0

Pllelz ey < 2L
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[JIABA 1. TEOPUS BEPOATHOCTEN

HdoxazarenasbcTs o. Pazobbem mpocrpancTso €2
Ha JIBE HEMePeCeKAONNecs JaCcTH:

Q={w: (W) Ze} +{w: [f(w)] <e}.

B cuny cBoiicTB KOHEUHON aIINTUBHOCTU KAK (DYHKIIUU MHO-
’KeCcTBa MHTErPUPOBaHUS, MOHOTOHHOCTH U CBOHCTBA

/ dP = P(A)

A

unTerpaJa Jlebera momyanm:

M¢| = / £(w)|dP = / €(w)|dP+
Q {w: |¢(w)[>e}

+ / §(w)]dP > / &(w)|dP >

o lefenl<e) o lefel2e)
>« / P = =P{w: ¢(w)| > <},
o )2}

Taxk xaxk € > 0, To mepaBencrBo YebwimieBa ciemyer u3 mo-
CIeTHETO HepaBeHCTBA. O

5. Ecau M|E| =0, mo & =0 ¢ sepoammuocmoio 1.

JdJoxaszaTenabcTB o U3 mepaBencrsa Ye-
OblllieBa CegyeT, 4To jisi Jroboro € > 0 BBINOJIHSETCSH
P{|¢] > e} = 0. ITosromy P{|¢| < e} = 1. CaenosarensHo,
P{l¢(|] < 0} = 1. 3maunr, |{| = 0 ¢ BepoaTHOCTBIO 1.
O

Sameuarue 2. BuumareabHBIN duTaTe b 00PATH BHU-
MaHue Ha TO, 4To nepexon "mist roboro € > 0 BBIIOTHSIETCSH
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P{l¢| < e} = 1" Baewer "P{|{| < 0} = 1" cueman Ha
WHTYUTUBHOM ypOBHE u Tpebyer nokazaresnbcrBa. Tak Kak
P{l¢(| < e} = 1 gna moboro € > 0, T0, B 9aCTHOCTH,
ma moboro marypamsroro n 6yzer P{|¢| < 1} = 1. Ho
fw: €@ < 3} | {w: lg@)| = 0} (nposepsrel). To
CBOICTBY HEIPEPLIBHOCTH BEPOSITHOCTH OTCIONA CJIELYET,
aro P{w @ |[¢w)] < 1} = P{w: [£(w)| = 0}. C apyroit
CTODOHBI, IpeJe/ MOCIeI0BATEbHOCTH €IMHUL PABEH €/U-
aune, nosromy P{w: |{(w)] =0} = 1. O

Cnencreue 14.5. Ecau &€ > 0 u ME =0, mo & =0 ¢
gepoammuocmsio 1.

6. HepaBencrso Uencena. ITycms g(x) — swinykaas
enu3 bopeaescras pynkyus u M|E| < co. Toeda

g(M§) < Myg(§). (14.7)

HdoxaszaTenscTs o. U3sectHo, uro ecmm g(x) —
BBINYKJIast BHU3 QYHKIUSA, TO JJIs JII060T0 2o € R Haiizercs
¢ = ¢(xg) Takoe, uro g aroboro x € R

9(x) = g(zo) + c(x — w0),

T.e. gepe3 00y Touky (xg, g(zo)) Ha rpaduke g(r) MoxK-
HO TIPOBECTH TIPSIMYIO TaK, 9To0bI rpaduk ¢(x) Jexas Bbl-
e 910l mpamoii. [Ipu 9ToM HUKAKUX OrPaHWYIeHui Ha TJIa1-
KoCTh ¢(x) He Has0 HakIaabBaTh. Ho ecmu dbyukus aud-
deperImpyemMa, TO B KAYeCTBE YKA3AHHON MPIMON MOXK-
HO B34TH KacaTeapHylo. llomaras B mocinegneM HepaBeHCTBe
r=E&u g = ME, nonyanm

9(§) = g(M§) + c(§ — MS).
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ITo crencreuio a) cpoiictea 3 Mg(§) > g(ME).
O
7. HepaBepctBo Jlsanynosa. Ecau 0 < s < t, mo
(MIgl*)= < (Mlg]")7.

Joxkaszareascrtso. [onaras r =t/s, n= [
U mpuMeHsis HepaseHcTBO Vencena kK dyukmun g(x) = |z|",
noyanm |[Mn|" < M|n|", re.

(Mle[*y/s < Mgl

YTO JOKa3bIBaET HepaBeHCTBO JIgamyHosa. O

Sameuarue 5. B dyukimonagrHOM aHaaM3e dYepe3
Li(Q, F, P) obosnagaercs JWHEHHOE HOPMHUPOBAHHOE IIPO-
crpancTBo dbyrkmmit f(w), Takux, 9ro f!(w) wHTErpEpyema
o Jlebery o mepe P. HopMma byHKITHE B HEM ONpPEIEIIeTCs

1= [irerar]’
Q

B stux oboznauenuax nepaBeHCTBO JIamyHOBa TpUHUMAET
BU/I
el < Méllz,  mpm s <t.

U3 mepaBenctBa JIamymoBa ciaemyer, uTo ecam § < t, TO
Ls C Ly.

8. Ecau & umn — nesasucumble CAYUAUHDIE BEAUNUHDL C
KOHEUHbLMU MEMEMATMUSCCKUMY OHCUIGHUAMU, MO CAYSAT-
HAA GeAUNUNA £T) UMEET KOHEUHOE MATNEMATMUYECKOE 0NCU-
darue, npuuem

M(&n) = ME - Mn.
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

HJdoxaszaTenascTs 0. JokaxkeMm 3TO CBOHCTBO I
IIPOCTBIX HE3aBUCHUMbBIX CﬂyqaﬁHbIX BEJIMYUH

Z:I:J{w £(w)=z;} (W) Zyjf{w @)=y, } (W)
i=1

Torga &n — TakxKe mpocTas caydaliHas BeJIUIrHA:

k1

=3 wiYil{e: cw)=a nw)=y;)-

i=1 j=1
ITo ompenenenuio nnterpasa Jlebera ot mpoctoit dpyHKIIN
ko1
m) =YY miyiPlw: {w) =z, n(w) =y}
i=1 j=1

[To xkpuTepuio HE3aBUCUMOCTH JIUCKPETHBIX CJIYyYAlHBIX Be-
JIMYUH OpU JI0O0BIX Tj, Yj

Plw: &) =i, n(w) =y;} =
=Pl{w: {(w) =2 }P{w: nw) = y;}.

ITosTomy

k1
=3 ayiPlw: €w) =} P{w: n(w) =y;} =

i=1 j=1

_leP{w §(w —xZ}Zy]P{w n(w) =y} = M&-Mn.

[Iycts Temeps & u 1) — HEOTPHUIATEILHBIE HE3ABUCHMBIE
cyJaiiabie BeTuauHbl. g HUX cyIecTBy 0T HeyObIBAIOIIHE
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[OCTIEJOBATEILHOCTH TIPOCTHIX CIyYallHBIX BEIUIHH &, =
fn(§) mny = fn(n) TaKue, Iro &y, — & U 1), — 1) Wpu N — 00,
rae Gopesesckue GyHKIUN [y, () OmpemesieHbl ¢ TOMOIIBIO
(14.6). Tak kak & u 7) HE3ABUCUMBI, TO IPHU JFOOBIX 1 U M
caydaiinble Beauausbl &y, = f (&) u Ny = [ (1) HE3aBUCHMBI
Kak GopesieBckue (DYHKINH OT HE3ABUCHMBIX CTyUIafiHBIX Be-
muaus. [TockombKy (£,7;,) — HEyOBIBAIONIAA MOCIET0BATE -
HOCTH MPOCTBIX CAYYANHBIX BEJUYWH, TpuaeM &1, — &7,
TO TI0 OTIPEIeIeHNT0 MHTerpaa, Jlebera oT HEOTPUTATETHHBIX
U3MepuMbIX QyHKIHIT

M(fn) = lim M(fnnn) = lim M&n'Mnn :M§~M’I7.

Hakonern, ecmm £ u n — J00bie HE3ABUCHMbBIE CITYy9aii-

HBIE BEJIMYUHLI, TO &t = f(&), & = g&), nt =
f(m), m~ = g(n), rae Gopenepcxue dyuxmun f u g
onpenesnenbl pasercrBavu f(z) = max(z,0), g(x) =

—min (z,0). [losromy O6ymyT HE3ABUCHMBIME MEXKIY COOOit
HEOTpUunaTe/JIbHbIE Cﬂy‘{aﬁHbIe BEJIMYUHBI B Ka}K,ﬂOﬁ n3 1map

M(&n) = M((ET =& )t —n7)) = M(En") —M(ETn)—
~M(E )+ M(EnT)=MET - Myt — MEY - My~ —
Mg -Mnt+ME My =M(ET-£67)-Mnt—n7) =
= ME - Mn.

O

B kypce dhyHKIIMOHATBHOTO aHAJN3A TOKAZBIBAETCS CJIe-
Ayomas
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

Teopema 0 3aMeHe IlepeMeHHOIT B uHTerpasue Jle-
Oera.

IIyemo € = £(w) — F/B-usmepumoe omobpasicerue ge-
poamnocmuozo npocmpancemea (0, F, P) 6 uamepumoe npo-
empancmso (X, B), P — sepoamnocmnasn mepa na (X, B),
undyyupyemas § = {(w), m.e.

P:(B)=P{¢Y(B)}=P{w: (w)€ B}, BeB.

Tozda dan moboti B-usmepumoti pynxuuu f = f(x), v € X

/f 2)dP; = / f(Ew)dP, BeB,  (148)

e 1(B)

6 MPeInosodCERUY, MO KaKOU-Mo 00uM u3 2Mur 08YT
UHMELPAA08 CYULeCmEyem.

1. B gactaocTH, ecniu & — caydaiinasd BeIUYWHA, OIPe-
JeJIeHHAsT Ha BEpOsTHOCTHOM mpoctpanctse (£, F, P), To
OHA 33J]AeT yKA3aHHOE B TEOPEMEe OTOOpaKEHWe B M3MEpH-
Moe mpoctpancTso (R, B), rne B — o-anrebpa 60peeBcKux
MHOXKeCcTB R, a mHAynmpoBaHHAS HA HEM Mepa COBIAIAET
¢ pacupenesnerueM P 3Toil ciydaiinoit sesmmaunbl. [losromy
st iroboit boperesckoit dbyukiuu f(x) u moboro Gopeses-
ckoro mMuOXKecTBa B Bhinonusiercst (14.8). Beps B = R u
yunrsiBasg, uto £ H(R) = Q, momyunm

/f ))dP = /f 2)dP.

[Tockonbky pacupegenenue Pe — 5To Mepa, KOTopas MOPO-
Kraercst byHKIueH pacnpenenenus F(x) caygaitnoit Besn-
HYUHDBI 67 TO B O6OSH&“I€HI/H/I 9TOT'0 MHTEr'paJia IIPUHATO BME-
CTO Mephbl MUCATH ATY (PYHKIUIO U HA3LIBATD €I'0 HHTErPAJIOM
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[JIABA 1. TEOPUS BEPOATHOCTEN

Jlebera-Crunrbeca. Takum obpazom,
+oo
[ tewnar = [ swir) (14.9)
Q —00

Mpu1 6ynem rooputh, uro (14.9) 3amaer 3aMeHy mepeMeHHOi
¢(w) = .

Ecmu warerpan B npasoit wactu (14.9) abcomoTHO €XO-
IUTCS KaK HecoOCTBeHHbIH uHTerpai Pumana-Cruiarheca,
TO, KaK U3BECTHO U3 TEOPUU MEPBhI, OH CyIIeCTBYCT KaK WH-
rerpaJi Jlebera-CTuarbeca, IpuyeM 3HAYCHHUs] STUX HUHTErpa-
JIOB COBIIQIAOT.

2. B apyrom wactHOM ciyuae, ecau & — CIydaiiHbIil
N-MEPHBI BEKTODP, OLPEAC/JICHHBIA Ha BEPOATHOCTHOM IIPO-
crpanctse (2, F, P), T0 OH 3a7aeT yKa3aHHOE B TEOPEME OTO-
Opaxenune B m3mepumoe npocrparctso (R™, B™), tne B" —
o-anrebpa GOpeNeBCKUX MHOKeCTB R"™, a MHIyIMpOBaHHAS
Ha, HEM Mepa COBIAJAeT C pacuperenenueM P = Pg ¢, .
TOTO CaydaiiHoro BekTopa. llosromy nns Jioboit 6opeses-
ckoit pyakmun f(x1,22,... ,2,) 1 T060r0 N-MepHOTO GOpe-
JeBCKOro MHoxectBa B einonnsiercs (14.8). Bepa B = R”
u yaureBagd, 9to £ H(R™) = Q, momyamm

[16@.6).... lw)ir =
Q

= /f(xl,xg,... axn)dP§1,£2,...,§n' (14.10)
Rn

Mur 6ynem rosopurs, aro (14.10) 3amaer 3ameHy mepemeH-
HBIX 51(0.1) = {El,gg(w) =T,... ,fn(w) = Tnp-
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

Kak cooTHOCHTCs 00IIee onpeneeHne MaTeMaTHuIeCKOro
OXKUMTAHNA Kak wHTerpaJa Jlebera ¢ TeMu JaCTHBIMU OTIPEie-
JICHHSIMH, C KOTOPBLIX HAYMHAJIOCH Hallle u3jioxkenne? Boirme
MbI Y2K€ BUJE/IU, YTO [IJId JUCKPETHON CIy4alHOl BeJIMYUHbBL
C KOHEYHBIM MHOYKECTBOM 3HAUEHUM OITpejie/ieHne MaTeMaTh-
9eCKOr0 OKHIAHMS KaK mMHTerpasa Jlebera coBmaJio ¢ ompe-
nenenwenm 14.1. Ecnu € — nuckpernas caydaitHas BeJIMIHHA
€O CUETHBIM MHOXKECTBOM 3HAUEHWH, TO ee MOYXKHO 3alliCaTh
B BUE

§= szl{w E(w):xi}(w)'
=1

ITpu sTOM
o

‘5| = Z \%\I{w §(w)::v7;}(w)'

i=1
Maremarudeckoe OXujaHue Kak uHTerpas Jlebera cyrie-
CTBYeT TOIJIa W TOJBKO TOTJA, KOTJA CYIIECTBYET WHTErpaJ
ot Moayss . Ho mocnenuuit mHTErpas CymecTByeT TOTaa u
TOJIBKO TOTJQ, KO CXOJAUTCA PAT,

o
Dl Plw: €(w) = ).
i=1

ITo cpoiicrBam muHTerpasa Jlebera

ME_/Z:EZI{LU £(w):xi}(w)dP:

= inP{w D é(w) =mi} = inpiv
i=1 i=1

€CJTN TTOCTeIHUN Psif AOCOMTOTHO CXOIUTCI. JTO COBIMATALT C
ompenenenneM 14.2.
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[JIABA 1. TEOPUS BEPOATHOCTEN

Ecrmu xe & abcotoTHO HENpephIBHA C IJIOTHOCTHIO PAaC-
npegenenus p(x), To, npoussoas B uaTerpase JleGera ME
sameny & (w) = z, momyunm (cMm. (14.9))

+00
/ {(w)dP = / zdF(z). (14.11)
Q —00
Tak kak nouru sewoay dF (z) = p(z)dz, To
+oo +o0
M¢ = / xdF(x) = / xp(x)de.

[IpenmosioxkuM, YTO BBHIMOJHEHBI YCJIOBUS CYIIECTBOBAHUS
MaTEeMaTHIeCKOr0 OXWAaHug B ompeaenenun 14.3, T.e. mo-
C/IETHUY WHTErPaJl MPEJINoJIArajcs CyIIeCTBYIOIMM KaK a0-
COJTFOTHO CXONATITAICS HEeCODCTBEHHBIN mHTerpas Pumana.
Torma (14.11) cymiecTByeT Kak abCOTIOTHO CXOJSIIUINCS WH-
rerpas Pumana-Crunrbeca, 3HAYEHWE KOTOPOTO COBIAAET
co 3HaueHweM uHTerpana Jlebera-Crunroeca. Urak, B npes-
MOJIOXKEeHNH aOCOTFOTHON CXOMUMOCTH MOJIY9UI0CH OIIPesese-
uue 14.3. 3amerum, 9ro obiee ompegeneHue Jaxke B abco-
JIFOTHO HEIPEPBIBHOM CJIy4ae T03BOJISIET HECKOJIBKO PAaCIIU-
puTh omnpenenenve 14.3, eciiv WHTErpas B 9TOM OIpPerese-
HUU pacCMaTpUBaTh Kak mHTerpaJ Jlebera mo mepe Jlebera
Ha, npamMoit. leicTBUTEIBHO, PACCMOTPUM TJIOTHOCTEH BEPO-
SITHOCTHU CJIEJYIOIIEro BUIA:

(2) 1, ecim z € [0,1] u * — uppaMoHaIbHO,
xr) =
b 0, B OIPOTHBHOM CJIydae.

Ouesngno, p(r) > 0, n HOCKOIBbKY p(T) MOYTH BCIOLY COB-
MaJaeT ¢ IJIOTHOCTHI0 PABHOMEPHOTO PACIIpPEIe/eHHs Ha, OT-
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peske [0, 1], To

—0o0
T.e. p(x) NefiCTBUTENBHO SIBJISIETCS MJIOTHOCTBIO PACIpe/iesie-
HIAS HEKOTOPOI abCOJIOTHO HEMPEPBIBHOW CIyYaifHOl BesIu-
annbl €. [lpu sTom

—+o00 1 1
M¢ —/ xp(z)dr = O/xp(x)da: = O/J:dx =1/2,

€CJIM paccMaTpUBATh ITOT WHTerpaJ Kak uuTerpas Jlebe-
ra, HOCKoIbKy nourn scroogy xp(x) = z uwa [0,1]. B 10 x)e
BpeMs TOCTEIHUI MHTErpajl siBISETCS PACXOISIIUMC Kak
HecobCcTBeHHbIH nHTErpan Puvana (Hanpumep, mo KpuTepuro
Jlebera marerpupyemoctu mo Pumany). Takum obpazom, 1o
ompeaenenuio 14.3 MaTeMaTrIecKoe OXKUIAHNE HE CYIIEeCTBY-
€T, a 10 0OIIEMY ONPEIEIEHUI0 MATEMATHIECKOTO OXKU/IAHWST
OHO paBHO 1/2, urTo Gosblle cornacyercsd ¢ uHTyHnueil (mo-
CKOJTbKY TLIOTHOCTH BEPOSTHOCTH I[MOYTHU BCIOAY COBIIAJAET
C TUIOTHOCTBIO PABHOMEDHOI'O PACIPEIEIEHUs, TO MaTeMa-
THUYCCKOE OXKHJaHMe paCCManI/IBaeMOfI BCJIMYMWHLL JOJJIZKHO
COBIAJIATH C MATEMATHIECKUM OXKUTAHUEM PABHOMEDHO PaC-
[peJIeJIeHHOT BEJMYNHBI).

Nrak, yacTHble ONpeeeHUs MATEMATHIECKOTO OXKU]Ia~
HUA dBJIAIOTCA 9aCTHBIMU CIIyYIasdMMN O6H_[eI‘O omnpeaesieHnmd
MaTeMATHUIECKOTO OXKUJAHUSI.

3 (14.9) creayer, 94To MaTeMaTHIeCKOe OXKUJIAHUE MO-
KeT OBITH Ompese/ieHo Kak uHTerpas Cruirbeca

“+00

M¢ = / vdFe(x).

—0o0
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[Iycrh £ — HeoTpuIaTenbHast ClydaiiHas BeandnHa. Tak Kak
Fe(x) =0 g ¢ <0, To

+o0
M¢ = /xng(x). (14.12)
0
ITockoIbKY ~ 9TOT — WHTErpajl — CXOAUTCA, TO  OCTATOK

o0

[ xdF¢(z) — 0 npu A — +oo. Tak kak
A

o0

/xng(x) > A/ng(x) — A(1 — Fe(A)) > 0,
A

A

10 A(1 — F¢(A)) — 0 mpu A — +oo. Unrerpupys (14.12) mo

TaCTAM, TOJTYyIUM

+oo 2o
Me =~ [ sdi-Fia) = —sli-re@)|] + [ 1-Fe@)ds
0 0
CremoBaTeabHO,
+oo

M¢ = /[1 — Fe(x)]dx.

0

3adaua 4. Mokaxure, aTo musa 060 caydaiiHON BeJH-
YUHEBI, IMEIOIIEH MATEMATHIECKOE OXKUIAHNE,

Mg_—/ ac+701—Fg
0

—00

Cdopmynupyem pesysibrarst (14.9) u (14.10) B Buge Te-
OpeM.
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Teopema 0 MareMaTu4IeCKOM OXKuAAHUN (DYHKITAN
OT CJIyYaliHOU BEJNYUHBI.

Ecau f(x) — 6opeaescrasn dynryus, mo ora cayuatinot
seaununv, 1 = f(§)

+oo
My = M(€) = / f(2)dF (),

ede F(x) — dynryua pacnpedeaenus . B wacmmnocmu, ec-
au € — Juckpemnas CAyualinGA 8EAUNUNG, NPUHUMAIOULGA
BHAYEHUA T; C BEPOATNHOCTAMY Di, MO

MfE) = f@pi,

a ecau & — abCONOMHO HENPEPBIBHEA CAYUGUHAA BEAUBUNHG
¢ nomnocmovio eepoammnocmu p(x), mo

M(E) = / f(@)p(a)de.

OrmeruMm, durTo popMyJsia 3aMeHBI MEPEMEHHONI B WH-
terpase Jlebera mo3zBommaa HaAM BbhIBeCTH  (DOPMYJIBI,
MO9BOJISIONIAE MOJCINTHIBATE MaATEMATHIECKOE OKUIAHUE
f(&) no sakony pacupenenenusi { 6e3 mpegBapPUTEILHOTO
HAXOXKIEHUs 3aKoHa pactpenesnenns f(&).

TeopeMa 0 MaTeMaTHIECKOM OXKHMIAaHUM (pyHKIAN
OT HECKOJBKNX CJIyYaifHbIX BEJIMYUMH.

Ecau f(x1,22,... ,x,) — bopeaesckas Gyrryus, mo oz
caywatinot seaunwunve 1= f(&1,82,... ,&n)

MT/ = Mf(£17§27"' 7571) = /f(xlux27"' 7‘rn)dP§1,§2,...,§n
R
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ede Pe ¢, .. ¢, — pacnpedesenue cayuatinozo sexmopa £. B
wacmrocmu, ecau £ — duckpemuvill cayuwalinui sexmop, mo

Mf(glvg%"' 7571) -
= Z f(fEl,ZEQ,...,xn)P{flz.fEl,fQ:ZEQ...7§n:$n},

L1525+ yLm
2de cymma Gepemca N0  6CEM  BOZMOMNCHBLIM  SHOUEHU-
AM X1,X2,... , Ty cayualinvr eeausurn &1,&o,...,&, co-
omeemcmeento, a ecau & — abCoOAOMHO HEnpepvis-
Holt  CAYHAtHI 6EKMOD € MAOMHOCTNDIO GEPOATIHOCTIU

pgl,&,...,gn(wl,m, e 73571)7 mo

Mf(glvg%"' 7571) -
:/"'/f(.fl,fﬁg,... 7‘rn)p§1,§2,...,§n(:plpx27'" 7$n)d.’E,
R™

ede dxr = dx1dxy . .. dx,.

OrmeruMm, durTo popMyJsia 3aMeHBI MEPEMEHHONI B WH-
terpase Jlebera mo3zBommaa HaAM BbhIBeCTH  (DOPMYJIBI,
MO9BOJISIONIAE MOJCINTHIBATE MaATEMATHIECKOE OKUIAHUE
f(&1,&2,... ,&,) 1O 3aKOHY COBMECTHOIO DACIIPEJIeJIeHMsI
caydafiaeix Benuwuud &p,&o, ... &, 0e3 mpeaBapUTETLHOTO
HAXOXKIEHUsT 3aKOHA PACIPENeIeHnsT CIyJIaifHoNl BeMINHbL

f(glvf% <o 7571)

Onpenenenue 14.6. lucnepcueit crydaiinoit Beman-
Hbl £ = &(w) HA3BIBAETCS IUCTIO

D& = M(€ — M¢)?. (14.13)

Hucno o¢ = 0 = /DE nasbiBaercsa CpeJHUM KBaJpaTu-
YeCKNM OTKJIOHEHUWEM CJIy4aiiHOil BeInyuHbI €.
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Jucmepcnst u cpefHee KBAPATUIECKOE OTKJIOHEHHNE sIBJIsI-
0TCA MepaMu pa3bpoca 3HAYEHUI CyIANHON BETHINHBI BO-
KpPYI' MaTeMaTHIeCKOr0 OXHIAaHWA. deM oHH OOJbIIe, TeM
bosibilie paszdbpoC 3HAYEHWH CIIYYANHON BEJIMYHHBI BOKPYT
cpenuero 3uadenus. U, kak Oymer BUIHO m3 HAJBHEHAIIETO,
OHHU PaBHBI HYJII0, KOTa pa3bpoca 3HAYEHHUN HET, T.€. BeJIH-
9MHA TOCTOAHHA C BePOaTHOCTHIO 1. B mpakTtudeckmx Bompo-
cax ymoOHee HCIOIBL30BATL CPegHee KBAAPATHIECKOE OTKJIO-
HEHWeE, MMOCKOJbKY ero Pa3MepHOCTb COBIIAET C PA3MEPHO-
CTBIO CIYYaHON BEJIUYNHBI, B TO BPeMsI KaK JUCIEPCHS NMe-
€T Pa3MEePHOCTh KBaJpaTa CAydaiHON BeJIMYUHDI.

W3 ompenesnenns BUIHO, 9TO IJIsT CYIIECTBOBAHUS IHC-
nepcun HeO6XO,JI/IMO, KaK MWUHUMYM, CYIIEeCTBOBaHUE MaTe-
MaTHIECKOTO OXKHIAHMSI.

B Ccury CBOMCTB MaTEeMaTUYeCKOI'0O OXKMJaHMA

DE = M(&+ (=26 M)+ (ME)?) = ME* —2(ME)? +(ME)*.
Takum 06pazon,
D¢ = ME* — (M¢)2. (14.14)
Ceoticmea ducnepcuu.

1. Jlaa 210600 cayuadinot sesuvunve DE > 0.

2. D¢ = 0 moeda u moavko moada, xKo2da & NOCMOAHHA
¢ sepoammocmoio 1.

JokaszarTenanbcTso. Ecm £ = C ¢ BepoaTHOCTHIO
1, 1o €2 = C? ¢ BepoarrocThio 1. CremoBarensno, ME =
C, ME = C? B cuny (14.14) D¢ = 0. Obparno, eciu
D¢ = M(€ — M€)? = 0, To mo crenersmio 1 coiicTBa 5
MaTeMaTHIecKoro oxkumanus (£ — ME)? = 0 ¢ BepoaTHOCTHIO
1, Te. £ = M& = C c BepositHOCTBIO 1. g
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Bupodem 3T0 cBO#CTBO MOYKHO TOKA3aTh, UCIIOIL3YS CJIe-
AyIoliee CBOMCTBO.

3. Hepasencro Hebnimena (nJis qucriepcun). Jlas
A10600 caywatinot eesununol, umerulet Koneunylo ducnep-
cuto npu mobom € > 0

Plo: |ew) ~ Me| > e} < 2.
N3 mepasencrBa YebblmeBa caeayeT, 9TO 9eM MEHBIIE
AUCTIepCud, TeM MEHbITe BEPOATHOCTD 60.HBH_H/IX OTKJIOHEHUA
& ot ME.
JdoxaszatTesabcTs o. llpumensas HepaBeHCTBO
Yebrbimesa, Ajist MATEMATHICCKOTO OXKUIAHUS K CIYIaWHON
pemanHe 1) = (& — ME)?, nomydmu:

Mn _ D¢
P{e—ME| 2 e} = P{n=e"} < — = =3
O
4. Ecau C — mnecaywatinas seauvuna, mo D(CE) =

C?DE.
JokaszsarTenascTso. Bcuny cBoiicts maremaru-
YEeCKOT'0 02K IaHUudA

D(C¢) = M(CE — M(C€))? = M[C (€ — M) =
= M[C2(¢ — M&)?] = C2M (€ — M&)* = C?De.
O

[Ipexxae, gem HOPMyIUPOBATHL CAEAYIONIEE CBOMCTBO,
JaauM HEOOXOANMBIE I 3TOTO OTIPEIEe/IeHNSI.
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

Onpenesnenune 14.7. Kopapunanueii nim koacppunu-
€HTOM KOBapWMAINN MeXK/ly CAyYailHbIMU BeJTMYUHAMU & U
7) HA3BIBAETCS YUCIIO

cov(§, n) = M[(§ — M&)(n — Mn)] = M(&n) — M§ - Mn.
(14.15)

3mech BTOPOE PABEHCTBO TOMYYaeTCI W3 MEPBOTO, €C/TH
[EPEMHOYKUTH BBIPAXKEHUsI B KPYIJIBIX CKOOKAaX U IIPUMe-
HATH CBOMCTBO JWHEHHOCTH MaTEMATUYECKOTO OYKWIAHWS.
U3 omnpenenennit nucmepcuw W KOBapHAIWU BUIHO, €TO

D¢ = cov(€,€).

Onpenesenue 14.8. Chayuaiinbie Besnausabl & U 1)
Ha3bIBAIOTCS HEKOPPEJINPOBaHHbIMU, ecn cov(€, 1) =0

Ecau cayuatinoe eAusutovs HE3a6UCUMDL U UMEIOT, KO-
HEUHDLE MAMEMAMUYECKUE 0AHCUGHUA, MO OHU HEKOPPEAU-
POBAHHDL.

Orto crneayer w3 (14.15) m cBoficTBA MAaTEMATHIECKOTO
oxkupanus 8. Ob6parHoe, BooDOIIEe TOBOps, HEBEPHO, YTO
MOKA3BIBACT PEIICHNE CIEAYIONIeH 3aadn.

3adava 5. [lpuBenure npuMep HEKOPPEIUPOBAHHBIX CJIY-
JalfHBIX BEJWYNH, KOTOPBIE HE ABAAIOTCH HE3ABUCUMBIMHU.

5. Ecau cayuatinwe seauswunvt £1,&2, ... , &, umerom xo-
HeUHbLEe QUCTLEPCUL, C1, C, - . . , Cp — HECAYHATIHDBIE BEAUNUHDL,

mo
n

DY b= ccjeov(&, &) =
i=1

i=1 j=1
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[JIABA 1. TEOPUS BEPOATHOCTEN

= Zc D¢ + ZZCZCJCOU (&, f]

=1 j#i

- Z ¢ D¢ —|—QZZCZC]COU &ir &)

i=1 j<i

HJoxaszaTenasbcTtTso. B cury nepaBencrsa Kormm-
Bynskosckoro-ITIsapua

|cov(&i, &) = |M[(& — M&)(& — M&;)]| <

< M (& — M&)?M (&5 — M¢&j)? = DEDE;

W3 CYIIECTBOBAHUS KOHEUYHBIX JIUCIIEPCU Ce/lyeT CYIIeCTBO-
BaHWe MOMAPHBIX KoBapuamwit. [Ipu aTom

n

Dzn:a'fz' = [ZCZ& MZCZ&] = M[Zci(fi—M&')r =
i=1

=1 =1

n n

= M| ciles = M&) Y 58 — Mey)| =

=1 j=1

= MZZCZCJ —M&)(&—ME;) ZZCZC]COU s &),

=1 j=1 =1 j=1

9TO U TpedyeTcs.

g

Ecnmm momoxuth ¢ = ¢ = ... = ¢, = 1 u cuurTars, 9TO
cov(&;, &) = 0 npu i # j, To momydnM
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

Ciuencreue 14.9. FEcau  cayuaiinve  seauqunst
£1,€9,... , & NONAPHO HEKOPPEAUDPOBAHDL, MO

DE@:ED@.

B wactrrocTH, cipaBeIInBO

Ciunencrsue 14.10. FEcau cayuatinve SEAUNUHDL
£1,€9,... , & noONapHo HE3GBUCUMDL, MO

D;fi:;mi.

[TpumMenss TeopeMy O MaTEeMaTHIeCKOM —OXKWIAHUN
dyHKIMHT OoT cayvaiinoit Bewannbl K GyHKIWA f(r) = (T —
M¢€)?, nomygaem ciaepyiorie (hOpMyIIBbI IS OACYETa, [IVC-
epCuu:

2
D¢ =Y (i — M&)*p;,
)
ecmu € — OWCKpeTHAas ClydaiiHasd BeIUYUWHA, U

“+00

D¢ = /(m — M§)2p5(x)d:b,

—0o0

eciir & — abCOIIOTHO HENpephIBHAS CJIyYaiiHas BEJTHIHHA.
MoxKHO TaKKe BRITUCIAATH AUCTEPCHio 0 (hopMyie

2 2
rjae Ajid AACKPETHOU CIIydaliHOW BEeJWYUHBI

M& =" zip;,
7
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[JIABA 1. TEOPUS BEPOATHOCTEN

a 171 abCOMIOTHO HEIPEPBIBHON CJIydYaiiHONl BeJTUIUHBI

+o0

Me? = /x2pg(x)dx.

— 00

Ipumeput.

1. g cnygafinoit BeWIuHBI ¢ pacipenenenneM Bepryst-
mm M¢ = p. Tak xak €2 = €, ro M2 = M¢ = p. Tosromy
D¢ = ME — (M§)* =p—p* = pg.

2. [lycrs 1 uMeeT GUHOMUAJIBHOE PACIIPEIE/IEHUE ¢ apa-
merpamu (n,p). Tak Kak pacupejesenue (i COBIAJAET C pac-
npejiesieHreM YHCIa YCIexXoB B cxeMe BepHysuin, a aucioBbie
XapPaKTePUCTUKU CIydalHOU BeJIMYWHBI OOHO3HAYHO OIIpee-
JISTIOTCS €€ 3aKOHOM paclpefiesieHusi, TO OYJIeM CUUTAThb, UTO
[t — 9HCI0 YCIEXOB B CXeMe 7 HEe3aBUCHMBIX WCIIBITAHUN C
BEpPOSITHOCTBIO yCIlexa, B OJHOM HUCIbITAaHWYM p. PaHee, moJib-
3ydch ompesaenenneM, Mbl moacautaan My, Takum xe cro-
coboM MOKeT OBITH MoacuuTaHa u aucrnepcnd. OOHAKO 3TH
YHUCIOBBIE XaPAKTEPUCTUKHN yI00HEee CUNTATh HE 10 Ompese-
JIGHWIO, & C TIOMOIIBIO CBOMCTB MATEMATUIECKOTO OXKWUIAHWS
u guctepcuu. [IpuMmennM mpueM, KOTOPBIN YaCTO UCIOTB3Y-
€TCA Ha IIPaKTUKeEe.

[lyctb pp — dncao ycrnexoB B k-M UCHBITAHUY, OYEBUIHO

me |10 |
Plpr [a |

T.e. 1 uMeeT pacupenenenne bepmymmu. Ilostomy Mpy =
p, Du = pq. llockoabKy 9HCIO YCIIEXOB B 7 MCIBITAHUIX
CKJIa/IBIBACTCA M3 HYHCEJT YCIIeXOB B KaXK/JOM M3 3TUX HCIIBI-
TaHuii, T0 4 = p1 + p2 + ... + ppn. B cuity cBoiicTBa uHedi-
HOCTH MareMaruyeckoro oxugauus My = Muy + Mpuos +
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§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

i+ My, = p+p+ ... +p = np. Tax Kax Kaxgas pk
CBA33aHA TOJILKO C k-M WCOBITAHWEM, & WCIBITAHWS HE3aBU-
CUMBI, TO CJIy4ailHble BeJIMYUHBI [i1, 42, . . . , [by HE3ABUCUMEL.
IIo cnencreuio 14.10

Dup=Dps+ Dpa+ ...+ Dpp = pg+pg+ ...+ pg = npgq.

Urax,
Mup =np, Du=npq.
3. Ilycres &€ umeer pacnpenenenne Ilyaccona ¢ mapamer-
pom A. Panmee mur mamm, ato ME = \. aee,

2 A e 2N N, A
k=0 k=1 k=1

3 0 Afe—2 o0 A1
= e A[Azm—i—zm] =

=de M+ M = AA+1) =2+ A\
[ostomy DE = ME? — (ME)? = N2+ X — A2 = \. Urak, nia
CAy9aiHON BeJIMYUHBI ¢ pacupenenenueM llyaccoma

M¢ = DE = ),

T.e. mapaMeTp B pacupesenenun Ilyaccona urpaer 0JHOBpPe-
MEHHO KaK POJJIb MaTeMaTHYIeCKOT'O OXKUAaHUA, TaK W POJIb
JUCIEePCHN.

4. Ecnm € paBHOMEpHO pacrpejiesieHa Ha oTpeske [a, b],

TO b
1 2+ ab+b?
M{zz/xQ- dac:a + ab + ’

a

b—a 3
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[JIABA 1. TEOPUS BEPOATHOCTEN

CJIeJ0BaTEeJIbHO,

D¢ = ME* — (M¢)* =

aQ—I—ab—i-bQ_{a—l—br_(b—a)2
3 2 12

W3 sroit dopmynsl ciaegyer, aro dem Oosibiiie pa3bpocaHb
3HAYECHU A paBHOMepHOﬁ BEJIMYIUHBI BOKPYT CpeIHEro 3Ha4de-
HUsI, T.e. 9eM OOJIBbINe JJINHA OTPe3Ka [a, b|, Tem GosibIie auc-
mepcust.

5. Ecnn ¢ nveer nmokazarenbHOE pacipejiesieHne ¢ mapa-
METPOM A, TO

[e.o]

Me? = /x2/\e_’\xd:c =— /xQd(e_’\x) = —a?e N ;O—F
0 0

+2/xe’\xd:r —%/J;Ae’\xd:r.
0 0
00 +oo 1
Ho ({)\:ce_k‘dx = {O wpe(z)dr = ME = . Suaunr,

, 2 1 1
T2 N

DE = Mg? — (Mg)

6. Ilycts € ~ N(a, 0?). Ilo 1eMMe 0 HOPMAJIBHOM pac-
IpeJeIeHnr OHA MOXKET ObITh IPeJCTaBIeHa B BUIE

€ =0 +a, (14.16)

rae & ~ N (0, 1). Panee mbl ybeaumucey B Tom, aro MEy = 0.
ITosTomy

+oo +o0
I a2 1 _a?
Dfonfgz/xzme 2dm=—/xﬁd(e 2) =
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+o0
L™ / (2)dz = 1
=—x e 2 + x)axr = 1.
Vam —00 4
—00

B cuny mmueitHOCTH MaTeMaTnaeckoro oxunanus u3 (14.16)
cremyer, ato ME& = o M&y + a = a. Tak kax mecaydgaiinas
BEJINUMHA @ HE 3aBUCHT OT JiI0OON CaydailHONW BEJUYUHBI, B
gacrroCcTH, OT 0&), TO u3 (14.16), cnencreus 3 coiicTBa b u
cBoiicTBa 4 Bertexaer, uro DE = 02 D&y+Da = 02140 = o2.
Takum 06pa3om, mMapaMeTpbl HOPMAJBLHOTO pPaclpeeeHus
N(a, 0%) uMeroT CIegyrOnHit CMBICT: @ — TO MaTeMaTHHge-
CKOe OKIJAHWE, a 02 — 310 aucrepcus. [losToMy o mMeer
CMBICTT CPEIHEr0 KBAJIPATHIECKOTO OTKJIOHEHUS.

7. Tak Kak caydaifHasi BeJWINHA, PaclpejiesleHHas IIo
3akoHy Komm, He mMeeT MATEeMATUYECKOTO OXWIAHWSA, TO

OHa HE€ UMeeT U OUCIIePCHH.

3adava 6. Haiinure nucrnepcuto cirydaiiHON BETUYUHBI,
UMEFOIei

a) TeOMETPHUIECKOE PACIPEIEICHNE;

0) rUmepreoMeTpPIIECKOe PaCIpeIeIeHue;

B) TaMMa-pacnpeieieHue.

Omnpenenenne 14.11. HavaabHBIM 1 aOCOJIOTHBIM
HA4YaJbHBIM MOMEHTAMU k-rO0 MHOPSIOKA HA3LIBAIOTCS
qUCIA

by = ME*, = MI¢".

IlenTpanabHbIM 1 aA0COJIIOTHBIM MEHTPAJBHBIM MO-
MEHTaMHU k-ro mMOpPaAKA HA3LIBAIOTCS IHNCIA

cp = M(E—-MEF, v = Mg~ M|k
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B gactHocTn, MaTemMaTntieckoe 0KUIaHNE — 3TO HAYTATb-
HBIH MOMEHT MEePBOTO NOPAlKa, & JAUCIEPCUd — 3ITO IeH-
TPAJBLHBIT MOMEHT BTOpOTO mopsgaka. 1lo mepe yBemmuenns
IOPpAJKa MOMEHTA 9TOT MOMEHT HAYHWHACT UT'DATh BCE MEHEe
Ba’XHYIO POJIb JJId XaPAKTEPUCTUKM 3aKOHA PaCIpeleIeHnd.
UenTpanbable MOMEHTH HAYMHAIOTCS C MOMEHTa BTOPOTO TT0-
paaKa (HeHTpaﬂbeIfI MOMEHT IIEPBOI'0 IIOPAJKa BCEraa pa-
Bed () W He FABIFETCI UUCIOBOM XapaKTePUCTUKON pacipe-
,ZLe.HeHI/IH). Jlerko BeIUCATH (DOPMYJIBI, BBIPAYKAOIINE TEH-
TpaJibHble MOMEHTBI Yepe3 HadaJIbHbIe:

¢y = DE = ME — (ME&)* = by — b7,

cg = M(E—b1)> = ME — 3by ME? + 32 ME — b =
= by — 3byby + 3b3by — b3 = by — 3byby + 2b3

u T.JI.

Onpenenenuve 14.12. MaremaTuyecKuM OXKHUa-
HueM ciydaiiaoro Bekropa & = (£1,&2,... ,&,) Ha3bIBaETCA
necmyuaitabiit Bekrop ME = (M&, M&s, ... , ME,). Marpn-
a ||cov(&;, &j)||; j—17 HaseiBaerca Marpuneii KoBapuanuii
WIM KOBAPUALMOHHOI MaTPUILIEH CIyJyaiiHOro BekTopa &.

OTMeTnM, 9TO Ha JTUATOHAJIN KOBAPHAIIMOHHON MaTpPHIILI
croar D&y, D&, ..., DE,. Kak Mbl ybegumcs 1o3ke, 3Ta
MaTpHUIa CUMMETPUYECKasd M HEOTPUIATEIBHO OIpeeseH-
Hasd.

3adaua 7. Tlokaxkure, 4TO KOBAPUALMOHHAS MaTPHIL,

ABJIAETCA CUMMETPHUYECKOU HEOTPUUATEJBHO OIIPe/Ie/ICHHON!
MaTpULE.

262



§ 14. YucmoBbie XapaKTEPUCTUKA CIYIANHBIX BEJTHINH

Onpenesnenne 14.13. Koaddbunmenrom Koppeis-
MU MEXKJIy CJyYaliHbIMU BeJinumHaMu & U 1) Ha3bIBa-
eTCsT IUCITO

cov(§,m) _ M[(§ — M&)(n — Mn)]

r=Ten = =

o¢ -0y VD¢ - Dn

Ormerum, 4To KOIDMUIMEHT KOPPEIMIUNA ONpPEeIeeH,
KOT/Ia C/TydaiiHble BeJIMIUHBL £ U 1) UMEIOT OTJIUYHBIE OT HYJIs
mucnepcnu (B 9aCTHOCTH, C BEPOSTHOCTHIO | OHM He JOJIPKHBI
OBITH TOCTOSTHHBIMU).

Brienem dopmysy, TOME3HYIO T YCTAHOBJIEHUS
cBofictB ko3 durmenta Koppeasaiuu. B cuiy cBoiicTBa 5
JIACIIEPCHH,

D(i + ﬁ) = %D{—I— %Dn:l: ccov(&,mn) =2(1xr).

oc oy of oy oeoy
(14.17)

Csoticmsa koapduyuenma Koppeaiayuu.

1L |r| < 1.

JleficTBUTEIBHO, TAK KaK JUCIEpCUs JIOOOH cirydaitHoit
BEJIMYMHBI HeoTpuiaTeabHa, to u3 (14.17) caenyer, aro 1 +
r>0,te. —1<r<1.

2. |r| = 1 moada u moavko moeda, xoeda n u & c eepo-
Amuocmoro 1 c8A3aHYL AUHETHOT PYHKUUOHAALHOT 366UCU-
mocmwro: n = a +b, a # 0. IIpu smom r = 1 moeda
u MoAvKo mozda, kozda a > 0, u r = —1 mozda u Mmoavko
moezda, xozda a < 0.

[Tycrs ¢ BepositHOCTRIO 1 7 = a+b, a # 0. Torma Dn =
a?DE, cneposarensto, o, = lalog, 1 — Mn = a(§ — ME),
otryma cov(§,n) = M[(§—ME)(n—Mn)] = aM(§— M¢)* =
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aog. CrenosarebHo,

r=—-—-—---= — =

o¢ - |alog  |al

(1052 a 1, eciua a > 0,
—1, ecm a < 0.

O6bparno, mycts |r| = 1. Ecim 7 = 1, To Boibupast B
(14.17) 3uak "munyc", nomydnm:

D(%—Uﬂn) — 0.

IIo cBoitcTBY 2 AUCIEPCUN 9TO O3HAYAET, UTO C BEPOSTHOCTHIO
1 mpu mekoropom C

£ .n_¢
¢ On
OTKYJa
In
n="1.¢-Coo,
g¢
npudeM a = o,/o¢ > 0.
Ecin ke r = —1, 1o Boibupag B (14.17) 3nak "mrroc",
TIOJTY IIM:
D(é +-1) =0,
o oy

OTKYJla C BEPOATHOCTHIO | mpu HEKOTOpOM C

nz—ﬁf—kc-an,
o¢
npudeM a = —oy,/o¢ < 0.

3. Ecau xospduyuenm Koppeasuuy, mexncoy He3asucu-
MBMU CAYHQGTHDLMU BEAUMBUHAMY ONPEJeseH, MO OH PAGEH
HYAI0.

DTO cenyeT U3 JOKA3aAHHOTO HaMy (haKTa, YTO HE3ABUCH-
MBIE CﬂyqaﬁHbIe BEJIMYUHBI C KOHEYHBIMU MaTEeMAaTUYECCKUMUN
OKUTAHUSIMA SIBJISTIOTCST HEKOPPETHPOBAHHBIMH.
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Puc.5

Kosdpdurment koppenamumum xapakTepusyeT TEHIEHITUIO K
JIMHEHHOW (PYHKIMOHAJIBHON 3aBHCHUMOCTH MEXKIY CIydaii-
HbIMK Besmanaamu. dem Gumke |r| k 1, Tem Gombie sra
TeHJICHITVsT; TPY 3HAUYEHUsIX |r|, 6im3kux K 0, Takast TeHIEH-
musi ponazgaer. B cwry cpoiicrsa 2 mpu |r| = 1 sra TeH-
JIEHTAS TIEPEXOJNT B CTPOTYIO JMHEHHYIO (DYHKIMOHAIBHY O
3aBUCUMOCTDb MEXKJy CIydaiiHbIMKU BeJndruHaMu. KadecTBen-
HOE MIPEeICTABIeHNEe O Beanyunte K0P uimenTa KOppeadaun
MOZKHO TIOJIYYUTh Ha OCHOBAHWU CTATUCTHIECKUX NAHHBIX —
pesysabratax maMepeHuit (x;,y;) 3HAYEHWI CIy9IailiHOTO BEK-
topa (&1, &2), n30bpazkennbix Ha Puc.5.
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§ 15. Buapr cxoguMocTn cay4daiiHbIX BEJIUYUH

Ilycrs £,£1,&2,... — ciaydailHble BEJIMYNHBI, ONIPEJIEIECHHBIE
Ha, BEPOSTHOCTHOM mpoctpatncTse (§2, F, P).

Onpegnesenue 15.1. ['oBopsT, YTO MOC/TEI0BATETEHOCTE
caygaiinbix Besmant (§,) CXOMUTCS TI0O BEPOSITHOCTH K

- P
cayuaitaoit Bemwanne & (obosHauenue &, — &), €Cau IS
aoboroe >0 Plw: |&(w)—¢&(w)| > e} — 0 npun — oco.

DTO OmpejiesieHe COBIIAIAET C ONPEIEeHUEM CXOIUMO-
CTH TI0 BEPOATHOCTHON Mepe MOCIeI0BATETHFHOCTH M3MEpPH-
MBIX OTHOCHTEJIBHO o-airebpsl F' dyrkumit (&, (w)) k uzme-
pumoit dyukpn &(w).

Samernm, o durypupytoiiee B onpeaeneruu 15.1 Tpe-
Goeanme sxBUBaseHTHO TOMYy, uT0 P{w : [§,(w) — {(w)| <
e} — 1 npu n — oo. Takum 06pazoM, CXOAUMOCTH IO Be-
POATHOCTH O3HAYAET, YTO MPU OOJIBITNX N C BEPOATHOCTHIO,
CKOJTb yrojHo 6yin3koit K 1, &, u & 6yAyT CKOJIb yIOHO MAJIO
OT/INYaThCd APYT OT JpyTa.

Teopema 15.2. Ilycmo &, Lt a, Mn Lt b, a 6opeses-
ckaa Pynryua deyr deticmeumenvuvixr nepemenuvix f(x,y)

nenpepvisha 6 mouke (a,b). Tozda f(&n,nn) il f(a,b).

JloxkasaTenabcTso. Tak kak f HenpepbiBHA B
touke (a,b), To mas moboro € > 0 Haiigercs 0 > 0 Takoe,
qro ecm |x —al < 6, |y —bl <4, 1o |f(x,y) — f(a,b)| <e.
Cnenosaresbro, ecin | f(§n, nn) — f(a, b)| > €, To HApymITATCS
xorst 6Bl O1HO M3 HepaseHCTB |, — a| < 0, |, — b] < 0,
T.e. BBIIOJHUTCS XOTs OBl OJHO M3 HepaBeHCTB |&, — a| >
d, |pn —b] > 6. Tlosromy

{w: [f(En(w)mn(w)) — fla,b)] Z e} C
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C{w: [6nw) —al 2 6} U{w: [na(w) —b| > 6}

IIo cpoficTBaM BEpPOATHOCTH

Plw: [f(&n(w),m(w)) — f(a,b)| 2 e} <
< P{{w: [&a(w) —al 26} U{w : |nn(w) —b] = 6}} <
< Plw: [§h(w) —al =6} + P{w: [nn(w) —b] = 6}
P P
Tak kak &, — a, 7, — b, TO IO ONPENETEHUIO CXOTUMOCTH
[I0 BEPOSATHOCTH KayKJ0€ Cjl