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HOCBAHIAETCAH 30-nremuio
Beaopyccroti wroave no

meopuu eepoamuocmeti u
MAMEMAMUYECKOT CMAMUCTUKE
u ee cozdamento I.A.Medsedesy

[IpenucioBue

Bropas gacTb nmocobusi mocBsiineHa MaTeMaTuIecKoit cra-
TUCTHUKE. F.HaBHOe BHUMAHWE YyeadeTrcd OCHOBHBIM HAEAM
KJIACCUYIECKOH CTATUCTUKU, B OCHOBHOM Ha MPUMEPE CTATH-
CTUYECKON CTPYKTYPBbI TOBTOPHOHN BHIDOPKM.

B nepsom maparpade riaBbl 2 paccMaTpPUBAETCs TOHSATHE
BBIOOPKM, DMIIUPUYECKOTO PACIPENETICHNS W BBIOOPOUHBIX
MoMmenToB. Ilaparpadnl 2-4 MOCBAIIEHBI TOYEYHLIM OIEH-
KaM HEeM3BECTHBIX mapamMerpos. B 5-om nmaparpade usydaer-
Cd MHOTOMEPHOE HOPMAJILHOE pacrpenesienne, B 6-0M — wH-
TepBaJIbHBIE OIEHKU HEM3BECTHBIX mapameTpoB. OcHOBBI 00-
el TeOpUMn MPOBEPKU CTATUCTUUYECKUX THUIIOTE3 COMEPIKAT-
ca B naparpade 7. Ilaparpadsr 8 u 9 mocssieHsl Kpute-
pudM 3HAYUMOCTHU U BE€CbMa BaKHOMY NX YaCTHOMY CJIyYaro
— kpurepusim coriacus. B 10-om maparpade paccMOTpeHbI
naen ogHOMAKTOPHOTO AUCIIEPCUOHHOTO aHaan3a. 11-b1it ma-
parpad MoCBsIeH OCHOBAM JIMHEHOT'O PEIPECCUOHHOTO aHa-
Jn3a. 37eCh MPOUCXOAUT 3HAKOMCTBO € YCIOBHBIMHU MaTeMa-
THIECKUMU OKUJIAHUSIME (B OCHOBHOM JIJIsI CJTy9asi TUCKPET-
HBIX pacrpeesennii). ABTop cumrTaer, 9T0 JaBarh obImee
OTIpeieIeHNE YCIOBHBIX OXKUIAHUN OTHOCUTEIBHO T-aaredp,
ocHoBaHHoe b0 Ha Teopeme Pamona-Hukommma, nmbo ma
OPOEKITHAX B TMIL0EPTOBOM TPOCTpPaHCTBE, /b0 Ha (YyHK-
[MOHAJILHOM TIOX0/Ie B 0bIeM Kypce He crouT. Kak moka-
3a/1 MHOTOJIETHWI ONBIT TPENnoaaBaHus 1 HedOPMATLHO-
r0 YCBOEHHSI HTOI0 Marepuasa HeoOXOAUMO ropaso OoJibIie



y4eOHBIX YacCOB, YEM TO KOJHUYECTBO, KOTOPOE MOYKeT OBbIThb
BBIKPOEHO m3 obmiero kypca 6e3 yimepda [id OCTATBHBIX
paznenoB. B mociennem maparpade MOMXKHO O3HAKOMHUTb-
¢ C TOHSATUSMU JTOCTATOYHBIX CTATUCTHUK, SKCTIOHEHIUAJIb-
HBIX CEMEeWCTB, MUHUMAJBHBIX U MOJHBIX JOCTATOUHBIX CTa-
THCTHUK, TeopeMoit Ipinkuna u HepaBeHcTBoOM Kosmoroposa-
Baexyamnna-Pao.

Eciu nmeercs ccblika Ha MEPBYIO YaCTh-TVIABY, TO BIEpe-
mu mobasmsierca 1., mampumep, (1.4.3) — dopmyna (4.3) u3
rnaBel 1, Teopema 1.7.3 — Teopema 7.3 n3 ryiaBel 1.

B zakmiodenne, aBTop BBIpaxkaer riryboKyio Osaromap-
HOCTH WieHaM KadeIpbl Teopuu (PYHKINN, (DYHKITHOHATIb-
HOT'O aHaJIW3a, TEOPUU BEPOATHOCTEN W IIPUKJIAIHON MaTe-
MaTuKu 1'pOIHEHCKOTO rOCYapCTBEHHOIO YHUBEPCUTETA, UM.
Auxn Kynaner, B3gapmuM Ha ceba HEJETKUil TPy, PEIeH3HU-
pOBaHWs TAaHHOTO TocoOus, u perensenty . A . MeaseneBy 3a
BECbMa, TIOJIE3HBIE 3aMEYAHUS.

2.Tomenv, uronv 200/ e. 0. Masunroscrxud



§ 1. Brifopka. duMnuprdaeckoe pacuperneieHue. ..

I'JIABA 2. MATEMATUYECKAZ#
CTATUCTUKA.

§ 1. Beibopka. DMnupudeckoe pacnpeiejeHue.
BpibopodnbIe MOMEHTBI

B CaMBbIX O6H_H/IX gepTax MOXKHO OIpPpeae/IUTh CTATUCTUKY KaK
HAyKy, KOTOpasi MpeIHA3HAYEHA [IJIsi CO3MAHUS U UCIOIB30-
BaHWA METOJ0B cOOpa, COKPAIEHNs, XPaHeHns u 00paboTku
pazInIHO# MHMOPMAITUH.

Teopus BeposiTHOCTEN U MaTeMaTUIeCKas CTATUCTUKA —
TECHO CBA3aHHBIE MEXKy CODOI Pa3/iesibl MATEeMATHKH, B KO-
TOPBIX TPUMEHSIOTCA OJU3KUE METOJbl, OCHOBAHHBIE HA II0-
HATUW BEePOATHOCTH. OILHaKO ux neJj 1 3aJa491 BO MHOT'OM
oTmuaoTcd. PaccMoTpuM JBa ipuMepa.

1. Tunmuno#t 33madeil TEOPUH BEPOSTHOCTEH SBJISETCS
craemyiomas. 3aJaHbl BEpOATHOCTH He Gojiee 9eM CYETHOIO
nabopa coberrmit P(Ag), k = 1,2,.... Tpebyerca naiitu
BEPOSTHOCTH COOBITHST A, KOTOPOE BBIPAKAETCST depe3 COOBI-
T HADOPA € TOMOIIBIO TEOPETHKO-MHOXKECTBEHHBIX OIepa-
unii. B Teopun BepoOSITHOCTEH BEPOSTHOCTH HAOOpa 33Jaf0T
HE 33TyMBIBAACH HAJ, TE€M, OTKYIa OHU B34auCh. Ho, KaK mpa-
BUJIO, UX U HEBO3MOXKHO 33/IaTh B PAMKAX TEOPUU BEPOSITHO-
CTeﬁ, d MOXKHO TOJIBKO TOCTYJUPOBATH UX CYIIECTBOBAHUE.
EnvHcTBEHHBIE CyYanm WX BO3MOXKHOTO 3a/IaHUS B yKa3aH-
HBIX paMKaX — 3T0 T€ CIy4Yau, KOTJa CAyYalHBINA 3KCIepH-
MeHT obJIaTaeT CuMMeTpreil BO3MOXKHBIX MCXO0B, T.e. MOXK-
HO TIOJTb30BATHCH KJIACCHIECKUM UJIU MEOMETPUIECKUM OIpe-
JleJIeHneM BeposaTHOCTH (nmompolyiiTe 3a1aTh BEPOATHOCTH
BBIMIaJIeHNs Tepba Ha MOHETE, O/IHA YaCTh KOTOPOH aJIroMu-
HUEeBas, a JApyrag CBUHIOBas). Maremarnveckas CTATUCTHU-
Ka, [TO3BOJISIET 0 PEe3yIbTaTaM ITPOBEIEHHBIX SKCIIEPUMEHTOB
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CTPOUTH OIEHKH STHUX IIEPBOHAYAIBHBIX BEPOATHOCTEH, PO~
BEPSATH TUMOTE3bI O BUJE ITUX BEPOSITHOCTEH U T.JI.

2. 3ajaHbl COBMECTHOE DACIPENETEHUE CIydaiiHbIX
Besimane  €1,&9,...,&,, HAIpUMep, B BUJE IUIOTHOCTH
Déy o en(T1,T2, ..., Tp), 1 HEKOTOPAs OOpereBcKast PyHK-
st f(z1,22,... ,2,). Tpebyercs HaiiTh 3aKOH pacmnpeere-
Hust CaydaiHol Besmumubl 1 = f(&1,&2,...,&,). B reopuu
BEPOATHOCTEH coBMecTHOe pacupenenenne £1,&9,... ,&, 3a-
maeTcd W, KaK MPABUII0, He MOXKET OBITh HaliIeHO B ee paM-
Kax. B MaTreMaTHIecKol CTATHCTUKE UILYTCSl OIEHKH 3TOTO
COBMECTHOTO PACIIPE/IE/IEHUS WU €r0 MAPaMeTPOB, TIPOBEPsi-
IOTCsl TUIOTE3bI 00 UX BUJE U T.JI.

MaremaTudeckast CTATHCTHKA B OCHOBHOM 3aHUMAETCSI

a) OIEHKOW HEM3BECTHBIX MAPAMETPOB (TOYEUHBIE W WH-
TepBaJIbHBIE OIECHKH );

6) NpPOBEPKOI CTATMCTHYECKUX THNOTE3 (mapamerpude-
CKHE ¥ HernapaMeTPUIECKUe TUTIOTE3b );

B) YCTAHOBJIEHMEM CTATHCTHYECKUX CBsI3efl MEXKIy CIIy-
YalHbIMUI CO6BITI/I5[MI/I, MeXAy Cﬂy‘{aﬁHbIMI/I BeJIMYNHAMU "
MEKJIy CIy9aifiHBIMU TPOIeccaMu (PEerpecCHOHHBIN U KOppe-
JIAMUOHHBINA AHANS);

') yIpPaBIEHUEM CJIy9IaiiHBIMU TPOIIECCAMHE.

[TpeanosoKuM, 9TO TPOBEJIEHO N 3KCIIEPUMEHTOB, B KO-
TOPBIX PETUCTPUPYIOTCH 3HAUEHWS, TPUHUMaEMble HEKOTO-
poit ciaydaliHo¥ BequuuHON &, HA3BIBAEMOW B JaJibHEHIIEM
TeopeTuyecKkoii caydaiinoii BeauumHoil. Fe dyurkimio
pacnpenenenus F(x) u pacnpesgeneune Py Takzke 6y1eM Ha-
3BIBATH TEOPETUYECKUMM. [1yCcTh X1, X2, ... , T, — PE3y/b-
TATHl SKCIIEPUMEHTOB, T.€. n Juces. [Ipeanosokum, 9ro Bbl-
TIOJTHEHBI CJIe/Ty FOIITUE TTPEIMOCHITKH:

1) 9KCIIEPUMEHTBI TPOBOJAATCA B OJIMHAKOBBIX YCIOBUSX;

2) 9KCIEPUMEHTHI TPOBOJSTCS HE3ABUCAMO IPYT OT IIPY-



§ 1. Brifopka. duMnuprdaeckoe pacuperneieHue. ..

Ta.

B sTom cnywae mabop wmcen x1,2x2,...,T, HABBIBAIOT
KOHKPEeTHO#I BbIOOPKOI1I 0O0'beMa n U3 pacupejiejeHust
F. (31€ech, KAk 3TO 9aCTO JEIAETCS B TEOPUH BEPOATHOCTEMH
1 MaTeMaTHUdeCKoi CTATUCTUKE, TIPOABIACTCA He6pe}KHOCTb
B yroTpebJIeHUH CJIOB — HEKOTOpasi (PYHKIINs, B JJAHHOM CJIy-
qae QYHKIAA pacIpeeseHns, OJHO3ZHATHO OMPEeIe /A0t
pacrpe/iesieHne, caMa UMEHYeTCs PACIPEIeTCHIEM ).

[Iycts Tenmeps &1,&9, ... ,&, — Pe3yabTATHI MIPEAIIOIATA~
eMBIX 7 SKCIIEPUMEHTOB (KOTOPBIE MBI XOTHUM TPOU3BECTH).
TaK KaK 3JKCIIePpUMEHTBI Cﬂy‘{aﬁHbI, TO Ha pPe3yJJbTaTbl
HAJI0 CMOTPETHb KaK Ha CjaydaitHble BeauduHbl. M3 mepsoii
MPENOCHIIKA U TOTO, 9TO U3MEPSETCs OJJHA U Ta YKe Teope-
THYeCKas CAydaiiHas BeauduHa &, CASIYET, UTO CIydailHble
Bemmauubl £1,&9, ... ,&, WUMEIOT OMHO W TO XK€ Pacipemesie-
HUEe, COBIQIAIONIee C TEOPETUUIECKUM pacuperenernem F.
W3 BTOPO# NpPEANOCHIIKN CIIEAYeT, 9TO STH CIyJaifHble Be-
JIMYMHBI HE3aBUCHUMBI. HOSTOMy JIOTUYIHO BBECTU CJIEAYIOIIee

Onpenenenue 1.1. ToBopar, 4TO CaydaiiHbie BETAINHE
£1,€9,... ,&, obpa3yoT abCcTPaKTHYIO BLIOOPKY oObeMa
n W3 pacnpejesieHus F, eciu OHU HE3ABUCHUMBI U UMEIOT
OJIHY W TY ke (DYHKINIO pacnpenenenus F.

QurypabHO BbIpaXKasich, abCTpakTHAs BBIOOpPKa — 3TO
n "HE3aBUCHUMBIX SK3EMILISIPOB" TeopeTudecKoil caydaiiHoii
Bermunnbl . Takum 06pa3omM, KOHKPETHAA BHIOOPKA MOYKET
paccMaTpUBaTHCS KAaK 3HAYEHME, KOTOPOE IPUHUMAET ab-
CTPaKTHAs BbIOOPKA B Pe3y/abTaTe COCTABHOIO CIIy4aifHOro
SKCITIEPUMEHTA, 3aKTIOUYAOIIErOCS B 1 U3MEPEHUSAX TEOPETH-
YecKO# CIy4aiiHOi BesMYuHb! &.

YucsoBble XapaKTEpPUCTUKHA TEOPETUHecKol ciydaitnoit
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BeJIMUMHBL & HA3BIBAIOTCS TEOPETUYECKUMMU WM I'€He-
padbHBIMU xapakrTepuctukamu. Hampumep, ME = a —
TEOPETUUYECKOE WJIM T'eHEPAThHOE MAaTEMATHUYECKOE OXKUJIA-
Hre, 60ee KOPOTKO — TeopeTUYecKas nin reHepasbHas
cpennss; DE = 02 — TeopeTudecKasi uiu reHepaTbHAsS
JAUCIIEPCUSL.

Bo MHOTEX pyKOBOACTBAX MO MATEMATUIECKON CTATUCTH-
Ke CJI0YXKUJIACh CBOeoOpa3Hasl TPAJIUIUs, COIVIACHO KOTOPOIi
pa3uYHbIE TOHATHA 0003HATAIOTCS OHOM U TOH yKe OyKBOIL.
Hampumep, abcTpakTHast M KOHKpeTHas BHIOOpKH 0603HAYA-
FOTCA OJMHAKOBO KaK T1,X2,... ,T, U HA3BIBAIOTCI BHIOOP-
KOi1 o6'bema n u3 pacupejesenust F. Kakas u3 stux BbI-
OOPOK TOAPA3yMEBAETCHA, MOMKHO OBITH fCHO M3 KOHTEKCTA
paccMaTpuBaeMoOro BOIpoca. B TeopeTmdeckux MCCIenoBa-
HUSX BBIOOPKA MOHUMAETCS KaK abCTPaKTHAs, TPHU TPUME-
HEHUM KOHKPETHOTO CTATUCTUIECKOTO MATEPUAIA B IIPUJIO-
JKEHUSIX OHA IMOHUMAETCsl KaK KOHKpeTHasi. B Teopum Bepo-
ATHOCTEH (PYHKIIUIO PACIPEASICHU U JIOTHOCTH BEPOATHO-
CTY TIEPBOTO 3JIEMEHTA BBIOOPKHM MbI 0603HAUYMIM ObI COOT-
BercTtBeHHO Fp () u pe, (z). B crarucruke mbr Gyzem o6o-
suagarh ux F(z1) u p(r1). 3meck 1 0JHOBpEMEHHO O3HAYA-
eT CAyJaifHyI0 BEeJMYIWHY — TEPBLIN 3JeMeHT abCTPAKTHON
BBIOOPKH, K KOTOPO# OTHOCATCA F 1 p, U AeHCTBUTENbHDIN
apryMeHT (DYHKIUN PACIIPEEeHUs U TIJIOTHOCTH BEPOSITHO-
cru. Hampumep, B TeOpUU BEPOSTHOCTENH U MaTeMaTHIECKON
CTATUCTUKE OJHO ¥ TO K€ MATEMATHUICCKOe OXKUIAHUE TIep-
BOTO 3JieMeHTa, abCTpakTHON BHIOOPKK W3 abCOTIOTHO HETpe-
PBIBHOTO DACIIPEETEHNsT C IJIOTHOCTBIO P 3AIUCHLIBAETCS B
dbopmMax COOTBETCTBEHHO:

+00 +o0
ME& = /xpgl(m)d:z: n Mz = /xlp(xl)d:bl.
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Wrak, oluH U TOT YKe CUMBOJT T}, UCTIOIB3YETCs /11t 0003HAUe-
HUAS 9UCIa — Kk-TO 97eMEHTa KOHKPETHON BBIOOPKH, CTydaii-
HOIT BeJINYMHBI — k-T0 37eMeHTa abCTpakTHOM BhIOOpKH, Ie-
PEMEHHOI — apryMeHTa 3aKOHa PaCIpeeseHns: U epeMeH-
HOI mHTerpupoBanus. C OHOI CTOPOHBI, 3TO MOYKET BHECTH
HEKOTODPYIO Y TAHUILY IS HEMCKYIIIEHHOrO IUTaTessl (IIpaB-
a, K TaKuM ODO3HAYeHWAM OBICTPO MPUBBIKACITHL W OHU HE
KayKyTCsl TOTJa CTPAHHBIMHU), C JAPYTOil CTOPOHBI Takue 060-
3HAYEHUA BO MHOTOM COKPAIAIOT 3aMUCh W MTOTOMY YI0OHBDI.
[lycts 21, x9, ... ,x, BeIOOpKA U3 pacrpeneaenus F, rie
F(x) — menpepsiBHag GyHKuus pacupejeienus. B srom
ciydae 6e3 moTepu OOITHOCTH MOXKHO CUMTATH, 9TO BCE 3HA-
4eHusd B BBIOOPKe paziamunbl (Benp P{z; = x;} = 0 npn
i # j). Ecim Hukakoit apyroit mH(GOPMAIUT 0 TEOPETHIECKON
cryJaiiHoit BenuunHe & KpoMe BBIOOPKU Y HAC HET, TO CAMOE
JIydlIliee, YTO MOXKHO Cj/leJIaTh, — 3TO 3aMeHUTh £ HEKOTOPOii
GUKTUBHON CJIyUaitHON BeJIMYUHON 1), KOTOpas TPUHUMAET
BHAYEHUA T1,L2,... ,LTn. 1AK KAK HU OJHOMY W3 BHIOOPOU-
HBIX 3HAYEHUN HEJIb3sl OTIATH MPEUMYIIECTBO TEPE IPYIu-
MU BBIOOPOYHBIMY 3HAYEHUIMHU, TO €CTECTBEHHO MPUINCATH
BCEM 3HAUEHUAM CIYYaiHON BEJUYUHBI 7) OJIMHAKOBBIE BEPO-
araocTu. NTak, Mbl OKugaeMm, 9T0 (DUKTUBHAS CAydaiiHast
JIUCKPETHAS BEJUIUHA C PSIJIOM pPaCIIpeie/IeHus

1‘%’2‘ ...... ‘{EnH
R &

Ha3bIBAEMAd DMIIUPUYECKONH uin BbBIOOPOYHOIN CITy-
JaliHOII BEJIMYIMHOMN, B ONPENeJeHHOM CMBICTE SBIISIETCS
BCIMYMHON, HAIOMUHAIONICH HEU3BECTHYIO HaM TeopeTude-
ckyto Benununny &. [lo kpaiineil Mepe, HUYEro JIyUIIero s
TOr0, 9YTOOBI XOTH KAK-TO MPEACTABUTL & 1O BBIOOPKE, MBI
CIenaTh He MOXKEM.
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Onpenenenne 1.2. Pacupenenenne Pf(B) = P{n €

B}, B € B, CAy4YaliHOlt BeJWYUHBI 1) HA3bIBAETCH
SMIUPUYECKNM PpacIipeeJIeHNeM, a ee (PYHKINS pac-
npegenenns F(z) = Fy(x) = P{n < x} nassBaerca

sMnupuyieckoii pyHkuueii pacnpeeieHust.

OueBunno, 9T0

B = 3 Pl=nt= Y +=4D)

k:zreB k:zr€B

rae p(B) — auciao BEIOOPOYHBIX 3HAUEHWIH, TOTAJTAMNINX B
B, a

Fw= Y Pha=ni= Y =12

k: xp<z k: xp<x

rae p(x) — IUCI0 BEIGOPOUHBIX 3HAYEHMIT CTPOrO MEHBIINX
x. Takum obpazom, P (B) — oTHOCATEIbHAS YACTOTA IOA-
JIAHUS TEOPETUUYECKON CydaiiHOl BeauIuHbl & B MHOYXKECTBO
B, a F}(x) — orHocuTesbHast 9acrora cobpiThs & < T, eciiu
Ha BBIOOPKY CMOTDETH KaK Ha 1 HE3ABHCHMBIX HCIBITAHAI, B
KaKJIOM M3 KOTOPBIX HaBIIIOAaeTCs TeopeTHYecKast CIIydaii-
Hast BesmanHa §. Ecmm 3a ycnex npuasite cobeirue {€ < z},
TO MMeeM CXeMy BepHyJuIm ¢ BepOsSITHOCTBIO yCIleXa B OT-
nenbuoM ucnbitannn p = P{{ < x} = F(z) u BeposaTHOCTHIO
Heygaun ¢ = 1 — F(z). llpu 910M p1(2) €cTb IHCIO yCIeXoB
B n ucnbiTanusx. He naBasi noka GpopMaabHOrO orpejese-
HUSI OIIEHKH, & PACCMATPUBAs IPH KayKJI0M (PUKCHPOBAHHOM
x € R svnmupuyeckyto QYHKITHIO PACTPEIETEHNsT KAK OIEHKY
TEOPETUIECKO (DYHKIUN paCIIpeIeTeHns, TTOIyInM, ITO
1

1. MF;(x) = M@ = EM,u(x) =

10
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1 1
= —np=—nkF =F
nnp nn () (x),

T.e. cpejHee 3HadeHue oneHku F¥(x) coBnamaer ¢ oueHn-
Baemoii Besmannoi F'(x) (Tak HasblBaeMas HECMEIIEHHOCTH
OIEHKM );

2. Ilo zakony Gosbiux uucen B popme beprysin

F;(x)—@gF(x) opu 1 — 00

(Tak Ha3BIBAEMAasl COCTOSATENHLHOCTD OIEHKH).

Ha camom mese 3mech mMeeT MeCTO CXOAUMOCTL MOYTH
HaBepHOe (MO YCHJIEHHOMY 3aKOHY OOJIBINHX 1IHCes B hopMme
Bopesms). Ho u 310 yTBEpXK IeHNE MOXKHO YCUINATD /10 PABHO-
MEPHOI CXOIUMOCTH TIOUTH HaBepHoe. TouHee, cpaBesnBa
CITETYTOTIAs

Teopema  I'muBenko-Kauremnu.  Imnupuveckas
Pynryua pacnpedeseHus NOUMU  HAGEPHOE PABHOMEPHO
cxodumcea K meopemuseckoti GYRKUUY PacnpedeseHua:

P{ sup|F¥(z) — F(z)] -0 mpn n— oo} ~1.
z€R

Jloka3aTesibCTBO 9TOM TEOPEMBbI Jjisd CIydasl HEempepbIB-
HOit byHKIMH F'(2) BBIHOCHTCS B TIPUJIOKEHHE.

Taxwum obpazom, a1y BRIOOPOK OOMBIITOTO 0ObeMa M-
nupuveckas (pyHKIUS pacupeesieHns MajIo OTJIIMYaeTCd OT
TEOPETUIECKO (DYHKIUU pacrpeeseHns, T.e. B 9TOM CJIy-
Jae IMIINPpUIEeCKad CﬂyqaﬁHaﬂ BeJIMYUHA ABJIdeTcd J0CTa-
TOYHO XOPOIIHM 00Pa30M TEOPEeTHIECKON CIyJIaiHOil Beau-
YWHBI, TOCTPOEHHBIM TI0 BHIOOPKE.

PaccraBum 3HavYeHrst BLIOOPKHU B BO3PACTAIOIIEM TOPSII-
Ke:

T <T) <... <.

11



['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

Torma, B 9aCTHOCTH,
T(1) = min (z1,22,... , Tn), T(p) = Max (T1,T2,... ,Tp).

IIpu sToMm x} Ha3bIBaeTca k-ii IMOPSAKOBOI CTATHCTUKOIM,
Wy = x(,) — (1) — pa3Maxom BBIOOPKU, a KOHETHbIN P
T(1); T(2); ---, T(y) HA3BIBAETCA BAPUAIMOHHBIM PsIZIOM
BBLIOOpKU.

3adava 1. Haiinure dyHKIMU pacnupeneneHns KpaidHux
YIEHOB BAPUAIMOHHOTO PSI/IA.

3adaua 2. llpenmomarast TeopeTuaeckyo (OYHKIHIO Pac-
npenesienns abCoONMIOTHO HEIPEpPLIBHON, HallInTe IJIOTHOCTD
pactpeesieHns BEPOATHOCTEH k-# TTOPSIIKOBOMH CTATUCTUKN
u HYHKIUIO pacipegeeHns pa3Maxa BoIOOPKH.

OueBnHo, sMnupuydeckas QYHKIMA PACITPEIETEHUST MO-
’KeT OBITH 3aIiCaHa B BUIE

0, ecmx<my),

1

s eam () <& < X(9),
Fy(z) =2, ecum T(g) < x < 1(3),

L, ecm x> xy).

Sameuarue 1. Kenm Teopernueckast (YHKIUS pacupe/ie-
JICHUST HEe SIBJISETCS HEMPEPBIBHOHM (HAIpUMep, TeopeTude-
cKag ClydaiiHag BEJMYMHA JUCKPETHA), TO HEKOTOPHIE 3Ha-
YeHus B BBIDOPKE MOTYT COBIAIATh. 10T 371eMEHThI BEIOOD-
K1 MO>KHO 3aIll1CaTh B Hey6bIBaIOH_1€M IopdaKe 1 O6OSH&“II/ITB
k-e mo BenMvMHE 3HAMEHWE HYEPE3 T (). IMIUPUUECKAS CITy-

12



§ 1. Brifopka. duMnuprdaeckoe pacuperneieHue. ..

vaitHas BeJTUYIuHa OyIeT 3aJaBaThCs PSIOM paclpeIeeHust

rae | — 9HUCa0 pasJndHBIX 3HAYEHNH B BHIOODPKE, Nj — IHUCIO0
TOBTOPEHMIT 3HAYCHUS T (k) B Heit. [Ipu sToM embica u(z) co-
XPaHseTCsl, TOJIBKO KazKJI0e 3Ha9eHne T () < T YINThIBAETCT
CTOTBKO Pa3, CKOMBKO OHO BCTPEYaeTCd B BHIOODKE. DMIIH-
pugeckast (GYHKIHST PACTIPEIETEHNsI, KaK HETPYIHO TOHSTh,
MOZKeT 6]:)IT]:) 3alliCaHa B BUJC

0, ecn & < T(1),

oL ecmn x(1) < T < T(g),
Fp(x) = 2422 ecm T(9) < < T(3),

1, ecnu T > x(y).

Bce cpoiicTBa sMnupuydeckoil (DyHKITHE paCIpeIeseHns KaK
OTIEHKHU TEOPETUYIeCKOM (DYHKIINK PACTIPEIEeIeHI COXPAHIT-
csl.

Tak Kak mpu OOJBITUX N 3HAYEHUS SMIUPUIECKON U Teo-
permyeckoit pyHKIWI pacupeneseHns HeOrPAHUIEHHO COTH-
2KaIOTCd, TO CJIeayeT OXKHUAATL, 4TO PA3IUIHbIE UX TUCIO-
Bble XaPAaKTEPUCTUKH, HAIPUMEp, MOMEHTbI OHOI'O U TO-

ro e TOpsiiKa Takxke OyayT 63k apyr kK apyry. [lycrs
+o0o

by = M¢ = [ 2'dF(z) — Teoperndeckmii HaMATBHBIH MO-
—0o0

MeHT [-T0 mopgaaka. B kagecTBe ero omneHKn BO3bMEM BBHIOO-

POYHBIN HAYAJIBHBII MOMEHT [-T0 TTOpsiiKa

zl = My :in — = 521’2
k=1 k=1

13



['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

B uwacraocTn, npu | = 1 mosydaeMm, 9TO B KAUeCTBE OIEHKH
TeopeTwdeckoit cpeaneit a = by = ME Geperca Buibopounast
n
cpenHasa T = % > g
k=1
Mycrs Teneps ¢ = M (& — ME)! — reopernyeckuii men-
TpaJbHBIE MOMEHT [-To mopsjka. B kadecTBe ero oreHKH
BO3bMEM BBIOOPOUHBIN MEHTPAIBHBIN MOMEHT [-T0 TOPSIIKA

St=M(n—Mn)' =M(n-7)' =

(xk — f)l.

|
B
=
!
N
Sle
I
Sl

k=1 k=1
B wactroCTH, ipu K = 2 OIEHKOMH TEOPETUIECKON INCIIEPCUun
0% = D¢ aBinsiercst BHIOOPOUHAS IUCIIEPCHST

— 1 <&
§2=Dy=M(n—Mn? =~ (- 7).
k=1

B nanbreiinem HaMm MOHAI0OUTCS TaKKe IPYroe BhIPayKeHNe
JIJIg BBIOOPOYHON MUCIEPCHH, TTOIYIA0Neecs MPUMEHEHNEM
uHOM POPMYJIBI [Tl JTUCIIEPCUN CYYIANHON BETUIUHBI,

1 n
4 —T - kE_lxk T,

_ n
e 22 = + 3 2.2
k=1

3=

lycre x1,%2,...,2n — BBIOODKA, (1) U T(,) — Han-
MEHBIIasl U HAHOOJIbIIAsT IOPSIKOBbIE CTATHCTHKU COOTBET-
cTBeHHO. Paszfemmv oTpesok [T(1),T(p)| Ha k paBHBIX da-

Tn)—%Q)
k

creii gymmoit [ = Kaxkgast. O603HaAIMM 3TH JaCTH

14



§ 2. Todeunbie OIEHKN HEM3BECTHBIX MTAPAMETPOB

A, Ag, ..., Ap u myers p(A;) — 9nCa0 BBIGOPOUHBIX 3HA-
vennii, nonasmux B A;. Ha xaxxgom A; Kak Ha OCHOBaHUU
w(A)

IIOCTPOUM TPAMOYTOJBHUKHA BBICOTOH h; = ==+, [lomyuen-

Hasd cryleHvyaras urypa Ha3blBaeTcd TUCTOTPaAMMOil OT-
HOCUTEJBHBIX YacToT. Fe momans paBHa

k |k
S = |Ailh = - > (A = 1.
=1 =1

[IpermmomoxuM, 9TO TEOPETUYIECKAsd CIydaiiHas BeIu<n-
Ha £ abCOIIOTHO HENpephIBHA, C IJIOTHOCTLIO PACIPEIeICHIS
p(x). Tlo Teopeme o cpemnem

PlEc A = / p(a)dz = ples) A,
A

[To ycunernromy 3akony Gosbiiux guces B popme Bopesns

Ai II.H.
% = P{{ € A} = p(ai)l,
OTKyZa
h; = T = p(q).

Taxum obpa3zoM, B aBCOIIOTHO HENPEPBIBHOM CJIYYAe IHCTO-
rpaMMa JaeT Ka9eCTBEHHOE MPECTABIEHNE O TIJIOTHOCTH Be-
POATHOCTU TeopeTudecKol caydaitnoit Bemwuannbl. MHorma
Ha OCHOBAHUU MPOBEIEHHOTO PACCYXKIEHWS CUUTAIOT, UTO
rpu HOJIBIIIOM YUCIe HAOIOIEHIT THCTOTPAMMa, CTPEMUTCS K
[UIOTHOCTH BEPOSTHOCTH p(x). DTO HEBEPHO: IJIST TOTO UTO-
OBl 9TO OBLIO TaK, HYKHO, UTOOBI BBITOJIHSIIOCH TOBOJBHO
CJI02KHOE COOTHOIIIEHNE MeX1y N u k.

3amMeTnM, 9TO YKa3aHHBIM HEJOCTATKOM He 0DIaaeT M-
nupudeckas GpyHKIUS PACIPEIEICHNs , TOCKOIbKY F, (1)
F(z) paBromepro 1o x € R 6e3 BCAKNX JIOMOJHATENbHBIX

OrpaHUYCHUM.
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

§ 2. Touyeunbie OIEHKU HEM3BECTHBIX
nmapamMeTpoB

Hagrem ¢ mpuMepa. IIpeamonokum, 9T0 n3MepAETCS OIpee-
JieHHas U3nYeckas MOCTOSHHAS a. Pe3yabTaThl N3MEpeHui

r1 =a+ 0,
To = a+ d2,
Tp=a-+ 0,

0baAl0T HEKOTOPO# caydaiinoii ommbkoit 6. Ecmm ommbka
U3MEPEHMH CKJIAJBIBAETCH M3 OOJIBIION0 YNC/Ia HE3ABUCH-
MBIX BKJIAJIOB, KaK/bII 13 KOTOPBIX OKA3BIBAET PABHOMEPHO
MaJIoe BJIUAHUE Ha OMUOKY, TO 10 EeHTPAIBLHON TpeaeIbHON
TeopeMe ommmbKa Oymer IpubAMKEHHO WMEeTh HOPMAaJIbHOEe
pacmpenenenue. I[IpeamosoKuM, 9TO W3MEPEHUd JIUIIe-

HBl cucTeMaTudeckott ommbru, te. Mo, = 0. Torma
0 ~ N(0,0%). Tlo jeMMe O HOPMATBLHOM PACIIPe/IeTCHIN
rr ~ N(a,0%). Takum obpasom, T1,Z9,...,T, 06PA3YIOT

BBIOOPKY W3 HOPMAJIBLHOTO PACIPENe/IeHUs C MapaMeTpamMu
(a,0%). BosHuKaeT 3ajada ONEHKH IO JAHHOH BEIGODKE
mapaMeTpa a, T.e. u3MepgeMoil (pr3nIecKoil mOCTOSHHOM.

IIycts x1,%9,...,2, — BBHIOOPKA W3 pPaCIpEIe/EHUA
F(x/0), 3aBucsiiero ot HEU3BECTHOTO TapaMeTpa. 6.

Omnpenenenne 2.1. O1eHKo# nim CTATUCTUKOM Hens-
BECTHOI'O mapamerpa 6 Ha3biBaeTcd Jrobast OopeseBcKast

dbyHKIMST

~

9/;1 =0(z1,22,... ,2Tp)
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§ 2. Todeunbie OIEHKN HEM3BECTHBIX MTAPAMETPOB

OT BBIDOPOYHBIX 3HAYEHUI.

B sTom onpenenennu TpeboBanne n3MepuMocTh 1Mo bope-
JIFO HEOOXOAMMO JIjTsT TOT0, YTODLI MPU TOJCTAHOBKE B OICH-
Ky JIEMEHTOB abCTPaKTHON BBIOOPKHM IOJydaJsach CIydaii-
Hasd BEJUUYMHA. JTO TO3BOJISIET PACCMATPUBATH, HAIIPUMED,
MaTeMaTUYIeCKOe OXKMIaHWEe OUECHKU WJIN JIpyrrue 4YuCI0BbIE
xapakTepuctuku. OTMeTHM, 9TO OINpeJiejieHre OIIEHKU HO-
cutT QOPMATBHBIN XapaKTep W HE OTPAaYKAeT WHTYUTHUBHOTO
[MOHUMAHUs OIEHKM KaK HEKOTOPON BEJTMYHHBI, OJU3KONH K
omermuBaeMoMy mapamerpy. Hampumep, mocrosuunas — 6ope-
nesckas pynxnus. [losromy B KadecTBe OLEHKH IapaMerpa

60 moxuo B3aTH 0, = 0, win 0, = 10'°, unu 6§, = —10°°, re.
BEJINUMHY KaK YTOJHO JAJEKYIO OT OIEHUBAEMOrO MapaMer-
pa.

g Toro, 9TOORI OIeHKA obaajana  gefiCTBUTEIHHO
XOPOIINMH KAa9ECTBAMHU, IPUOIMKAICH B HEKOTOPOM CMBICIIE
K OIIEHUBAEMOMY ITapaMeTpy, Ha Hee HAKJIAJABIBAIOT OMpese-
JICHHBIE JIOMOJHHUTEIbHBIE TPeOOBAHMA.

Onpenesnenue 2.2. OueHka HEU3BECTHOTO ITTapaMmerpa
0 ma3wiBaeTCs HECMEINEHHOM, ecim ee cpefHee 3HAUEHUE
COBITAJIAET C OIEHWBAEMBIM MTApPaMETPOM, T.e.

Jl1sT TIpOM3BOIBLHON OIEHKH C KOHEYHBIM MaTeMaTHde-
CKUM OXKHUJAHWEM CMeIeHueM Hasbisaerca 3, = M6, — 0.
TaxuM 06pa3oM, HeCMeIIeHHas OlIeHKa — OLIEHKa, CO CMeIe-
HUEM, PABHBIM HYJIO.

Onpeneaenne 2.3. OueHka HEM3BECTHOIO mapamerpa
HA3LIBAETCI COCTOATEJIbHOM, eC/Ii OHa CXOIUTCS IO BEPO-
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

ATHOCTH K OICHHBAEMOMY IAPAMETDY, T.€.
~ P
0, — 0.

CocTosiTeIbHOCTL O3HAYAET, UTO C POCTOM OOBEMA BhI-
60pKI/I Ka4eCTBO OIECHKW JIOJ2KHO YJJAy4YHIIaThCA: 9eM 6OJ'H:)H_[e
n, TeM OJIMXKe OIEeHKa K 6.

Kak wmbl momuuM, B npocrpancrse Lo(§), F, P) ciyuaii-
HBIX BEJTUIWH, UMEIOINX KOHOTHBIH HAYATBHBI MOMEHT BTO-
poro nopska (ME? < 00), paccTosHme MesKIy CTydailHBIMI
BEJTUIUHAMU & W 1) OTIPEJIENSIETCST KaK

p(&,m) =V M[E —nl.

ECTeCTBeHHO TOBITATHCA MOCTPOUTH TaKYIO OLEHKY, KOTODAad
ObL1a OB KaK MOYKHO OJIHKe OT OIEHHBAEMOTO IIapaMerpa,
O 9TOMY PACCTOSTHUIO.

Onpenenenne 2.4. OrneHka HEU3BECTHOTO TapaMerpa
0 wmazpiBaercs 3PEKTUBHOM, eClu Cpeu BCEX OIEHOK
C KOHEYHBIM MOMEHTOM BTOPOTO MOPsiJIKA OHA JIOCTABJISIET
vuaIvyM M |6, — 62

Taxum obpazom, eciu ist 0601 OTEHKY 0, 1 HEKOTOPOIi
OIleHKN 0, ¢ KOHEYHBIMU HA4YaJbHBIME MOMEHTAMH BTOPOTO
IOPAJKA BBIIIOJIHACTCA HEPABEHCTBO

M|6: — 0)> < M6, — 0],

TO OleHKa 0, aBagercd 3 deKTHBHOML.

Hacro sddexTrBHYIO OLEHKY HILYT B KIacce HecMe-
meHHbIX omeHok. Tak kKak B sToM Kiaacce M6, = 6, to
M ]é;l — 0|? mpespamaerca B aucmepcuio. Ilostomy acb-
GEeKTUBHON B KJIacCe HECMEIIEHHBIX OIEHOK Oymer Takas

18



§ 2. Todeunbie OIEHKN HEM3BECTHBIX MTAPAMETPOB

HECMEIeHHAasT OIeHKA, KOTOpasi CpPeJIu BCEX HEeCMEIEHHBIX
OLICHOK C KOHCYHOW Jucrepcueil mMeer HAMMEHDBIIYIH OUC-
nepcuto. CienoBaresibHo, oHa OyleT Haubosee KOMIAKTHO
pasbpackiBaTh CBOM 3HAYEHWS BOKDPYT OIEHUBAEMOTO IIa-
pamerpa, KOT[a [Jid OIEHUBAHWA OyIyT WCIOTB30BATHC
pazyindHble BLIDODKHU 00beMa n.

Teopema 2.5. Ecau 6 Kaacce HECMEWEHHDIT OUEHOK CY-
wecmsyem afpexmusnan oyenxa, mo ona eOUHCMEERHA C
mounocmovio do sKeusarenmuocmu (m.e., ecau O, u U, —
dee apermusHble HECMEWEHHBIE OUEHKU, O P{HAn = @} =
1).

ILOKasaTeHBCTBo.HyCTBHAnM@—;LBe
¢ peKTUBHBIE HECMEIIEHHBIE OIIEHKH, T.€.

M0, = M, =0
2

1, eCTTA 0° — HAUMeHbIasd U3 AUCIIEPCUIl HECMEITEHHBIX OTle-
HOK, TO

~

Db,, = Dy, = o2.
Paccmorpum orenky

~ —

- Out i
5
Omna HecMmerrenHas:

1 PO
M7, = S M(6n + a) = 0

2

Tak Kak 0° — HauMeHbIIasl W3 JIUCIEPCHIl HeCcMelleHHbBIX

OIIEHOK, TO
- _lpg oo~ Yipg 4 b T U
D7y = DO+ bn) = L{Dbn + Dif + 2000, )} =
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

1 1
= 1(02 + 02+ 2ro0) = 502(1 +7) > 02,
rre r — Ko PUITHEHT KOPPEJATHT MEXK Ty 9/; u Y. U3 mo-
C/IeTHEr0 HepaBeHCTBa cienyer, uro r > 1. Tak kak ko3d-
GbUMEHT KOPPEAnun He MOXKeT ObITh bosbine 1, To r = 1.
[To croiicTBy KO3 DuIMEHTa KOPPEISIUN ¢ BEPOSITHOCTBIO 1

%:AHZ—%B, rme A > 0.

[TockosibKy BTOpOE claraeMoe — IMOCTOSHHAsI, TO CaraeMmble
— HE3aBUCHUMBbIC Cﬂy‘{aﬁHbIe BEJIMYUHBI. HO CBOMCTBaM ANC-
epcun

D;ﬁ; = A2D«9An, re. o2 = A%,

OoTKyZa ¢ yaerom toro, uto A > 0, cmenyer A = 1. Utaxk, ¢
BEPOSITHOCTHIO 1

n = 0, + B.

Bepa wmarematmaeckoe oxwumarme or obemx wa-
creft, nomyamm 6 = 6 + B, me. B = 0. Ta
kUM obpasoMm, U, = 0, ¢ BeposiTHOCTBIO 1.
O

B kawecTBe  mpmMepa  pacCMOTPHM  BBIOODKY
21,%2,... ,Lp W3 HEKOTOPOTO PACIPEIETeHNsS C Teope-
THYeCKUMH cpeqneil ¢ = ME u nucnmepcuein o2 = DE.
KaK TOBOPHWJIOCH BbBIIIE, WX OLOCHKAMHU ABJIAIOTCA COOTBET-

n
—_ 1
CTBEHHO BBIOOPOYHASA CPeHAd T = - ), T) U BRIOOPOUHAS
k=1
n

—~ n
mucnepenst S22 = L3 (zp —7)2 = L3 g2 - 7% C
k=1 k=1
bopMaIbHOl TOYKM 3peHHs — 5TO ONEHKH, MOCKOJIBKY OHH
ABJAIOTCS HETPEPBIBHBIMUA (DYHKIMAME OT X1, L2, ... ,Tn,

T.e. BOPETEBCKUMU.
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§ 2. Todeunbie OIEHKN HEM3BECTHBIX MTAPAMETPOB

VeTaHoBUM, KAKAME KQIeCTBAMHA 00JIaJAI0T 9T ONEHKM.

1. Ouenxa T meopemuyeckoti cpedret a.

1 1 1
A. M7 = — E Mxp=—(a+a+...+a)=—na=a,
n n n
k=1
T.. T — HECMEWEHHAA OUEHKE A.
b. Tak kax x1,z9,...,%, — HE3aBUCHUMLIE OJIMHAKOBO

pacipeae/JicHHbIe CﬂyqaﬁHbIe BE€JIMYUHBI C KOHEYHBIM MaTe-
MarndecKkuM oxugapueM ME = Mx, = a, TO O 3aKOHY
Oonbmx gncesn B hopme XUHIMHA,

n

_ 1 P
.T:—Zfﬁk—)a,
n
k=1

T.e. T — COCMOAMEAOHAA OUEHKA Q.

B. Bompoc 06 adpdexTuBHOCTH O1IeHKHM T B KJIaCCe HECME-
IIEHHBIX OIEHOK pelaeTcs 6ojiee CJI0KHO U 3aBUCUT OT BUJIA
TeopeTmwdaeckoro pacnpenesenud. [ozxke Mbr ybegumcs, 910
ecyii BbIOOPKa B3sITa, U3 HOPMAJIBLHOTO PACIpENeeHns C Ia-
pamerpamu (a,0?), To T asngerca 3bdEKTHBHON B Kacce
HECMEIIEHHBIX W TaK HAa3bIBAEMBIX PEryJIsSpPHBIX OIEHOK.
Ecnn Beibopka Oepercs 3 paBHOMEPHOTO PACIPEIeTeHUsT Ha
orpeske [a — h,a + h], To cymecrsytor 6omnee spdexTrBHBIE
OLICHKH @, YeM T.

3adauwa 1. Ilokaxkwure, 9TO0 ecaum x1,x2,...,LT, — BbI-
fopka M3 pPaBHOMEDHOTO DACIpejie/ieHrsi Ha OTpe3Ke [a —
h,a+h], a, = w, To DT = O(1), B 10 Bpems kax
Da, = O(n—g), T.e. TIpu OOIBIINX N OUEHKa d,, 3 deKTuBHEe
OIEHKH T.
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

2. Ouenka S? meopemumeckoti ducnepcuu 2.

A. Tlo cBoiicTBaM MaTEMaTHYECKOTO OXKMUIAHUS
o2 1 ¢ 2 —2
MS? = — E Mz — Mz, (2.1)
n
k=1

s onpenenenus MS? octaerca onpegennts Mxy? uw MZ2.
Naeem

0? = D¢ = Day, = Mai — (Maxy)? = Mxi — a?,
1< o?
DT = E;ka =—= Mz? — (M%Z)? = Mz — a?,

OTKyZia

2
M3 = o + a?, M7 =" 142 (2.2)
n

TMoxcrasasia (2.2) B (2.1), noay4aum:

2

-~ o n—1
MS2=c’4+a>-— —a?=""52%
n

n

Urak, S2 ne saeasemca necmewennot oyenkoti o2. Ilosro-
My TOAIIPaBUM ee, BBeJsd TaK Ha3blBaeMYI0 UCIIPABJICHHYIO
BBLIOOPOYHYIO IUCIEPCUIO

n

2 N o5 1 2
S _n—IS _n—lg(xk z)".

HUcenpasaennas 6o60pownas OUCNEPCUs ABAAEMCA HECME-
wennoti oyenkoti meopemuveckoti Jucnepcu:

n M§: n n-—1 2_ 2
n—1 n—1 n

MS? =
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§ 3. Meroap! oMy IeHns OMEHOK

ITosTOoMy JTydIlle MOIBL30BATHCA MCIPABIEHHON BBIOOPOIHOM
aucrnepcueit. OgHaKo g BEIOOPOK OOIBIIOr0 00beMa MHO-
"T’l MaJIO OTJIMIAEeTCs OT 1 ¥ pa3HHUIA OT TOTO, KAKOit
BBIOOPOYHON JucIepcreli moJb30BAThCS, HE CTO/Ib YK CYIIe-

KHUTeJIb

CTBEHHA.

B. Tak kak cnyJafinble BETUIUHBI L1, X2, ... , T, HE3ABU-
CHUMBI M OJMHAKOBO PAaCIIPEJIeSIEHbI, TO W CAy4YaiiHble BeJIu-
qUHBL 3,23, ... , 72 06IaMal0T STHME WKe cBoficTBaMu (06-
ocuyiite mouemy). Ecnmm Teopernueckas caydaiinas Beudau-
HA, UMeeT KOHEUHYIO JUCIEPCHIO (MBI CTPOUM €€ OIIEHKY, T.€.
NPENOIATAETCA €€ CYIIECTBOBAHME), TO OHA MMEET KOHed-
HBIH HAYaJIbHLIH MOMEHT BTODPOTO Iopsiaka by = ME2. Ilo-
STOMY /TSt TIOC/IEI0BATEBHOCTH CTyJIaiiHbix BemmanH (£2)
BBITIOJIHEHBI YCIOBUS 3aKOHA OObIuX vuces B popme XuH-
YHHA, 110 KOTOPOMY

1 n
=N Dby = M2 =02+ a2
n

k=1

_ P "
Tak Kak T — a, TO MO CBONCTBAM CXOJUMOCTH TI0 BEPOSITHO-
—~ n
=2 P 2 2 _ 1 2 _ =2 P (2 2 2 _ 2
cru T° — a‘u S? = Y & —T° — (0°+a”) —a® = o°.
k=1
Taxum obpaszom, S2 — cocmoamenvhas ouenka 2.

n

P "
-5 — 1. Ilo ceofictam

Tak kax ~*5 — 1, To n MOTABHO

= P
CXOIMMOCTH II0 BEpOsITHOCTH S° = S8 = 1. o? = o

[Mosromy S? Takske Asasemca cocmoamenvhoti ouenkoti 0.

§ 3. MeToap! moiydeHus: OEHOK

M&b1 paccMOTPUM TOJIBKO JIBa, HAMbOJIEe MOMYASIPHBIX METOIA
MOy YeHNS TOYETIHBIX OIEHOK.
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

1. Memod momermos.

I[Iycts x1,%9,...,2, — BBHIOOPKA W3 pPaCIpEIe/eHUSA
F(x/01,09,...,0,), 3aBUCSIIET0 OT M HEW3BECTHBIX Mapa-
merpoB 01,05, ... ,0,,. Paree roBopuoch 0 TOM, 94TO B CHUJIY

6JIM30CTU TEOPETUYECKON U IMIIMPUIECKO PYHKINN pacpe-
JleJIEHUS JO/IKHBI ObITH OJIM3KY APYT K JPYTy COOTBETCTBY-
IOIIE TEOPETUYUECKUE U BRIOOpOUYHBbIE MOMEHTHI. IlycTh

+oo
by = Mg = /xldF(x/Hl,Hg,... Om) = by(01,00, ... ,00) —

—0o0

HAJaJbLHBIA TEOPETHIEeCKHi MOMEHT [-TO IOpSIIKa, SBJIAIO-

mmiics (PyHKIEH OT HEeM3BECTHBIX MapaMeTpoB. Torma oH

630K K COOTBETCTBYIOIIEMY BBLIGOPOYHOMY MOMEHTY x! =
n

1 l

~ > xy,. [lj19 nepBhIX m HadaIbHEIX MOMEHTOB BMECTO IpH-

k=1
OJIM>KEHHBIX 3aIIUIIEM TOYHBIE PaBEHCTBa, B KOTOPbLIE BMECTO

WCTUHHBIX 3HAYEHU IapaMeTpoB IMOACTAaBUM MX OUCHKM:

e S —

bl(é\hé;u cee 7'9m) = xlu

e S —

b2(é\17é\27 R 7'9m) = IEQ,
by (01,03, ... ,0) = 2. (3.1)

CyTb MeTroga MOMEHTOB COCTOMT B HAXOXKIEHUH OIECHOK
HEM3BECTHBIX MMAPAMETPOB KAaK PENIeHNs MOTyIeHHON CUCTe-
MBI 1 YPAaBHEHUU C 1M HEU3BECTHBIMU.

Sameuarue 1. BmecTo HAUaJBHBIX MOMEHTOB MOXKHO
B HEKOTOPBIX W3 ypPaBHEHWI MCIOJIb30BaTh I€HTPaJbHbIE
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§ 3. Meroap! oMy IeHns OMEHOK

MoMeHTHI. [lpm sTOM B KaxK7moM W3 ypaBHEHHU cIeBa U
CIIpaBa JOKHBI TPUPABHUBATHCI OTHOMMEHHBIE MOMEHTHI.

Ipumep 1. Ilycts x1, X2, ... , T, — BHIOOPKA U3 HOPMAJIb-
HOTO pacrpenenenns ¢ napamerpamu (a,o?). IlpupaBaupas
[epBbIE HAYAJIBHBIE U BTOPBIE IEHTPAIbHBIE MOMEHTHI, MOJTY-
YUM CUCTEMY YypaBHEHUI

a=r,

—_—~  —~

o2 =52

KOTOpad y2Ke pa3pelicHa OTHOCHUTE/JIbLHO HEM3BECTHLIX OIle-

HoK. TToy4m/in u3BecTHbIC HaM OLEHKHU T 1 S2 Hen3BeCTHBIX
IAPAMeTPOB @ ¥ 0 COOTBETCTBEHHO. EC/u ObI MBI IPUpPAB-
HsiTU B 000MX YpaBHEHUSX Hada/IbHBIE MOMEHTBI, TO BTOPOE
ypaBHEHWE CHCTEeMBI WPHUILIOChL Obl pemarsh. Pesyabrar,

pa3yMeeTcs, MOIyUnJicss Obl TAKUM 2KE.

Ipumep 2. PaccMOoTpUM cXeMy W3 N He3aBUCHUMBIX HC-
nbITaHuil BepHy/LIn ¢ BepOATHOCTHIO ycrexa p. Pesyabrar
x  k-ro uctepitanus 6y1eM perucTpUpOBATH KaK YUCII0 YCITe-
XOB B 9TOM HUCIIbITaHUM, T.C.

1, ecmu B k-M ucnbITAHWEM TPOW3OIET YCIIEX,
T —
0, ecau B k-M MCHIBITAHUT MPOU3OILIA HEYIATA.

B nanwoMm citydae BBIOODKA Z1,%2,... ,%Ln COCTOUT TOIBKO
u3 HyJeil u enunni. Teopernmdeckas ciyyaiinas BeauydnHa &
— YNCIO0 YCIEeXOB B OT/AEJbHOM HCIBITAHWUN, ee paclpe/iese-
HUE 3aBUCUT OT €JMHCTBEHHOTO napamMerpa p. [Ipupasausas
MEPBBIE HAYAIbHBIE MOMEHTHI, TTOIYyYaeM CHCTEMY M3 OJHOTO
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

yPaBHEHUS JJIsl ONPEee/eHNusl ONeHKH P, HEU3BECTHOIO Ia-

paMeTpa p:
i = //L
T = —,
n
k=1

rhe [t — YUCAO0 YCIIeXOB B N UCHBITAHUAX. TakuMm 0O6pazom,

OIIEHKON BEPOATHOCTH ycIlexa p SBISETCS OTHOCHTETbHAs
123

9acToTa ycrexa .

~

pn:f:

Sl

Teopema 3.1. Ecau meopemuneckaa cAy4alinas esu-
YUHG UMEE, KOHCUHBIT MOMEHM, M-20 NOPAJKG, 0 CUCEMA
ypasnenud (3.1) umeem eduncmeennoe pewenue

O = b Ml 22, 7™),  k=T1,m,

300a6aeM0€ HENPEPLIGHLLMU OGDATMHLMU  PYHKYUAMU b,;l,
Mo 9Mo pewenue daem coCmoAMEsbHbE OUEHKU NAPAMEN-
pos 0, k=1,m.
JdokaszarTeabcT s o OUeBAIHO, YTO JIJId
k=1,2,...,m cryJaitasie seqmannnl ov, 25 ... 2k mesa-
BUCHMBI, OJIHHAKOBO PACIIPEIEIEHBI U HMEIOT KOHETHOE MaTe-
MaTuaeckoe oxupanue b (61,6s,... ,0,,). Ilo 3akony 601b-

mux gucesa B popMe XuHINHA

n

— 1 L P
xk—ﬁz;xiﬁbk, k=1,m.
1=

ITo reopeme 1.15.2 (06obrmeHHON OUeBMAHBIM 06Pa30M HA
byHKIMU N TepeMEeHHBIX )
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§ 3. Meroap! oMy IeHns OMEHOK

=0y, k=Tm. O

OrmMeTnM, 94TO METO/, MOMEHTOB HE YUMTHIBAET KOHKDPET-
HBIN BHJ, TEOpETUIecKoi pyHKInn pacupeneaeHus. [losromy
KPOME COCTOSITE/IbHOCTH (IIPU BBIMOJHEHUW YCJIOBUE TEOPE-
MBI 1) OH He rapaHTHPYeT APYTUX XOPOIIHUX CBOWCTB OIEHOK.
ITpu ero npumeneHww MOTYyUEHHBIE OIEHKKA HEOOXOIMMO
JIOIIOJTHUTEILHO MPOBEPSIThH, HAIPUMED, Ha HECMEIEHHOCTD,
spdexTuBrOoCT, M T.. [lo9TOMY paccMoTpuMm ermne OauH
METOJ, KOTOPLI TapaHTHPYeT XOPOIINe aCHMITOTHIECKHE
CBOMCTBA OIEHOK U TO3BOJISIET MOJL30BATHCI WUMF JIJTst
BBIOOPOK HombITOr0 0bhema 663 JOTMOTHUTENRHON TTPOBEPKN
X KadecTBa.

2. Memod maxcumaisvrozo npasdonodobus.

[IycTb nzmepsiercst pusnydeckast MOCTOSTHHAS BEJIMINHA, d,
IprUYeM pe3yIbTaThl M3MePeHnH

r1=a+d,

Tp=a -+ 0,

JINIIEHBl CACTEMATHICCKOH OIMMOKH M HMEIOT HOPMAJILHOE

pacrpenenenue ¢ mapamerpamu (a,0?). Torma z1, 29, ... , Ty

— BBIGOPKA M3 HOpMaJbHOTO pacnpenenenns N(a,o?). dia

paccMaTpUBaeMoro ciaydad eme [ayce IpeaIoKu BeIOupaTh

OTIEHKY @ MapaMeTpa a TaKuM 00pa3oMm, 4ToObI CyMMa KBa-
n

ApaToB ommbOK Bex m3Mepenwmit Y. (r; — G)? Oblra MUHH-
i=1

MasbHOM. [lo/b3ysach HEOOXOMMMBIM YCJIOBHEM JKCTPEMYMA

U OIpUPABHUBAS K HYJ/IIO IPOM3BOIHYIO IO 4 OT TOM CyMMEI,
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

OOJIY9IUM, UTO G = Z. JIerKo BUAETH, 9TO TO — TOUKA MU-
auMmyma. Durmep yecMoTpes, 9To CyTh TOr0 MeTOA TAKOBA.
IInoTHOCTL COBMECTHOTO pacHpeiesleHud CIYIaiiHBIX BeTu-
9UH XT1,22,... ,Lp

L(z1,29,... ,2n/a,0?) = p(a)p(zs) ... p(x,) =

1 _@m-2? 1 _(@-a)? 1 _(@n-a)?
= ¢ 202 ———¢ 202 . —e 202 =
\V2mo \V2mo V2ro
1 *ﬁ > (zi—a)?
e 7’”6 =1 .
(2m)20m

Ona HaswiBaeTcs yHkimeil npasaomnogobusi. OdeBUIHO,
n

cyMMa KBaJpaToB ommboK Y. (v; — G)? MuHUMaTLbHA B
TOM U TOJBKO TOM CJIyYae, Il<olma DYHKITHST TPaBIOTION0-
ous L(x1,22,...,2T,/a,0°) Makcumambaa. Temeph MOXHO
3a6BITH O HOPMAJTBHOCTH TEOPETHIECKOTO PaCTpeIeeHus M,
crnenys Puirepy, UCKATH OIMEHKW HEW3BECTHBIX MaPAMETPOB
13 TOTO YCIOBUs, UTOOBI (DYHKITHS TPABIOTIOA00MST TPUHIMA-
Jia, MaKCUMaJibHOe 3Hadenne. [lepeiinem k 6osee (popmaibHO-
MY OIMUCAHUIO METOA.

Ilycts x1,x9,... ,2, — BbHIOOPKaA M3 abCOMIOTHO HEIpe-
PBIBHOT'O pacrpeaesreHmnd C IIJIOTHOCTBIO BEepOATHOCTH
p(x/01,02,...,0,), 3aBucsdmieil or m HEM3BECTHBIX Mapa-
MeTpoB 01,02, ... ,0,,.

Onpenenenue 3.2. CoBMecTHas IJIOTHOCTb PacIpese-
JIEHUA COyYalHbIX BEJIMYUH L1,X2,... ,Ln

L(xl,xg,... ,xn/Hl,Hg,... ,(gm) = L(01,02,... 79m) =
:p($1/91,92,... ,Gm)p($2/91,92,... ,Qm)
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§ 3. Meroap! oMy IeHns OMEHOK

oo p(@n /01,02, .., 0m),

paccMaTpuBaeMas Kak GyHkiusg or 0q,0s,... ,6,,, B KOTO-
poit x; — ciydafiubie BeIMYWHBI — /IEMEHTHI aDCTPAKTHON
BBIOOPKH, Ha3bIBaeTCA (DYHKIIMEN IPaBaoIoa00mst.

Beenem nouarue dhyHkIny npasaonogodus 1 BEIOOPKH
U3 TUCKpeTHOro pacrpenenenus. Ilycrs 1, xa, ... , T, — BbI-
O0opKa W3 AUCKPETHOIO DPACIPEIETEHUsT TEOPETUIEeCKON CIy-
JaiHoi BeINYMHBI &, IPUHUMAIONIEH 3HAYEHUST U) C BEPOSIT-
vocrsivu P{& = ux} = p(ur/61,02,... ,0m) k=1,2,...,
3ABUCAIIIMEI OT 1M HEM3BECTHBIX mapaMeTpos 01,60s, ... ,0,,.
PaccMoTpuM COBMECTHYHO BEPOSITHOCTH MPUHATHS CJIydaii-
HbIMU BesmunHamu £1,&,... ,&, — dMeMeHTaMu abCTPaKT-
HO# BLIOOPKH COOTBETCTBEHHO 3HAYEHHH X1, X2,... ,Tn:

P{§1 :1’1,52 =X2,... ,gn:xn} =

Onpenenenne 3.3. CoBMecTHAsT BEPOSITHOCTD 3HAUEHUH
CIYyJIalHBIX BEJUUUH X1,T2,... , Ty

L(.Tl,fﬁz,... ,xn/91,92,... ,Gm) = L(91,92,... ,Qm) =

:p(xl/Hl,Hg,... ,Hm)p(xg/el,eg,... ,Qm)
...p(xn/Hl,Hg,... ,Qm),

paccmaTpuBaeMast Kak GyHKIwms or 01,02, ... 0, B KOTO-
poit x; — cJIyJaiiHble BEJTUYUHBI — JIEMEHThI aOCTPAKTHON
BBIOOPKY, Ha3bIBaeTCA (PYHKITHEN MpaBaomnoa00usi.
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

Ipumep 3. llyctb x1,29,... ,Ty — BBIOOPKA U3 paBHO-
MEpHOI0 pacupezenenns Ha orpeske [a,b]. Torma

ecma < x <b,

1
p(x/a, b) = {8_(1’ ecom T ¢ [a b]'

7 HYHKIUS TPABIOTIOA00NST TPUHUMAET BUIT
L(‘T17 Z2, ... 7xn/a7 b) = p(xl/au b)p(xg/a, b) e 'p(xn/a7 b) =

_ {(bla)n'v eCIIH Z(1) = @y T(pn) < b,

0 B UHBIX CTyJIadX.

Ipumep 4. Ilycts 21, 29,... , T, — BHIOOPKa U3 pacipe-
nenenng Ilyaccona ¢ mapamerpom A. Torza

(/) = P{€ =2} = ge*’\, =01,

1 OYHKIUS IPaBIonoao0ust nMeeT (popMy

\T1tzet..+Tn
L(N) = pler/Np(a2/N) ... plan/A) = S ™™,

z1lag! .. xy!

MeTom MakCHMAaIBLHOTO TPABIONOIOOUST COCTOUT B TOM,
YTO B KAYECTBE OIEHOK BBIOWPAIOTCS TaKne 3HAYEHUS
01,02, ... ,0,,, IpH KOTOPLIX (DYHKINSA IPaBIOIOA0OMS IPH-
HAMAET MaKCHUMAaJbHOe 3HadeHnme. B cuiny HeoOGXOAMMOTOo
YCJOBUS SKCTPEMYMa, HAI0 TPUPABHATE HYJIF0 YaCTHBIE TIPO-
U3BOJHBIE (DYHKITHU MPABIOTONO0US MO KAXKIOMY W3 Tapa-
MeTpoB. Ho HAXOMUTh YaCTHBIE POU3BOIHBIE OT MIPOU3BEIE-
HUS 1 COMHOYKHUTEseH He oueHb yao6Ho. JIydime mocTynmuTh
cremytoruMm obpazom. Tak kak ¢ymkiusa £ = In L Bozpa-
CTAIOMIAsI, TO TOYKA MAKCUMyMa (DYHKIHH MPaBIOTOI00Us
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§ 3. Meroap! oMy IeHns OMEHOK

L(01,09,... ,0,,) coBmamaer ¢ TOYKOH MAKCHMYMa TaK Ha3bI-
BaeMoit JJorapudMudeckoii (pyHKIIMM mpaBaooa00mst
£(01,09,....,0,) =InL(01,09,...,0,). llpupasasem HyJIIO
€e JaCTHBIC IIPOU3BOIHLIC:

0L(01,0,... ,0) Z”: Olnp(xy/01,62,...60,)

20, e 90, =0,
0L(01,0,... ,0) Z”: Olnp(xg/6r,02,...0,) 0
904 - 904 -

k=1
0L(01, 02, ,0m) _ i Olnp(wy/01,02,...0,) _ 0

P 00,

W3 »sT0it cmcreMbl MBI M HalileM OIEHKH HEM3BECTHBIX
napamerpos 01,0, ... .0, (31ecs npeamonaraercs, dro
caydaii XOpoImili ¥ HET KOHIIEBBIX SKCTPEMYMOB ).

Ipumep 5. Paccmorpum BBIGOPKY YHCENT YCIEXOB
T1,T9,...,Ty B cxeme bepuymmm w3 mpumepa 2. Jlaa Teo-
PETUYECKON CiTydaiiHON BETUYIUHBI £ — YUCIa YCIEXOB B OT-
ACJILHOM UCIbITaHUM —

P{¢=a}=p"(1-p'*, a=1,0.

Buaunr, p(z;/p) = p¥i(1—p)' =% u bynkimsa npasgonogobms
NPUHUMAET BHT

L(p) = L(z1,22, ... ,2y/p) = p" (1—p)' "1 p™(1—p)' 7*2 . ..

n n
T; n—>y. x;

LT (L=p)t Tt =p= (1—p) = =pH(L—p)"TH,
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

rIe (4 — YUCI0 YCIeXOB B N UCHBITAHUAX. Jlorapudmudeckast
dyuKIma npasaonoaobusi paBHa

L(p)=InL(p) = plnp+ (n—p)In(l —p).

IlpupaBurBas TPOW3BOAHYIO TIO p HYIO U 3aMeHsds p Ha
OTICHKY P, TIOTYIUM

poon—p

=0,

p 1-p
oTKyma p = £, T.e. B kauecTBe OLEHKH BEPOATHOCTU yCIexa
HaJO B34dTh €TI0 OTHOCUTEC/JBHYIO YaCTOTY. ()LIQBI/LZLHO7 3TO
HECMEIIeHHAsT U, B CHJIy 3aKOHa Oojbmiux 4ncen B (opme
Bepnymnu, cocrositenpras orenka. llozxe mbl ybemumcs,
aT0 0oHa 3(GEKTUBHA B KJIACCe HECMEIEHHBIX W TaK HA3BI-
BAEMbIX PErYJIsIPHBIX OIEHOK.

Ipumep 6. 3 Buna byHKIUE TPaBIoOnoaobus TpuMepa
3 3akjoYaeM, 9TO OIEHKAMHW MaKCHUMAJbHOTO MTPABIOMNO-
mobust niasg a u b B ciiydae BBIOOPDKM U3 DPABHOMEDPHOTO
PaCrpesesieHnst Ha OTPe3Ke [a,b] ByayT coOTBETCTBEHHO
a=uwx1)nb=u1agy).

Ipumep 7. Hna seibopku u3 pacnpepnesienus: llyacco-
Ha npuMepa 4 jgorapudMudeckas PYHKIUS TPaBIoIoa00ms
nveeT PopMy

LA =(z1+z2+ ... +x,) In X —In(z1lza! ... z,!) — nA

ITpupaBurBasg MPOW3BOAHYIO 1O A HYJII0 W 3aMEHAd A HA
OIIEHKY A, TIOJyYIUM
1+ X2+ ...+
A

—n=0,
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§ 3. Meroap! oMy IeHns OMEHOK

~

OTKyIa A = T.

Paccmorpum  caydaif, Korga ILIOTHOCTB TEOPETHIECKO-
ro pacupezenenus p(x/6) 3asucur or oxHOrO mapamerpa 6.
yCTaHOBI/IM ACUMIITOTUYECKNE CBOMCTBA OIICHOK MAaKCHUMaAJIb-
HOTO TpaBHonoaotus. IIpeanosmoKuM BHITOTHEHHBIMA CJIE-
JIYIOIINE YCIOBUSL.

1. ITapamerp 6 u ero ucruHHOE 3HauUeHue fy JIeKAT BHY-

Tpu unarepsaia (01,602), B KOTOPOM CyUIECTBYIOT MPOU3BO/I-
op 92p 93p
HbBIE 390> 202 2903 -
2. HomycTtumo mByKpaTHOe IubdepeHInpoBaHNe IO

+oo
suaxkoM unrerpana [ p(z/60)dz = 1.
—0o0

2 3
3. i(fy) = M(M) ( > 0, (M
i(fo) 90" ) |o—p, 063

H(x), MH() <M, rne M ue 3aBucur or 6.

<

Teopewma 3.4. Ecau gvinoanenvs ycaosus 1,23, mo ypas-
Henue npasdonodobus

OL(z/0)

00
umeem pewenue 0, AGAANUEECA COCMOAMENbHOT OUeHKOT
fy. Ima ouenka MAKCUMAALHOZ0 NPABAON0J06USA ACUM-

NMOMUYECKY HOPMAADHA € NAPAMEMPAMU (Ho,m) u
ACUMTMOMUYECKU dPPexmucha.

=0

JokazaTesscTBO TeOPEMBI 3.4 BRIHOCUTCS B TIPIIOYKEHME.

3ameuanue 1. B nagpreiineMm Mbl yBuamM, 9to i(6y) Mo-
JKET TPaKTOBATHCA Kak mH(oOpMalus o napamerpe g B o1-
NeJIbHOM HABJTIOIeHUH (T.€. B OTHOM BBIOODOYHOM 3HAYECHUH ),
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

a esmamHa [ (6p) = ni(6y) — kak nHbOpManMs 0 Tapamerpe
0y B BLIOOpPKE. ACHMMITOTHYECKA HOPMAJIHbHASA OLEHKA Ha3bI-

BAETCsS ACUMIITOTUYIECKN dP(DEKTUBHOM, eCIn ee IUCIePCHst

1
paBHa 7.

§ 4. Nuadopmarnusg B HaOII0JeHNN U1 BHIOOPKE.
HepasenctBo Pao-Kpamepa

Ilycte x1,x2,... ,%, — BbIOOpKa u3 abCONIOTHO HEIIPEPDLIB-
HOT'O PACIIPe/IeJIeHNs C IIOTHOCTBIO BepositHocTH p(x/6), 3a-
BUCSIIIIEl OT HeM3BeCTHOrO mapamerpa 6. Samuriem QyHKITIIO
U JOrapudMUIecKy0 (PYHKITUIO TPABIONO0100u s

L(0) = L(x1,x9,... ,2,/0) = p(x1/0)p(x2/0) . ..p(x,/0)

£(0) = £(z1,x2,... ,25/0) =In L(xy,22,... ,2,/0).

Onpenenenue 4.1. Benuuuna

0L(z1,x2,... ,2n/0) |2
I 0 — M‘ b b ) n ‘
() 50
HasbIBaeTca nHpopManuei mo Puiiepy o napamerpe 0
B BBIOODKE T1,Z2,... ,T,. ECIH BEIOOPKA COCTOUT W3 OIHO-

ro HabJIIomeHus X1, TO WH(OpMaIus B TAKOi BEIOOpKe
Ouple /o)
00

HasbpIBaeTca mHdpopmaimeii mo Puinepy o mapamerpe
0 B HAOJIOOEHUN T1.

i(0) = M(
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§ 4. Nudopmanus B Habmogernn u BeiOopke. HepaseHncTso
Pao-Kpamepa

[Ipeamosioxxum, uro 3akoHHO audpepeHIupoBaHue o
napaverpy 6 mox saakom maTerpana [ p(x/60)dz, rak aro
R

/3p(x/9)d ) c'?ép(:r/@)dx o .

00 “"T T a0 00
R
Tax kak cayvaifHblie BeJIUYIUHBI X1,T2,... ,Ln B aDCTPAKT-
HOII BBEIOOPKE OJUHAKOBO PACIPEIENEHLI, TO HH(POPMAIMHA B
HAOIOEHUSAX T'1, L2, ... , Ly OAuHAKOBBI 1 paBHbl i(6). TTo-
TOMY

Ol [p(x1/0)p(x2/9) ... p(2,/0)] ‘2

I(H)ZM‘ a0

[ B - SR

=1 =

- - Olnp(x;/0) Olnp(x;/6 "
3 S Pt Duales )] 5

i=1 j=1, j#i i=1

+Z Z //8lnp x;/0) Glnpa(x]/ﬁ) (2:/0)p(z;/6):

i=1j=1, j#i 3

-dridxj = ni(0)+

+>3 / ‘/9 Z/ap(gé/e)dxj:m(e).

i=1j=1,jAip R

Tor dakt, aro wabOpMAIMT B HAOTIOMAEHUSIX CIOKWUINCH,
00yCJIOBJIEH HE3aBUCUMOCTBIO 3TuX Habonennii. Mrak,

1(0) = ni(9).
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

Teopema 4.2. IIycmo

1) obaacmov snavenudi, ede L(xy,za,... ,x,/0) = 0, He
sagucum om napamempa 0;

2) donycmumo duppepenyuposarue nod 3HaKOM CACOY-
VWULT 08YT UHMELPAA08 NO napamempy 0:

/---/5(3:1,3:2,... ) L(x1,29,. .. 2, /0)dx1ds . . . dT),
Rn

u /---/L(xl,xg,... X /0)dxrdas . . . dy,
Rn

20e 0, = A(xl, Xy ey Tp) — HEKOMOPAA OUEHKA NAPAMEMPA
0;
3) 1(0) #0.
Tozda swnoanaemcs aepaseuctso Pao-Kpawmepa:
~ 1+ V()
M (0, — 0)% > 1+ ¥(O)F

1(6)

20e b(0) = M0, — 0 — cmewenue oyenxu b,

JokasaTeJubCTB O NPOBEIEM JJisl CIydasi, KO-
raa L(xy,xo,... ,2,/0) > 0, OCKONTBbKY BO BCEX majee pac-
CMaTPHBAaEMbIX IPUMEPaX 3TO BHINOIHACTCA. Momudukanms
JOKA3ATETbCTBA, Ha CIydail yCIoBHs 1) TeOpeMbl He MPeICTa-
Brsier Gosbioit cioxuocTu. [lo yeiosuo TeopemMbl

M6, =0+ b(0) =

~

—/---/H(xl,xg,... s ) L(z1, 29, ... ,2n/0)dz1d2y .. . dEy,.
]Rn

36
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Ilo croiicTBY TIOTHOCTH pacupeleseHns BepOITHOCTENR CITy-
YaHOr0 BEKTOPA

1—/---/L(:L'1,$2,... T /0)dx1dzs . . . dTy,.
]Rn

Huddepennupyst mocyieHme A8a PABEHCTBA 1O 0 U UCTIOTH-
3y yCIOBHE 2), TOJYIUM

Vet (0) = [ [Barm ) P 0]0),
Rn

-dridxs . .. dxy,, (4.1)

L a0
0_/.../8 (1,22, Tn/ )dxld:rg...dxn. (4.2)
Rn

00

Beruuras u3 (4.1) pasencrso (4.2), ymHOXKeHHOe Ha 6, 1 BO3-
BO/ist 00€ JacTH TIOIY<IEeHHOTO PABEHCTBA B KBAJIPAT, IIPUXO-
JIM K COOTHOLIIEHUIO

1+ 5(0)2 = (/..-/(é(xl,@,... 2n) — 0)-
.

'8L($1,(E2,... , T /0)

dridxs ... dz,

00
T L = 1% K
AK KaK 35 = 96> TO IpHMEHAd HEPaBCHCTBO Komiu-

Bynakosckoro-IlIpapia, moxyanm

1+ B(0)]2 = (/---/(5(951,@,... ) — 0)-
-

_ 0L(x1, a9, ... ,x,/0)

-\/L(l’l,xQ,--- 7xn/0) o0
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2
'\/L($1,$2,... X /0)dzrdzsy . dry,| <

< /.../(67(951,@,... xn) — 0)2L(xy, zo, . .. , Ty /0)dz-
Rn

2
'de"-dxn'/"'/‘ag(ml’xzéé" ,xn/ﬂ)‘ '
R

L(x1,29,... ,2,/0)dx1d2o ... dT) =

~ 2 ~
:M(en_H)Q'M‘aﬁ(xl,xg,... ,xn/ﬂ)‘ _

50 M(0,—60)%-1(6).

W3 mocremmero HepaBeHCTBa CcjedyeT HepaBeHCTBO Pao-
Kpawmepa. O
B wactHOCTH, ecom OIeHKA HECMEIEHHAA, TO CMEIEHNe
b(h) = M6, —0 =0u M(HAn —0)? = Dé,. Tlosromy ms
HECMEIIEHHBIX OIeHOK HepaBeHcTBO Pao-Kpamepa npurmma-
€T CJIeAYIONINIA BUI:
1 1

D 2 70) ~ mi0)

Orcrona BUIHO, YTO €CJM JUCIIEPCUsi OIEHKU MaJieHbKast
(onenka wmH(pOpMaTuBHaA), TO WHMPOPMAIMS B BLIOOPKE O
mapaMerpe OOIbINasg, U HA0OOPOT, ecyin HH(MOPMAIHS O IIa-
paMeTpe MaJIeHbKas, TO JUCIEPCUs OMEHKH DOJIBINasg. JTOT
daKkT 00DLICHSIET eCTECTBEHHOCTh HA3BaHUs 'uHMOpMamsa"
st 1(6).

ECJ'[I/I JJIA OIIEHKW BBITTIOJIHAIOTCA YC/JIOBUA TEOPEMBbI 1,
pU KOTOPBIX CIipaBeinBo HepaseHcTBO Pao-Kpamepa, To
TaKas OIEHKA HA3BIBAETCS PEryJIAPHOLL.
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Pao-Kpamepa

Ipumep 1. Ilyct x1, 2, ... , T, — BHIOOPKA U3 HOPMAJIb-
HOTO pacrpesenenns ¢ mapamerpamu (a,o?). HemssecTHbIM
mapaMeTpoMm bygeMm cunuTarh a. Tak Kak

1 _@-o? )2
p(x/a/) = —F—€ 202 s h’lp(x/a) =—1In \/27T0-_u

2ro 202

Olnp(x/a) _r—a

Oa o2’

TO WHQMOPMAIAS O TTapaMeTpe a B HADJIIOIEHUN

ita) = [ LD |0 Ly gt =

= %le = %02 = %
o o o
B kauecTBe OIEHKM TeopeTHYecKO#l cpemHell a, Kak W pa-
Hee, PACCMOTPUM BBIOOPOUHYIO CPEIHION, KOTOPAS AB/ISIETCS
HECMEIIEHHON 1 cocTodTe bHOoi onenkoil a. Haiinem ee nuc-
nepcuro. Tak Kak cryvaiiubie BeIUIUHBL X1, L2, . .. , Ly HE3A-

BUCHMBI, TO IO CBOHCTBaM JUCIIEPCUU

1 — o2
pE=—S "Dz, =L,
v nQ; i n

B cuny mepasencrsa Pao-Kpamepa mra mr000it HecMerenHoit
peryJIspHOii OICHKHU @, TapaMerpa a
1 1 o?

Da, > — = = — = Dx.
tn = I(a) mni(a) n v

Wtak, cpean BCcex HECMEIEHHBIX PETYJIAPHBIX OIEHOK Mapa-
MeTpa a OIeHKa T MMeeT HaWMEHDLIIYIO Juciepcuio. Takmm
obpazom, oua 3 deKTUBHA B KJIACCEe HECMEIEHHBIX PEryJIap-
HEIX OIIEHOK.
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Hpumep 2. llycts 21, T2, . . . , T, — BBIDOPKA U3 pacmpese-
snenng [lyaccona c mapamerpom A. [Iaa Teopermueckoit ciy-
JalHOU BEJIUYUHBI

p(z/N) =P{{=x}= %e_’\, xr=0,1,....

ITosromy

Olnp(x/N) _r

| =zlnA—Inzx! —
np(z/A) =zlnA—Inz! — A D\ 3

CaenosarenbHo, HHMOPMALU O IapaMeTpe A B HabJIOgeHII

oy a0 /A) 12 2 1 9
z(/\)—M‘ = ‘ _M‘)\ 1( = Mz =N =
1 1 1

Tak kak ME = A, TO B Ka4yecTBe OIEHKH A CHOBa BO3bMEM
BBEIOOPOUHYIO cpenHIolo T. e mucnepcust

I A

Ecin A\, — mrobas necmerennast pery/aspHas OIEHKa A, TO
B cuty HepasencrsBa Pao-Kpawmepa

[losToMy T — 3cbdeKkTrBHAS OIEHKA ITapaMeTpa A B KJaacce
HECMEHICHHBIX DPETY/JIdPHBIX OIECHOK.

Sameuarue 1. Teopema 4.2 cchopMmyaupoBana u J0KA3AHA
1711 abCOIIOTHO HEIPEPLIBHOIO CAyYas, a B IpPUMepe 2 MbI
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§ 4. Nudopmanus B Habmogernn u BeiOopke. HepaseHncTso
Pao-Kpamepa

pUMEHUJIN ee K JUCKpPeTHOMY ciaydar. Ha camom jeste
OPUMEHEH CAeAYIONNN aHAJIOr DTOW TEOPEMBbI i BBIDOPOK
U3 IUCKPETHOI'O pacIpeleeHusd.

Teopema 4.3. Ilycmo

1) obaacmov snavenudi, ede L(xy,xa,... ,x,/0) = 0, He
sasucum om napamempa 0;

2) donycmumo dudpepenyuposarue nod 3HaKOM CALIY-
0wWuUT 0eYT cymm no napamempy 6:

ZZ...Z@(‘Tl,ZEQ,... ) L(z1, 29, .. ,20/0) u
xr1 X2 Tn

ZZ...ZL(&:l,xQ,... X /0),
r1 T2 Tn

20e HAn = 5(951, Xy ..., Tp) — HEKOMOPAA OUEHKA NAPAMEMPA
0;
3) I(0) #0.
Tozda swnoansemca HepaBeactso Pao-Kpamepa:
~ 1+V(0))?
M0, —6)* > |7
=072 )

20e b(0) = M0, — 0 — cmewenue oyenxu O,

s BeIOOPOK M3 AUCKPETHOIO pacIpe/iesieHus OlEHKH,
YJIOBJIETBOPSIOIIIE YCIOBUSIM 9TON TEOPEMBI, TAK2KE HA3bIBaA~
0TCa peryagpHbiMu. J{okazareabcrBo Teopembl 4.3 modrTu
JIOCTIOBHO TIOBTOPSET JIOKA3aTETLCTBO TeopeMbl 4.2, TOIBKO
BMecTo mepasercTBa Komu-Bynrakosckoro-lllsapia  mis
HWHTErpaJjioB HAJI0 TMPUMEHSITh OJHOMMEHHOE HEPABEHCTBO
JIJIS CYMM.
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3adava 1. Jokaxkure Teopemy 4.3.

Ipumep 3. llycts 1,22, ... ,2y — BBHIOOPKA U3 pacipe-
nenerns Beprymm ¢ napamerpom p (T.e. & — 9UCIO yCHEXOB
B OTJIEJIbHOM UCITBITAHUU B CXEME 7l HE3aBUCUMBIX MCITBITAHUIT
Beprynm ¢ BepogaraocThio ycnexa p). Panee Gbura maiinena
JiorapudmMudeckass QYHKINS TPaBI0Ioa00msT

L(p) = plnp+ (n—p)In(1-p).

[Tosromy undopmanus no Puitepy B BEIOOPKE O MapaMerpe
P paBHa

o125 -t =t -

1 n
——  Dpu=——.
p*(1 —p)? p(1—p)
B kauecTBe oneHKYM BEPOATHOCTH YCIIEXa P KaK U PAHEE BO3b-

MeM OTHOCHUTEJIbHYIO YaCTOTY % Panee ycranosmeno, €To
OHA HECMEIIeHHAd W COCTOoATenbHasd. Ke mucmepcus

= 5 — M —np)® =

1
DH =—Duy=—, tme q—1—p.

n o n n
Ecmm p — mobas mecmemennas peryaspHas ONEHKa P, TO B
city HepaBeHcTBa Pao-Kpamepa

1 rq I
Dp> —=—=D-.
b= I(p) n n
Takum obpasom, & — sddexTuBHas orenka p B KIacce

HECMEHICHHBIX PEery/JIdpHBIX OICHOK.
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§ 5. MuOrOMepHOe HOpMaIbHOE pactpeneneHue. Jlemma
QDurmrepa

§ 5. MHOromepHoe HOpMaJbHOE paCIpeesieHueE.
JIlemma @Pumiepa

B sTom pazgene Gymem MCIOMB30BATH MATPUUHBIE 0DO3HA-
YeHns, B 9acTHOCTH, OykBa 1 Oymer 0003HAYATEH OMEPAIIIO
TPAHCIIOHUPOBAHUS MATPHUIIBI, BEKTOpa OYIyT paccMarpu-
BaThCA KaK MaTpumbl. Tax, ecmm X = (21,2,... ,T,)], TO
X — BekTop-cronben, a X! = (x1,Z9,...,T,) — BEKTOp-
crpoka. Ecin A = (a;;) — KBagparHas MaTpHUIA DOPSIKA
n, TO

n
T
x'Ax = g ;5T
ij=1
KBaJpaTndHasi (popMa, MaTpUIa KOTopoii ecTs A.

Oycrs &€ = (€1, &,... ,&,)T — cayuaiinbiii BekTop; TOrIA,
BekTOp a¢ = ME¢ = (M&,M&, ..., M¢E,)T naswibaerca
MaTeMaTUYEeCKUM OXKUJAHUEM BeKTopa &, a MaTpuia
Ce = (cov(&,&5)) — xoBapuanuonnoii marpuneii uam
marpuneii kopapuanuii Bekropa {. Ouesugno, C; —
CUMMETPpUYCCKad MaTPHUILA.

Jdemma 5.1. Ecau x = (21, 9,... ,%,)] — necayuadi-
nouti sexmop, a & = (€1,&2,... ,&)T — cayuatinoi sexmop,
mo

D(x"¢) = xTCex.

Hdoxaszarenasbcrtso. CoracHo CBOMCTBAM JUCIIEPCUHI

D(xT¢) = D(ingi) = Z zizjcov(&;, &) = XTC@(.
i=1

ij=1

O
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Tak xak x'Cex = D(xT¢) > 0 ara J06bIx
T1,%2, ..., Ty, TO U3 JeMmel 5.1 caenyer, uro C¢ — HEOTpH-
naTeabHO olpeeseHHas MaTpuia. VTak, KopapualnuoHHas
MaTPUIE JIO00TO CAyYaifHOr0 BEKTOPA CHMMETPUYECKas u
HEOTPHUIIATETLHO ONpeeleHHAs.

Omnpenenenne 5.2. Tosopar, 9To pacripeaeeHme
CJIy9aliHOro BEeKTOpPa £ COCPea0TOYUEHO HA IIOBEPXHO-
ctu S, ecin

P{{e S}t =1

Jlemma 5.3. Jlas mozo, wmobw pacnpedesenue caywaii-
Ho20 sexmopa & Ovao cocpedomoueno 6 nexomopot esunep-
NAOCKOCMU, HEOOTOOUMO U JOCMaAmMOuHo, 4Mmobul €20 KO6a-
puayuonnas mampuua Cg bviaa 6viposicoena.

Jlokas3aTesabcTBo. Jli0bas rumepriocKOCTbL UMEeT
BUT

L={x: alx=gq},
rIe a — HeHyJIeBOH BEKTOD, OPTOrOHAJLHBIN L.

Heobzodumocmo. Ilycts pactipenesenue £ cocpenorode-
no B L. Torma P{a’¢ = q} = 1, re. ¢ BeposTHOCTBIO 1 CITy-
JaiiHas BeJIMINHA an noctosinna. [lo cBolicTBaM mucmepcun
n gevme 5.1 D(aT¢) = al Cea = 0. Tax kak Cg¢ cnvverpird-
HA U HEOTPUIATEJIFHO OIpeJiesieHa, TO B HEKOTOpOM Dasuce
OHa TIPUBOAUTCA K AJUAT'OHAJBHOMY BHUAY, IIPpUYEM Ha JUa-
rOHAMN CTOAT ducaa A1 > 0, A > 0,..., A, > 0. B srom
bazuce kBagparuunag (opma aTcga MPUBOAUTCA K BUIY
)\1a’12 + )\ga’Qz +...+ )\na;lz = 0. CiregoBaTesbHO, CyIIeCTBY-
er A; = 0 (B mpoTHBHOM Ciiy9ae, B CHjIy TOro, uro a # 0,
66110 661 A1ah® + Agah? + ...+ Apal,? > 0). Buaaur |Ce| = 0
u C¢ BRIpOXKIEHA.
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Locmamounocmsy.  Ilyecrs  Cg  BeIpoxkzeHa; — Torza
B HEKOTOpOM 0a3uce OHa /JMArOHaJIbHA C JJIEMEHTa-
Ma A > 0,h > 0,...,\, > 0, ompudueMm x0T ObI
ogno A; = 0. Bribupag B KadecTsBe a eJIUHUYHbIHN
BEKTOp, j- KOOPJWHATA KOTOPOTO PaBHa 1, mToaydmm
al'Cea = M\a? + Xodd + ... + M\a?2 = 0. Io semme 5.1

D(aT¢) = 0, re. cymecTByer mOCTOSHHAS ¢ TaKas, 9TO
P{a’¢ = ¢} = 1. Bnauur pacupenenente & cOCpesOTOUEHO
B rumepriockocrn L = {x: al¢ = q}. O

Jlemma 5.4. Ilyemv n = A€ + a, 2de A — necayuadi-
HaA mampuya, & — cayuatinwd sexmop, a — Hecaywatinoi
sexmop. Toezda

T
C,=ACA".

HdoxkazaTenascTtTso. Bcury nemmnr 5.1

x7'C,x = D(x'n) = D(x” (A€ + a)) = D(xT A¢) =
= D((ATx)7¢) = (ATx)TCeATx = xT(ACA)x,

T.e. JIBe KBaJpaTu4Hble ((HOPMBI COBIAJAIOT TMPU JIHO-

OBbIX BHAYEHUAX X1,X2,... ,Ln. LlOITOMY pABHBI MEX-
ay  coboit  MaTpHUIBI  9THX  KBaJPaTUIHBIX  (HOpM:
C, = ACAT. O

Onpenenenune 5.5. CTaHAAPTHBIM HOPMAaJIbHBIM
pacnpenenenueM B R™ mazbiBaerca pacmpeieseHue Ciy-
qajtroro BekTopa £ = (£1,&2, ... ,&)T, KOOPAMHATEI KOTOPO-
'O — HE€3aBUCUMBIC CﬂyqaﬁHbIe BeJIMYUHBI, UMCIOIIINEe CTaH-
JapTHOE HOpMaJIhbHOE Paclpeie/ieHue.

OueBuiHO, 9TO
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2XX

—e
(vV2m)"

Tak Kak [JIsd  CTAHJAPTHOIO HOPMAJBLHOTO — pac-
npegenenus ME = 0, cov(&,&) = 0 mpm i #
Jj o un o cov(&, &) =D =110 =M{=0, Cc=FE —

eIMHUYHASd MaTPUILA.

Omnpenenenne 5.6. HopMaabHBIM pacnpeaejieHueM
B R" ma3nIiBaeTcs pacupeeseHne CIyIaifHoro BeKToOpa

n= A +a,
rme A — HechaydaiiHas HeHyJeBass MaTpPHUI@A, a — HECTy-
qaifiHbiil  BeKTOp, & — CAyYafHbIl BEKTOP, WMEIOIni

CTAHIAPTHOE HOpMaJbHOe pacupenenenne B R™.

Ouesugno, a, = Mn = A-M{+a = A-a+a =
a, C,= ACgAT = AAT. CumBonmyecku TOT haKT, 4TO
CJIy4alHbIll BEKTOD 1) UMeeT 71-MEePHOe HOPMAaJIbHOE pacIIpe-
JeIeHne ¢ MAaTeMaTHIeCKIM OJKHJaHIeM a, I KOBapHAINOH-
woit Marpureii C,), 6ygem obosnadars Kak 17 ~ Ny(a,, C,).
B wactHocTH, ecm € uMeeT cTaHZAPTHOE HOPMAILHOE pac-
npenenenre B R™, To 3Ta hpasza MOKeT OBITH 3aMMCaAHa, KaK
§~N n(Oa E )

Tax kak |C,| = |A|?, To marpunpt C, u A BHIPOXKIEHBI
MW HEBBIPOKIEHBI OJHOBpeMeHHO. Ecmn Marpuiia A BBIpO-
JKJIeHa, TO TO JieMMe 5.3 paclpejiesienne BEKTOPA 1) COCpe-
JIOTOYEHO B HEKOTOPOI TUIIEPIIOCKOCTH W, CJIETOBATEBHO,
CITyYIafiHbIll BEKTOp 7) HE WMEET TJIOTHOCTH BEPOSITHOCTH B
R™.

Ecm xe A HepppoxkeHa, To C,, HEBBIDOXKICHA U HMeEeT
MeCTO
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Teopema 5.7. Ecau mampuya A neswpoocdera, mo pac-
npedeaenue cayuatinozo eexmopa n = A& + a, 2de £ ~
N,(0, E), abcomromno nenpepueno, a coOmeemcmeyouas
NAOMHOCTIL pacnpedesenus sepoamuocmeti aadaemces pop-
MYA0T

L beeaTo a5

) = iG]

JlokasarTeasbcTso. CooTBercTBYIOIEe peobpa-
30BaHNIO 1] = A + a cayJafiHBIX BEKTOPOB MpeobpasoBaHue
[EePEMEHHBIX ¥ = AX + a aBigercd riajkuM ¢ OTJAUYHBIM OT
Hysst sskobuanom |A|. IIpu sTom obparHoe mpeobpasoBaHue
mveer Bug X = A71(y —a). Tlo Teopeme 1.13.1 (dpopmya
(1.13.1)) ciydvaiinblit BeKTOp 1) abCONOTHO HEMPEPHIBEH, a
IJIOTHOCTE €r0 PACIIPE/IEIeHNs BEPOATHOCTEH paBHA

pn(y) =pe(A7 (y —a)) - ﬁ —

_ 1 lyaT@an) iy
(vam)"| Al
_ b ly-aTC, ya) 0

(V2m)"/]Cy]

PaccvoTpum gacTHBI ciiyvail ABYMEPHOIO CiIy4aifHOro
BexTopa 1 = (n1,m2)7. ObosHaumm wepes o2 = D¢y, 03 =
D&y, r= % — K03 PUIUEHT KOPPEJIAIUN MEXKIY 1)1
u 1. Jlerko Bugers, uro |C,| = (1 — r?)oio3,

1 =~
-1 __ Uf 0102
Cop =72\ 1 |
0102 o2
(o1, 22) :
pm,ng T1,T2) = :
20109V 1 — 12

IIosTomy
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2 2
1 (@1-a1)® , (z1-a1)(zg—ag) , (zg—ap)
2(1—r2) o3 0102 2

o,

2
e . (5.2)
B npocrpancrse Ox1xoz 9Ta II0THOCTL uMeeT BUJ, "'xoama'
ag, ———)
2 2ro109V1—r27?
BhbIIIe ILIOCKOCTH OX1To W ACHUMITOTHYIECKH CIIYCKAETCI K
HEll Tpum ] — 00, X1 — 00. B cedenun rpadumka miaoT-

HOCTH TLJIOCKOCTSIMU, TapaJuiebHbiMu ocu Oz, MOIYyYarTCs
KPUBBIE, MOIOOHBIE OTHOMEPHBIM ILJIOTHOCTAM HOPMAJIBHOTO

¢ BepimHoi B ToUKe (aq, KOTODBIN JIEZKUT

pacrpeneneHnd, & B CE9eHNN TIOCKOCTSIMU, MMEPIEeHANKYIIp-
ueIME ocu Oz, nosydarorcs smuicel (cm. Puc.6)
(z1 — a1)? (z1 —a)(z2 —az) | (22 —az)’
5 —2r- + =C

2
09 0109 05

(mockonbKy KBagpaTHuHag GopMa, CTOAMAS B JIEBOH 9acTn
MOCTIETHErO PABEHCTBA, MOJOKUTEIBHO ONPEIesIeHA).

z

Puc.6
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Cuaencrsue 5.8. Ecau cayuatinod eexmop n = (n1,72)7
UMEETN, HOPMANLHOE PACTPEOCACHUE U €20 KOOPOUHAMbL 1)1 U
Ny — HEKOPPEAUPOSUGHHBIE CAYUATHBIE BEAUMUHDL, TO 11 U N2
HE3ABUCUMDL U KAAHCOAA U3 HUT UMEEM HOPMAALHOE PACTIPE-
denerue.

HdoxaszaTenasbcTBo. Ecm n n 12 — Hekoppe-
JIUPOBAHHBIE CIy9aiiHble BEIWYUHBI, TO KO3(MMUINEHT KO-

pensiiiun Mexkay wumu ¢ = 0. 13 (5.2) ciaenyer, aro

1 _(z1-a1)? 1 _ (zg—ag)?

2 2
e 2(;1 e 202

T1,T2) = —F—— Y
p7717772( 1 2) \/%0_1 \/%0_2

B cuny caencrus 1.12.4 510 o3HagaeT, ITO 1) U 1)y HE3aBU-
2 2
cumbl u 1y ~ N(a1,07), n2 ~ N(az,03). O
3aMernM, UYTO 3TO yTBEpP:K/IEHUE OYEBUIHBIM 00pa30oM
000011IaeTCsH HA N-MEPHBIN CIIy4ail.

Teopema 5.9. Jlas mozo, wmobwe, 1 ~ Ny(a, D), 2de
a=(a,as,...,a,)", D — duazonasvras mampuua c sae-
MeRMamu 02,03, ... 02 na duazonary, neobxodumo u do-
CTMAMOYHO, “MOOBL CAYUATHDE BEAUMUHDL 1)1,T)2, « - . T Obl-
au nesasucumvtmu u 1; ~ N(a;, o?).
HdoxkaszaTenascTs o. octaTrouHOCTH OYEBHUIHA.
s mokaszaTesbeTBa HeOOXOOUMOCTH 3aMETHM, 9TO ¢ yde-

Tom Buga Marpunpsl D dhopmyaa (5.1) npumer Bus

N (ri—as)2
( ) 1 _% '21 ( Z”'QZ)
p X) = e i= i —
K (V2m)ho10g...op
_ (“71*0'1)2 _ (12*‘12)2 (mn—an)2
— #6 2(;% ]' e 20% 1 e_ 202

V2woq \V2mog o \V2moy,
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JlaJtee ocraeTcsa IPUMEHUTH PACCYKICHUST, UCIOIb30BAHHDIE
MpU JIOKA3aTeIbCTBE CJIEJCTBUS D.8. O

Taxkum o006paszomM, ecanm KOOPIAWMHATHI N-MEPHOTO HOP-
MaJbHOIO BEKTOPa IOMapHO HEKOPPEJIMPOBAHBI, TO OHHU
HEe3aBUCUMbI U KazKJasd W3 HUX UMeeT HOPMaJbHOe pacipe-
JIeJICHHeE.

Teopema 5.10. ITycmo 1n = (N,m2,...,00)7 ~
N,(0, 0%E), C — opmozonasvras mampuya. Tozda ¢ =
Cn ~ N,(0, 0%E), m.e. opmozonaivroe npeobpasosarue
COTPAHACTN, HE3AEUCUMOCTND KOODOUHAT, HOPMAADHOZO CAY-
waino20 8eKMOPA.

JJokaszatenbcTs o CoorBercTByIOmee mpeob-
pazoBanuio ( = (Cn ciydyailHBIX BEKTOPOB MpeobpazoBaHue
IIEePpEeMEHHBIX Yy = CX — INIaAKOE€ C OTJIMYHBIM OT HYJIAd AKO-
6uanoM. Ob6paTHOE Ipeobpazosanne ectb X = C~ly = CTy,
mpuaem |CT| = |C| = 1. Tlo Teopeme 1.13.1 (dpopmyra
(1.13.1)) cayuaitabiii BekTop ( abCONIOTHO HENPEPHIBEH, a
JIOTHOCTH €70 PACTIpeleSeHnsT BEPOATHOCTEH paBHAa

1 _ 1 (0T NT T
pe(y) = py(CTy) 1= ——— ¢ 22 (@Y

(Var)ro"

1 1T
= —€ 202

(\/%)no-n
O
Hamomumm, 9ro  ciydafimag — BeImdmHEA X2 =
€2 + €2 + ... + & waswBaeTca CIyHalHON BeJTMIHHOL
XU-KBaJAPAT C N CTEMEeHAMU CBOOOIbI, eCIM CIydaiiHbIe
BesinauHbl &1, &9, ... ,&, HE3ABUCHUMBI, a KaxKjas U3 HUX
UMeeT CTAHIAPTHOEe HOPMATBLHOE PACIpeIeTeH e.
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§ 5. MuOrOMepHOe HOpMaIbHOE pactpeneneHue. Jlemma
QDurmrepa

Jlemma @uniepa. [lycmos cayvatinve 6eauduHbl
1,8, ... ,& He3asuCuMbBL, KaHCOGA U3 HUT  uMeem
nopmaavhoe pacnpedesenue ¢ napamempamu (0,02) u
ora p < N cayuatinvie GeAUNMUNDL 11,12, ... ,1p AGAA-
omes  Aunelinvmu  kKombunayuamy om  E1,&a, ... &, ¢
mampuuetd  KoapPuyuenmos, cmpoxu Komopol  opmo-
HOPMUPOBAHDL  (T.e.  OPMOZOHAALHYL U  OAUHG  KadHcOoT
sexmop-cmporu  pasna 1). Toeda xeadpamuunas gdopma

n

Q(&1,82, -+ ,6n) = kz & —ni—m — ... —n2 ne sasucum
=1

om mn,mn2, ... 777p U % :ngfp'

HoxazaTeabcTso. Ilycts
m = cué1 + 1282 + ... + cinén,

N2 = c21&1 + 2282 + ... + 2,6,

Np = Cplfl + Cp2§2 +...+ Cpnfn

— BaJIAHHBIE B YCIOBUU JIEMMbI TUHEHHBIE KOMOUHAINN, TPU-
9EM C;jj YAOBJIETBOPAIOT YCIOBUIO OPTOHOPMHUPOBAHHOCTH

n

Zc’ijck‘j = Oik, /L7k = 17p
Jj=1

HomojiauM MaTpuity kKo3hdUIMEHTOB 1 — p CTPOKAMHU TaK,
aT06bl oy4YenHas marpuna C Oblta OPTOrOHAMBHOM (JTH0-
Oy10 cucTeMy OPTOHOPMUPOBAHHBIX BEKTOPOB MOXKHO OO~
HUTH JI0 OPTOHOPMHUPOBAHHOTO (a3uca B N-MEPHOM JIUHEH-
HOM IPOCTPAHCTBE), U BBEJEM CIIy9aiiHbIE BETMINHBI

Np+1 = Cp+1,161 + pr1,262 + - - + Cpr1.0ns
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

Npt2 = Cp12,181 + Cpr2,2§2 + ... + Cpr2.nns

Tlp = cn1é1 + 2o + ..o+ cundn.

Torma ciayuaiiabie BekTOpa 1 = (N1,72,... ;7)) u & =
(€1,&9,... ,&,)T cBA3AHBI OPTOTOHAIBHBEIM MpeoGpa3OBaHN-
em n = C¢& Tlo teopeme 5.10 cayuaiifble BeJIWIWHBI
M,7M2, ... ,7y HE3aBUCHMBI, a KarxKJas M3 HUX MMEET HOp-

MasbHOE pactpesenerne ¢ mapaverpavu (0, 02). Oderusro,
¢ = C~ = CTn. Hosromy

Qé1,&,... &) =E¢6—ni—m3—...—m=(CTn)"CTy—

i —m = —me=nT =N = — . = =

2 2 2
:np+1+np+2+"'+nn:

2 2 2
= 02[(—%*1) + (_np+2> oo+ (77—") ] = 0 Xn—p-
o o o

Tak kak Q(&1,82, ... ,&n) = 772+1+77§+2+. ..+n? — 6opees-
cKasg DYHKIHA OT 1pt1,7p42;- - - »7n, KOTOPbIE HE 3aBUCAT
OT 11,72, - -+ ,1p, TO U () HE 3aBUCHUT OT HUX. O

Cnencraue n3  JIeMMbI ®umepa. Ilycmo
T1,L9,...,Tn — 6bOOPKG U3 HOPMAABHO20 PACNPEICAE-
nus ¢ napamempamu (a,c0?). Toeda cayuatinve sesuruns, T
u S? nesasucumvL U

nS2 n—1)5?
b) :( 2) :X721—1'

g g

JJokazaTeunsbcTso. He orpanmuuBasa obiHoCTH,
MOXKHO cuuTarh a = 0 (MHaYe HAJTO MEepedTH K CIydIaiiHbIM
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§ 6. NMuTepBaibHbIe OIEHKN HEW3BECTHBIX MAPAMETPOB

BEJIMUUHAM T — G, %2 — @, ... , Ty — G, KOTOPbIE 00Pa3yIoT
Bri6opky m3 N (0,02) ¢ Temm e S2 u S?). Torma

Q(z1,29,... ,2,) =nS2 = (n—1)5% =
n n
=> af-nz =) i -,
i=1 i=1
rae 7 = \/nT = ﬁxl + ﬁ(l’g + .+ ﬁxn = c11x1 +
c19%2 ++ ...+ cipln 1 Zn: C%i = 1. Tlo memme @urmepa n:S'V2
i=1

HE 3aBHCUT OT 77% =nT’ u

ns?
oz Xn-le O

§ 6. InTepBajbHbIE OIEHKN HEM3BECTHBIX
napamMeTpoB

B cxeme Depryyum, Kak MBI TOMHAM, HECMEIIIEHHON, COCTOSI-
TenbHON u 9P GEKTUBHON B KJIACCE HECMEIEHHBIX PEeryJiap-
HBIX OIIEHOK OIIEHKOU BEPOSITHOCTHU YCIIEXa P SABJISETCS OTHO-
CHTE/IbHAS YaCTOTa ) = L. BhISCHNM, HACKOIBLKO OHA 6/IM3Ka
K OlleHmBaeMoMy mapamerpy p. [lo ciaeacTBuio u3 marerpasib-
HOIT Teopembl Myagpa-Jlamiinca npu 6obIuX n

P{|p—p| < e} :P{‘% —p‘ <z~:} %2@(5&).

O6oznauas € = t4/ 21, momyamm
P{\ﬁ—p\ <t %} ~ 20(1).
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

HepaBencTBo, cTosImee o 3HAKOM BEPOATHOCTHU, SKBUBA-
JIEHTHO HEPABEHCTBY

t2 2 N t2 ~2
(1+—)p-¢4p+—)p+p <0,
n n

pelenre KOTOPOro MMeeT BUJ

P 2 P
N 2 1— N 2 1—
p+L—t p(1=p) <2tn> P+ Lt p(1=p) (21‘%1

n

(6.1)
Bagaum HAEXKHOCTh (JOBEPUTEJIbHYIO BEPOATHOCTD,
k03(ddumuent nosepusi) P, rue 0.5 < P < 1. Hame sce-
ro bepyr P = 0.95 uwnun P = 0.99. Haxonsi ¢ mo tabauram
dyrkumu Jlannaca n3 ypasuenus 24(t) = P, nomyuaem 10-
BEPUTEJIbHBIN WHTEPBaJ (OTPE30K) JJisi HEM3BECTHOTO Mapa-
merpa p, a umenno (6.1). Cunraem, 9To p BCEra HAXOMUTCS
B HEM, TIPU 3TOM B CpejHeM oimubaeMcs TpUOIN3UTEIBHO B
100 - (1 — P) caywasx u3 100. Ecmn P = 0.99, o ommbka
MPOUCKXONUT B cpenneM npubimsurebho B 1 caygae w3 100.
Yucno o = 1 — P HazwiBaercsd YPOBHEM 3HAYNMOCTU.
OrmeTuM, 9TO CAyYallHBIMU SBJISIOTCS KOHIIBI OTPE3KA
(uaTEpBANA), & P XOTh U HEM3BECTHO, HO SABJIAETCS TUCIOM, &
He cayuaiinoit Benwunnoii. [losTomy mpaBuibHEe TOBOPUTH,
YTO JOBEPUTEJIBHBIN WHTEPBAJ

n n

L, p(1—p) A p(1—p) )2
(p-l-%—t +<%) p+%+t +(%) )
14+ 2 ’ 1+£2

MOKPBLIBAET € HAJEKHOCTbIO P HeM3BECTHBIN MapaMeTp p, HO
HE YTBEPXKIATH, 9TO C HAMEXKHOCTHIO P mapamerp p momaga-
eT B 3TOT JOBEPUTEJbHbBIII NHTEPBaJI.
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§ 6. NMuTepBaibHbIe OIEHKN HEW3BECTHBIX MAPAMETPOB

Ecmu n Beqmmko, To npenebperas B (6.1) Besnannamu 60-
Jlee BBICOKOTO TOPSANKA, TeM ﬁ, momyanmM Hoee mpocToit
JIOBEPUTEJILHBIN MHTEPBAJT

0= o [0 5)
-ty —L <p<p+ty) —2.
n n
Tax kak p — TOdYeUHAS OIEHKA P, TO JIOBEPUTE/THHBLIN WH-
TEPBAJ B 9TOM CJy4Yae OKA3LIBAETCS CUMMETPUIHBIM OTHO-

CATETBHO 3TOM TodedHo# orenku. [losoBWHA AJAWHBI 3TOTO
p(1—-p)
n

HWHTEPBAJIA, T.€. BEJINUNHA § = 1
Mo abCOMOTHON BEIMYHHE OTKJIOHUTHCS P OT P, HA3BIBAETCS
TOYHOCTBIO OIEHKMN.

[lepeitmeM K cHCTEMaTHYECKOMY W3JIOKEHUIO TaHHOM
rembl. [lycTh x1,%9,... , T, — BHIOOpKa W3 pacupeeTeHus
F(z/0), 3aBucsamero or uewssectroro napamerpa 6. Tlox
CTATUCTHKOH Oy/ieM MOHUMATH JI0O0YI0 O60peseBCKY0 (DyHK-
ouo OT Z1,%2,...,Tp, TAK YTO [OpPHU MOACTAHOBKE B HeEe
CTyYIafiHBIX BEJMUWH — 3IEMEHTOB abCTPaKTHON BBIOOPKH

, Ha KOTOPYIO MOXKeT

— I[OJAy4YaeTcd CoydaliHad BeJU4YuHa.

Onpenenenne 6.1. Crarucruka 0, = 0,(z1,29,... ,Tp)
HA3BIBAETCA OJHOCTOPOHHUM BEPXHUM JOBEPUTEJIb-
HBIM TIPEIEJIOM JIJisi HeM3BECTHOTO MmapamMerpa 6 ¢ Ha-
[EKHOCTHIO (JOBEPUTEJILHON BEPOATHOCTBHIO, KO-
dbunmenrom posepusi) P (0.5<P<1) wm ¢ ypoBHeMm
3HaUYUMoOCTH o = 1 — P, ecyim

P{# < 0,} =P

Crarucruka 0y = 6y(x1,z2,... ,x,) HA3BIBAETCA OJTHO-
CTOPOHHUM HHUKHUM JIOBEPUTEIBHBIM TPEIEJI0OM JIJIs
HEM3BECTHOro mapamMerpa ¢ HaJeXKHOCThIO (JIoBEepuU-
TEJIbHOII BEPOSITHOCTHIO, KOI(PD(DUIMEHTOM I0BEpHUsI)
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

P (0.5<P<1) umu ¢ ypoBHem 3uHaummocTu o = 1 — P,
ecnm

P{0 > 04} =P

[Ipu sTom mrTepBasbl (—00,0;) U (O, +00) Ha3BIBAIOTCS
COOTBETCTBEHHO BEPXHUM M HUXKHUM OJHOCTOPOHHUMU
(JIEBOCTOPOHHUM W HPABOCTOPOHHUM) JIOBEPUTEIb-
HbIMM HMHTEpBajlaMu /JIJIsi HEU3BECTHOrO IapaMerpa
6 ¢ HameKHOCTHIO (JTOBEPUTESBHONW BEPOSATHOCTHIO,
Ko3(ddbunuenrom nosepusi) P uin ¢ ypoBHEM 3HAYU-
Moctu o = 1 — P.

Onpenenenne 6.2. Crarucruxu 0y = Oy (z1,22,... ,Tp)
u 0y = 05(x1, 29, ... ,T,) HASBIBAIOTCS COOTBETCTBEHHO JABY-
CTOPOHHUMU HUXXHUM W BEPXHUM JIOBEPUTEIbHBIMU
npeaesiaMu COOTBETCTBEHHO JJid HEW3BECTHOTO mapa-
MeTpa f ¢ Ha/IEXKHOCTHIO (JI0OBEPUTENBHON BEPOATHO-
crbio, Koddduruenrtom nosepusi) P wim ¢ ypoBHEM
3HAUYUMOCTH « = 1 — P, ecim

P{0y <0< 0.} =P

IIpu stom wmaTepBan (fy,0;) Ha3BIBAETCS ABYCTOPOHHUM
JOBEPUTEJBHBIM UWHTEPBAJIOM /JIJIA HEU3BECTHOTO
napamerpa 6 ¢ HageXHOCTHIO (JOBEpPUTEIHLHOI Be-
POATHOCTHIO, KO3DdurmeHTom joBepusi) P umm ¢
YPOBHEM 3HauuMoctTu o = 1 — P.

Samevanue 1. OTMeruMm, 4To B 3TUX olpereseHudax 0
SABISAETCA XOTh M HEM3BECTHBIM, HO YHCJIOM, 4 CIyYaiHLIME

aBigoTcd Oy 1 0y,

Sameuarue 2. Ecmu 0, — Todeunas oreHKa mapamMeTpa
6, a IBYCTOPOHHUI JOBEPUTENLHBIN HHTEPBAJ /sl HEU3BECT-
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§ 6. NMuTepBaibHbIe OIEHKN HEW3BECTHBIX MAPAMETPOB

HOTO TapaMeTpa f CHMMeTpHUYeH OTHOCHUTEJIBHO OIEHKH ,,:
0, —90<0<b,+9,
TO (5 HA3bIBAETCAd TOYHOCTBIO I/IHTepBaJIbHOﬁ OII€HKMU.

Jlemma (0 mocCTpoeHWM JIBYCTOPOHHUX JIOBEPHU-
TEJIbHBIX WHTEPBAJIOB O OLHOCTOPOHHUM). Ecau 0, u
fs — coomsemcmeento HUNCHUT U GepTHUT 00HOCMOPOH-
Hue npedeavt 0AL HeussecmHnozo napamempa 8 ¢ nadescro-
cmowro P (0.5 < P < 1), mo 0, u b4 asamomcs dsycmopon-
HUMU JOBEPUTNEADHVMU TIPEdesamy 0an 0 ¢ HadescHocmbio
v=2P —1.

HJoxasarenscrtso. Ilo yerosuo P{f > O} =
P, P{6 < 6y} = P. Crnenosare/bHo,

P{y <0 <05} =P{0 <0} —P{O<0y}=

—P-(1-P)=2P—1=+.

Cornacao ompezenennio 6.2 9T0 03Ha4YaeT, 9TO Oy n O —
JBYCTOPOHHHE JOBEPUTEIbHBIE MIPeaesbl Iad 6 ¢ HaIe:KHO-
CTBIO 7. O

Jlemma (0 paBHOMepHOM pacupenesenun). Ec-
2 Pynryus pacnpedeaenus F(x) caywatinod seauuunv, &
HenpepusHa, mo cayuatinas seausuna 1 = F(£) pasromep-
1o pacnpedesena na ompeske [0, 1].

HJokaszareabcTBo Takkaxk 0 < F(z) <1 Vaz,
10 0 < F(§) < 1. Hosromy gt & < 0 F(z) = P{F(§) <
z}=0,ammmx>1 Fy(r)=P{F() <z} =1 Ecm xe
0<z<1, 10

Fy(z) = P{F(§) <a} = P{¢ < F'(2)} = F(F'(2)) = z.
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

Uraxk,
0, ecmz <0,
Fyz)=<9z, eem0<xz<1,
1, ecmmx > 1.

DTO 03HAUAET, UTO 1) PABHOMEDPHO PACIIpeesieHa Ha OTpe3Ke

0, 1]. O

OcHOBHasI TeOpeMa MHTEPBAJbHOIO OLCHUBAHUS.
ITyemov x1, 29, ... ,x, — 6vib60pra us pacnpedeaernuan F(x/0),
sasucawe2o om wHeussecmuozo napamempa 0 u ( =
((z1,22,... ,2,/0) — nexomopas Gopeaesckan Pynryus om
T1,T2,... ,X,, makoice 3asucauiaa om 0. Kpome mozo,
nyemo G(x/0) — sasucawas om 0 dynkyus pacnpedeserus
cayuatinot ceaununst (, KOMOPAA HENPEPHIEHA TO T.

1. Ecau G(z/0) npu durcuposarnnom T e eozpacmaem
no 0, mo odnocmoponnue dosepumenvrvie npedeavs dis 0 ¢
nadestcrnocmyvito P nazodamea us ypasnenut

G(/0,) =P, G((/0s)=1—P, 05<P<1, (6.2

a deycmopornue npedeavt ¢ HAEAHCHOCMBIO Y — U3 YPABHE-

G/o) =157 Gl =51 (63)

2. Ecau G(x/0) npu durxcuposanrnom x ne ybwsaem no
0, mo odnocmopornue dosepumenvunie npedeavt oas 0 ¢ na-
desrcnocmuvio P nazodamcea us ypasuenud

G(C/0,) =1—P, G(C/0)=P, 05<P<1, (6.4)

a deycmopornue npedeavt ¢ HAEAHCHOCMBIO Y — U3 YPABHE-

Gfo) =157 Gl =22 (65)
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§ 6. NMuTepBaibHbIe OIEHKN HEW3BECTHBIX MAPAMETPOB

Hoxkaszarenabcrso.l. Ilycrs G(x/0) npu dukcupo-
BaHHOM X He BO3pacTaeT 1o 0, a Oy u f; — KopHU ypaBHeHwMii
(6.2). Tak Kak O JieMMe O PABHOMEDHOM DAaCIIpeIe/IeHUH
n = G(¢/0) pasromepHo pacupenesnena Ha orpeske [0, 1], To

P{0> 0.} = P{G(¢/0) < G((/0x)} = P{G((/0) < P} =

=P{p<P}=P

ITo memMme 0 HAXOKJAEHUH JIBYCTOPOHHUX TPEIETOB IO OTHO-
CcTOPOHHUM Oy 1 03 — ABYCTOPOHHUE NOBEPUTEJIBHBIE MTPEJIE-
JIBL C HAJEeXKHOCThIO v = 2P — 1. BHauut, oHU HaliayTcd u3
Tex ke ypasHenuii (6.2), Koropble npuaAMaioT Gopmy (6.3)
npu 3amene P na VTH

2. Cayuait meyb6wuiBatoweii no 6 dbyuxkuun G(z/0) pac-
CMaTPHUBAETCSA HMOJOOHBIM CIIOCOOOM. O

3adaua 1. JTokaxkuTe MyHKT 2 TEOPEMBI.

[TnorHOCTH pacmpemeneHns: CAYyYaWHON BEJIUYNHBI XU-
KBaJIpaT C N CTENEHSIMH CBODOILI eCTh

8
N
[
N8

~2, ecmm x > 0,

2
0, ecnin x < 0.

CootBercrBytoniyo (YHKIUIO pacrpeenerns 0003Ha-
x

anm Kp(z) = P{x3 < z} = [ ky(t)dt. Ouesumno,
— 0o

Kp(z) = 0 gt 2 < 0 u Kyp(z) = [ky(t)dt mma z > 0.
0
Bamammm wncno « € (0,1).

2 _ 2 .
Yucto x5, , = x°(100a%; n), HaspBaercs KpUTHIe-
CKOUl TOYKOIl pacnpenesieHHWsI XW-KBaJpaT, COOTBET-
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

CTBYIOUIEH YPOBHIO 3HAQUUMOCTU (¥ U YUCJY CTEIEHEH CBO-
6061 n wiu 100a-TipoIteHTHON TOYKOIT pacrpeaeseHus
XU-KBaJPAaT C N CTENEHSIMHU CBOOOIBI, eCn

P{x; > x*(1000%; n)} = / kn(x)dr = a.
x2(100a%; n)
I/IMeIOTCH Ta6ﬂI/IHbI HpO]_[eHTHbIX TOYEK paCHpeﬂeﬂeHHH

XU-KBaJPaT.
Hamomunm, aT0 oTHOIIIEHNE

Y

n

B KOTOPOM YHCJIUTEJb U 3HAMEHATEb — HE3aBUCUMBIE CJIy-
gaitnbie semannbl, ( ~ N(0,1), a x? — cayuaiinag Beamau-
Ha XU-KBaJIPaT C N CTENEeHAMU CBOOOJIbI, HA3LIBAETCS OTHO-
nieaunem CTbIOJeHTA C N CTEHEHAMHN CBOOOIBI, a pac-
npejiesieHre 3TOTo OTHOMEHNs — pacnpejesenneM CTbio-
JeHTa ¢ n creneHsimu ¢Bo6oabl. [LoTHOCTE pacnpemese-
aust CTBIOJIEHTA, UMEET BH/L

nlir) = ——4
ﬁr(g)

O0603HAYNM COOTBETCTBYIOILYI0 (DYHKITHIO Pacrpesese-
x

aust Sp(z) = P{t, < z} = [ sp(t)dt. Tak xax s,(z) —

— 00

n+l n
F(n2 ) (1 +x2>;1.

aerHast GyHKUUS, TO Sy (2)+Sp(—z) = Sp(z)+ [ sn(t)dt =

Il
ER
&
_|_
"U
——
o~
3
V
8
——
Il
=
&
_|_

+oo
Sp(z) + [ sp(t)dt
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§ 6. NMuTepBaibHbIe OIEHKN HEW3BECTHBIX MAPAMETPOB

1 — Sy(x) = 1. Urak, dyHKIUS pacupee/eHns OTHOIICHNsT
CTBIOJIeHTa, YJOBIETBOPSAET CBOMCTBY

S(2) + Sn(—2) = 1.

Kak u gna pacnpenesiennsa Xu-KBaapar, s Pacipese-
sgennst CTLIOAEHTa MMEIOTCA TaOINUIBl MPOIEHTHBIX TOUYEK.
Hucno to,, = t(1000%; n), Ha3bBaeTCs KPUTUYECKOI
TOouKOi pacripeneseHusa CThIOEHTA, COOTBETCTBY OIS
VPOBHIO 3HAYUMOCTH (¢ W YHCIY CTEleHell cBOOOIBI 1 WIN
100a-miporieHTHO# TOYKON pacrnpenenaenns CTbhbiogeH-
Ta C N CTEIEHSIMU CBOOOILI, €C/IH

[e.o]

Pit, 2 t100%: )} = [ su(o)dz=a.
t(100a%; n)

3ajiMeMcsa OIEHKON [MapaMeTpoOB HOPMaJ/IbHOIO pacipe-
nenenws. Ilycts x1,x9,. .. , T, — BLIOOPKa U3 HOPMAJJILHOTO
pacrpenenerust N (a,0?). Tpebyercs TOCTPOUTEL HHTEPBATH-
HbIE ONEHKH [/l TAPAMEeTPOB @ U 2. BO3MOKIBI CHTYAINH,
KOIJa OWH M3 IIAapaMeTPOB TOYHO U3BECTEH W HEOOXOINMO
OTEHUTHL JPYrOil W KOTma Hem3BeCTHbI 00a mapamerpa u
HEeOOXOAMMO OIEHUTh KaxKIALIH m3 HuX. PaccmorpnMm 4

ciaydad.
1. IT 2 6
. Ycmosv 07 U3BECMHA, MPeEoYyemcs OUeHUMD a.
Tak xax x1,x2,...,T, HE3ABUCAMBI W KaXKIas W3 ITUX

CJIydaiiHbIX BEJIMYUH UMeeT HOpMaJIbHOe Paclpejieenne, TO
n
u Y x; WMeeT HOpMaJbHOe pacmpenesnerue. [lo jemme o

i=1
HOPMAJILHOM pAacIIpe/ieJIeHuu BbIOOpOUYHAsT CpEIHSS T =
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n
1
= 21 T; TAKKe UMeeT HOpPMaJibHOoe pacipeesedue. IIocKoIb-
1=
— _ 2 _ 2
Ky MT = a, DT =2, 10T ~ N(a, %-). Ilo memme o Hop-
MasbHOM pactpenesnernn ( = L2 ~ N(0,1). [Togcrasum

n

B ee dyuknuio pacnpeaenenus N (z). [Ipu ysesndennn a Be-
T—a

JITYUHE, yMmenblinaercs. Tak kak N () — Bo3pacrarorast

Vo
dyuKIms, TO mpu 3TOM [N (%) TAKXKE YMEHBITUTCs. TaKuM
v

obpazom, N (x£a> He Bo3pactaer 10 a. [lo ocHoBHOt Teope-
/n
M€ MHTEPBAJTHHOTO ONEHUBAHUS HUKHWI U BEPXHUN JTBYCTO-

POHHME NOBEPUTEJIBHBIC IIPEJENIBl Ay U Ay C HAJEXKHOCTBIO Y
HalayTCcd U3 ypaBHEHUN

N(M\/ﬁ) _ 1+ N(M\/ﬁ) _1-7
o 2 o

O6o3uauny epe3 t = t, xopens ypasrenns $(t) = 3. Ilo-
ckonbky N(z) = 3+ @(2) n &(x) — nevernass yHkuus,
TO

w\/ﬁ:t’ m\/ﬁ: —t,

o o
OTKY/Ia UCKOMBIH JJOBEpUTENbHBI!I NHTEPBAJ UMeeT BU/I

o o,
NG N

e t, — Kopemb ypasuenns $(t,) = 3, KOTOPBI HAXOIUTCS

u3 Tabsun pyukiuu Jlammaca.

T ty <a<T+

2. ycmv 02 neussecmma, mpebyemca oueHums a.

[Tombp30BATHCS MOCTPOEHHBIM BBINIIE WHTEPBAJIOM MBI He
MOXKEM, TaK KaK B ero KOHIIbI BXOJUT HEM3BECTHAA BEININHA,
0. B mpempiaymem nyukre B Kadectse (, purypupyomem B
OCHOBHOII TeOpeMe HHTEPBAJJILHOTO OIEHUBAHNS, MBI Opajn
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§ 6. NMuTepBaibHbIe OIEHKN HEW3BECTHBIX MAPAMETPOB

72, YT00BI MCKTIOUNTH OTCIO/Ia HEM3BECTHYIO 0, BEIOEDEM B

Vn
KadecTBe ( C/Iy4YalHYIO BEJIMYNHY

T —a
C = tnfl = i =
NG
KOTOPasd IpeacTasasger codoil oraomenne CThomenTa, ¢ n— 1
cremenaMu ¢obognl. B camom mese, umcmrens EH2 o~
vn

N(0,1) u 3Hamenaresnb g — HE3aBUCUMBIE CIyJaiHbIE BEJU-

YUHBI KaK OOpeseBcKue (DYHKIUU OT HE3aBUCUMBIX CJIydaii-
HBIX BemumH T n S?, a mo caejctsmuio w3 gemubl Ouirepa
2

(n*l)s2 . 2 S _ Xn—1

25— = Xp_1, OTKyJla 2 = \/ 2.

IMoncraBum ciydaitnyio Besmumny ( B ee ke (QyHK-
o pactpenesiernst S,—1(t) , kKoropas e y6wiBaet. [lpm

a

YBEJIUUEHUU @ apryMeHT T2 yMEeHBINAeTCs, CIe0BATE/Tb-

7
HO, Sp—1 (%) He yBesmunBaercs. lloaromy hyHKIHS
vn
Sn_1 (%) HE BO3PACTAET 110 ¢ U 10 OCHOBHOI TEOpeMe WH-
Vn

TepBaJ/JIbHOIO OICHUBAHUA HUXKXKHUN M BEepXHUHA IBYCTOPOH-
HUe A0BEpUTEe/IbHbIEC IIPeAe/bl C HaAEXKHOCTBIO 7y HalgyTcd
U3 ypaBHEHUN

T — Qg 1+~ T — ag 11—
s = se() =
NG
T—ay

O6oznaunm 2 = . Torga S,—1(t) = HTV B cuy

S

o
ceoficta pynkuuu pacnpegeneaua Crorogenta S, _1(—t) =

1—8,-1(t) = 1— HTV = 1—77’ oTKkyna % = —t. Uraxk,

B

ay =70 — %t, ap =7 + %t. Hamee,

1—7

Pltn1 2t} =1=Spa(t) = ——
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

Takum 06pazoM, UCKOMBIH JTOBEPUTENbHBIN UHTEPBAJ

T 5 t z s t
T NG <a<7T+ NG ,
rae t = t(lOOl_TW%; n—1).

Pasymeerca, 910 9TWM [IOBEPUTEILHBIM HWHTEPBAIOM
MOYKHO TOJIb30BAThCS M B CIydae, KOIJa o2 M3BECTHA, HO
Ipu ONHOM U TOI 2Ke HANEXKHOCTU MHTEPBAJI, IOCTPOCHHBIN
B 1., OyJeT BXOIUTH B JAHHBIM HHTEpBaJ, T.e. Oyaer Gojee
nHQGOPMATHBHBIM. DTO CBI3aHO C TEM, 9TO TPU TOCTPOEHUN
JIOBEPUTETBLHOIO UHTEPBAJIA B 2. HE UCIOIH30BaIACh UH(MOP-
MaIis 0 TOYHOM 3HAMEHHH 02,

Ha mpakTuke 9acTo BO3HUKAET 337349a: KAKOBO UHUCIO Ha-
OmoneHuit n, obecmeunBaomee ¢ JTAHHON HAIEKHOCTHIO 7y
HYXKHYIO TOYHOCTB A, HHTEPBAIBHOMN oreHKu. J[j1st mocTpo-
%t, T.C.

P{Z — 6, <a<T—0q} =1.

€HHOIl HaMW OIEHKM TOYHOCTH O, =

Ham mamo BeIGpaTh n U3 yCIOBUS
P{Z—Ay<a<T—A4} >,
oTkyma Ay > 64 = %t. Takum obpazowm,

n > tQS—Q

re t = t(lOOl_TW%; n—1).

3. Ilycmob a uszsecmma, mpebyemca ouenums o2.
Panee ObiM HccjleoBaHbl JIBe TOUYeUHblE OLEHKH S2 1
S? reopermueckoii aucnepcun 2. Ho B ciyuae, KOrma 3Ha-

YeHue IapaMeTpa a4 TOYHO H3BECTHO, JIy4IIe HCIOJb30BaTb
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§ 6. NMuTepBaibHbIe OIEHKN HEW3BECTHBIX MAPAMETPOB

TOYEYHYIO OLEHKY

i=1

B KOTOPYIO BXOJWT 3TO 3Hadenme. Tak Kak ciaydaiinble Be-
JIAYAHBI m’ m7 . Zn—a
o g g

HOPMaJIBHOM pPaCIOpEeacJIeHNN KazKdad U3 HHUX HMeeT CTaH-

HE3ABUCHUMBI, @ M0 JIeMMe O
MapTHOE HOPMAJbHOE PACIpereIcHne, TO CAyJaliHas Besu-

-2

=1

YUHa

ABJIACTCA CJIy4YalHOM BeJIUYUHON XU-KBaApaT C N CTEHeHAMUI
cBobomwl. IlogcraBum ( B ee ke (PYHKIMIO PACIPEIETEHUST
*2
K, (). Tak Kak [Py yBeIHYeHUH 02 BeTHanHa 22— yMeHb-
g

mraercst, K, (t) — meyboiBarormas dyukims, to K, (%f)

He BozpacTaeT 1o o2. Ilo 0CHOBHOI TeopeMe HHTEpPBAILHOIO

OLI€CHUBaHUA ABYCTOPDOHHUE JOBEPUTE/JIbHDBIC IIPEOEIbl OJId O'2

C HaJEXKHOCTBIO 7y HalAyTCa U3 ypaBHEHUA

S*2\ 1 S*2\ 11—
PO i B R e
o2 2 o2 2
O6ozHaumIM ”i; = X1 nf; = X3, Torma op =
nS*?2 2 _ nS*2
Fep o = Fo Jaee,
2 2 2 ns*?
P{xn =2 xiyt=1-Knlxi,)=1- Kn(ﬁ) =
H
ity 1oy
2 2
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

2 2 2 nsg*?
P{Xn = XQ,'Y} =1- Kn(XQ,'y) =1- Kn( ) =

o3

1=y 14y

1—-—1t--17

2 2

Taxwum 06pa3omM, UCKOMBIN TOBEPUTEILHBIN MHTEPBAJT

TLS*Q ) nS*Q
5 <0< —5—,
X1y X2,y

rIe

1+~
2

1 —
W = (100=2%; n), x3, = (100

5 %; n)

4. IIyemo a neussecmma, mpebyemca ouenums o2.

ITo crencrBuio n3 memmbl Purrepa,

(n —1)52 9

o2 = Xn-1-

[ToBTOpPSIsST paccyKAeHNs MPEAbIIYIIero MyHKTa ¢ 3aMeHOi n
man—1, S*? wa S?, nomydaeM, 4TO MCKOMBIH JOBEPHTE/ b
HBIM WHTEPBAJ UMEET B/

(n—1)52 o< (n—1)52
X1 X34

i

rie

1—
2

1
Xiv =X (100 V%§ n—l), X%,a, =x (100 —;V%; n—l).
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§ 7. OcHOoBaHUSA TEOPUU TPOBEPKU CTATHCTHIECKUX
THIIOTES. ..

§ 7. OcHoBaHusI TEOPUHU IIPOBEPKHU
CTAaTHCTUYECKUX rumore3. Jlemma
Heiimana-ITupcona. PaBHOMepHO Haubosee
MOIITHbIE KPUTEPUN

Ilycts x1,x2,... ,%, — BbIOOpKa u3 abCONIOTHO HEIIPEPLIB-
HOTO PACIIpe/ieieHusl C IIJIOTHOCTHIO P(X), KOTOpas HaM Hen3-
BecTHa. BexTop x = (21,%2,... ,7,)] HazoBeM BeKTOpOM
HaOJTI0IeHMIT, 3 MHOYKECTBO ero BO3MOXKHBIX 3HAUEHUH X
— BBIOOPOYHBIM MPOCTPAHCTBOM. MBI XOTUM IPOBEPHTD
OCHOBHYIO WA KAK €€ CII¢ HA3LIBAIOT HYJIEBYIO T'MIIO-
te3y Hy, cocrosuyto B ToM, uro p(z) = po(z), tae po(z)
— 3ajaHHasi IJIOTHOCTL PACIpe/e/eHtsl BeposaTHOCTeN (T.e.

+o00o
po(z) >0, [ po(z)dz = 1). Hynesyto rumoresy MOXKHO
—0o0

copmymposars 10 Apyromy. Tak Kak HaOJIOIEHWs! B Bbl-
6OpKe HE3aBUCHMBI, TO [JIOTHOCTH PACIPEIEICHIS CILy YAt HO-
ro Bekropa X pasHa L(x) = p(z1)p(x2)...p(x,). Ilosromy
HyJIeBad TUNIOTE3a COCTOUT B TOM, 9TO B BbI60quHOM Ipo-
crparcrBe X BEKTOp HAOJIOJEHUI X pacrpeleseH ¢ II0T-
Hoctbto L(x)(= L(xy,z9,...,xy)) = Lo(x), toe Lo(x) =
po(x1)po(z2) - .. po(xy,). B coorBercTBrE CO CKA3AHHBIM, CHM-
BOJIMYECKH HYJIEBYIO THIIOTE3Y Oy/eM 3aliChiBaTh JUO0 B BH-

e
Hy: p(x) =po(z), uumbo BBUIEe H): L(X)= Lo(x).

PaccmarpuBaemasa Hy/eBas THUIIOTE3a dBISIETCd MPOCTOI,
b0 BBIpazkKaeT eIWHCTBeHHOE pachpenesnenne po(x). Ecmu
HYJIEBad TUIIOTE3a BbIPaXKaeT MPUHAAJIECZKHOCTDH p(x) K HEKO-
TOPOMY KJIACCY PaclpejeNeHuii, cocTosieMy 6omee 4eM u3
OJIHOTO DPACTIPEJIETIeHNsI, TO OHA HAa3bIBaeTCa CJIOXKHOM. Ha-
IpuMep, THIOTE3a, COCTOAIAS B TOM, 9TO BRIOOPKa B34Ta N3
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

HOPMAJILHOT'O paCIpeieieHns, IBIseTCsS CI0KHOM, nbo oHa
COCTOWT B IIPUHAJIIEXKHOCTH P(T) KJIACCY HOPMAJIbHBIX [LJI0T-
mocreit {p(z/a,0?), a € R, o> 0}.

[MpemmonokuM, 9TO MBI XOTHM TPOBEPUTH MPOCTYIO TH-
mote3y Hy TpoTHB KOHKYPUPYIOIeii THIOTe3bl in aTh-
repuatusbl H. [Ipenmnonaraercs, 9To BeEpHa 0/IHA U TOJIBKO
onna u3 runores Hg wium Hq. CHavyansa paccMOTpUM Hau-
Gosiee TIpOCTOl CaydYail, KOUIa MPOBEPSIETCsST MPOCTast THIIO-
reza Hy : L(x) = Lo(x) mporus mpocroii ajbrepHa-
tuBel Hy :  L(x) = Li(x) (p(x) = pi(z)). Bmecw
p1(z) —HEKOTOpas TIOTHOCTH BEPOATHOCTH, OTIMYHAS OT
po(z), Li(x) =pi(z1)p1(z2)...p1(2n).

Kpurtepwuit nin periaioriiee mpaBuO s TPOBEPKA
HYJIEBOIl ruroTe3bl OyieM CTPOUTH Ha OCHOBAHWUU BHIOOpA B
BeIOOpOUHOM mpocTpancTBe X Kpurudeckoit obmactu K Ta-
KOM, ITO ec/im BeKTOp Habomenuit X € K, To HyieBas TUIo-
te3a Hy oreepraercst (T.e. MpUHUMaETCs agbrepHaTusa Hi),
aecm x € K = X\ K, To nynesas runoresa Hg mpuaumaer-
cst (T.e. otBepraercss Hp). Ecin kpurndeckas o6macTs nmeer
Bug K ={xe€ X : p(x)>C}, e ¢ : R — R — neko-
Topasi 6bopesnepckas dyukius, C' — HEKOTOpas MOCTOSTHHAS,
TO (X) HA3BIBAETCH CTATUCTUKOW KpUTEPUS.

[TpuHuMast wan oTBEpTast HYJIEBYIO THIIOTE3Y, MBI MOYKEM
COBEPIINTH OITHMOKY IBYX POJIOB.

1. Omubka 1-ro posa MPOUCXONNT, eCJIN HYJIEBAS THIIOTE-
3a H(y oTBepraercsi, XoTs, Ha, CAMOM Jiejie, OHA BepHa. Bepo-
STHOCTh OIMMMOKM 1-TO poaa pasHa

a=P{xe K/Hy Bepua}= /Lo(x)dx.
K

ITo apyromy BepogTHOCTHL Omubku 1-r0 poma v HA3BIBAIOT
YPOBHEM 3HAYMMOCTU KPUTEPUSI.
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§ 7. OcHOoBaHUSA TEOPUU TPOBEPKU CTATHCTHIECKUX
THIIOTES. ..

2. Omumbka 2-ro poja MPOUCXOAUT, €CJIU HyJIeBas THIIO-
te3a Hy npunumaercs, x0Ts OHa HeBepHa. BepossTHOCTH
omunbku 2-ro poaa paBHA,

B=P{xeK/H BepHa}—/Ll(X)dx.
K

31ech paccMaTpuUBaeMble  MHTEIDAJIBI  SBJISIOTCS  1-
KpaTaeiMu, dxX = dxidxs ... dx,.

Kpurepuit npoBepku siBistjicst Obl nI€aJbHBIM, €CU Obl
BEPOSITHOCTH OIMTUOOK 0HOMX POJOB v U [ PABHSJINCH HY-
gro. K coxkasieHui0, Mbl HE MOYKEM 3TOTO CHIEJATh, TTOCKOIb-
Ky HaXO/MMCS B YCIOBUSX HEOIIPEeJIEHHOCTH, BBI3BAHHOM
C/Iy9afiHOCTBIO TTPOBOJIMMBIX W3MEpPEHWii. Y MeHbIlas Bepo-
STHOCTE OIMubKM 1-T0 PO7A, MBI TE€M CAMBIM YBEIHINBAECM
BEPOSITHOCTD OMIUOKY 2-T0 POja U HA060POT, YBEJIUUINBAST Be-
POSITHOCTB OIMUOKHU 1-10 pojia, MBI YMEHbBIIIAEM BEPOSTHOCTH
ommbku 2-To poma. elicTBuTebHO, CyXKasd KPUTUIECKYIO
obnacte K, Mbl YMEHBIIIAEM TEPBBI U3 UHTEPAJIOB U yBe-
JITIUBAaEM BTOPOi mHTerpas u HaobopoT. ITosromy meobxo-
JIUMO HafTH HEKOTOPBI KOMIIPOMUCC, NPU KOTOPOM BEPO-
STHOCTH OMUO0K 060uX POOB ObLIM ObI HE3HAUUTETHHBIMHU.
[Ipu kyraccuveckoM MOAXOJE MpeJiaraercss BBIOMPATh KpH-
THYecKy1o obsacts K U3 TOro yciaoBus, 4T0ObI BEPOSATHOCTH
omubKu 2-ro poja ObLIa MUHUMAJbHA, [IPU YCJIOBUH, 9TO Be-
posiTHOCTH OmubKKM 1-r0 pojja He NPEeBOCXOJUT HEKOTOPHIN
KPUTHIECKUIT YPOBEHb (yPOBEHB 3HAYMMOCTH) . CHMBO-
JINYECKU TY 33739y ONTUMUBAINN 3AMUCHIBAIOT B BUIE

Hatitru K : [ — min wpu ycroBum, aro o < aq.

Tak Kax Mpu YMEHBIIEHUH (v BEJIMUKUHA (3 PACTET, TO JaHHAL
OIITIMU3AIIMOHHAA 337298 SKBUBAJCHTHA CJIEIYIOMIEeH:

Haiitu K : [ — min npwm yciaoBum, 910 @ = .
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

Onpenenenune 7.1. Yucio

1-B=1-P{x € K/H, Bepra} = P{x € K/H; BepHa} =

= /p1(X)dX

K
Ha3bIBaeTCd MOILIHOCTHIO Kpurepusi. Kpurepnmit, misa
KOTOPOT'O MOIITHOCTh MaKCHUMaJIbHAa, HA3LIBAETCSI Hambosiee
MOLIHbIM.

MuHrMu3upOBaTh OMMUOKY 2-I0 poga — 3TO TO Ke Ca-
MO€, YTO MaKCHMHU3WPOBATH MOIIHOCTHL KpuTepnd. IlosTo-
My cHOPMYTUPOBAHHAS BBIIIE 334a9a ONTUMU3AINNA MOYKET
OBITH 3amncaHa B popMe

Hairru K : 1 — (3 — max @IpH yCJIOBHH, 9YTO & = Q.

Crenytomniuit pe3yabTaT pelaer MoCTaBACHHYI0 3a71ady.

Jlemma Heiimaua-Ilupcona. X3 scex nodmmooicecms
K* C X ¢ ¢gurcuposannoli sepoammnocmovio owubku 1-20 po-
da

/ Lo(x)dx = ayg

o
kpumuueckas obaacms cneyuaavhozo suda K = {x
Li(x) > zLo(x)} daem naubosee mownwidi xpumepud (daem
HauMeRbWY0 owubky 2-20 poda). Onmumarvroe 3HauEHUE
z moorcem Gums Hatideno u3 ypasHerus

/%@M:%

K
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§ 7. OcHOoBaHUSA TEOPUU TPOBEPKU CTATHCTHIECKUX
THIIOTES. ..

HoxkazaTeascTtso. llo ycmosuio

/Lo(x)dx = /LO(X)dX = .

K K*

IIosTomy

1-p)—-(1-p%= /Ll(x)dx — /Ll(x)dx =

K K~
= / Li(x)dx — / Ly(x)dx >
K\(KNK*) K*\(KNK*)
>z / Lo(x)dx — z / Ly(x)dx =
K\(KNK*) Ko\(KNK*)
—=( [ ooix — [ Lo(xix) = 2(a0 — a0) =0,
K K*
orkyma 1 — (3 > 1— (% O

[IpeamonokuM Tenepp, 9To0 BEKTOp HAOIIOAEHHH X NMeeT
IJIOTHOCThL pacupejesenns L(X), TpUHAIERKAILYO0 ceMeii-
crBy pacnpegesnennit {L(x/60)}, HenpepbIBHO 3aBUCAIIIEMY OT
HEKOTOpOro mapamMerpa € ©. Mbl XOTHM NPOBEPUTH PO~
cryio runoredy Hy @ 0 = 6y mporuB C/I0XKHOM ajbTepHa-
tusel H; @ 0 € O\ {6p}. B tepmunax dbynkuum npas-
JIOTIOAO0US HYJIeBAasA THIIOTE3a W AJBTEPHATHBA, MOTYT OBITH
3AIMCAHBl KaK

Hp: x B BHIGOPOYHOM NMPOCTPAHCTBE paCIpeesieH

¢ wiorHocThio L(x/6p),
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

H;: x B BBIGOPOYHOM HPOCTPAHCTBE PACIIPEIeTeH
¢ maoraocThio L(x/0),
rae 0 € ©\ {6y} — mr06oe aeiicTBUTEIBLHOE THCIIO.

Oyukinuio or mapamerpa 6, ONPEIeJeHHYI DPaBEHCTBOM
f(0) = P{x € K/ucruanoe 3HaueHne mapamerpa ectb 0},
HazoBeM (pyHKImeit mortHocTu. Ecnu sadukcuposars 6 =
01 # 6y, To o memme Heiimana-Ilupcona ontuManbHas Kpu-
THIecKasi 00JIACTh JJIsT MPOBEPKU MpOoCTol Thmore3nl Hy :
0 = 6y nporuB mpocrToit anprepHATHBBL Hi : 0 = 0,
mveer Bun Ky = {x : L(x/0,) > z1L(x/0y)}. Ec-
Jin 3aUKCUPOBATh JIPYyTroe 3HadeHre mapamerpa g, To or-
TUMaJbHOE 3HAUEHHWE 2o MOYKET OKa3aThCs, BOODOIIE TOBO-
pa, apyrum. VTak, BUJT ONTUMAIBLHON KPUTUIECKOH 001acTh
Ky ={x: L(x/0) > z(0)L(x/6y)} 3aBucur or mapamerpa
0.

Kpurepwuit mposepku mpocroii runoresst Hy : 6 = 6y
IIPOTUB CJIOKHON aJbTepHATUBBHI Hi : 0 € ©\ {6}
HA3bIBAETCH PABHOMEPHO HamboJsiee MOIITHBIM, eC/Id BUJ
COOTBETCTBYIOIIEH eMy ONTUMAJBHON KPUTUIECKOH 001acTh
He 3aBucur oT mapamerpa f. Ormerum, 4TO PABHOMEPHO
HanboIee MOIIHBIN KpUTEPHH CYIIEeCTBYET TaIeK0 He BCETTA.

Ipumep 1. Tlycts x1,29,... ,%, — BBIOOPKA U3 HOP-
MasbHOrO pactpenesnernst N (a,1). QyHKIWS TPaBIONOI0-
Oousg mmeet popmy

1 13 @i-ap
L(X/CL) = We ? i=1 .

ITposepum npoctyro rumoresy Hy: a = 0 TpoTUB CIOXKHON
aspTepHaTuBE 1 : a > 0. Bug onTuManbHOM KPUTHIECKOH
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§ 7. OcHOoBaHUSA TEOPUU TPOBEPKU CTATHCTHIECKUX
THIIOTES. ..

obactn HaxoguTes w3 yeiaosust L(x/a) > z(a)L(x/0), Te.

(vi—a)2+1 3" a2
1 2E > z(a),

e

_1
2
e 2

9TO YKBUBAJEHTHO
n
na?
a E x; > > +1Inz(a).
i=1

Takum obpazom, KpuTrdeckast 06J1aCTb UMEET BU/I
K={x: 7>C},

KOTOPBI HE 3aBUCUT OT MapaMeTpa . SHAYUT CYIIEeCTBYeT
paBHOMepHO Hambosiee MOIIHBIN KpurTepuit. st onpenene-
Hust ocTossHHOM C' BBIDEpEM €e U3 TOr0 yCIOBHS, 9TO BEPO-
STHOCTB ommubku 1-ro poja paBHA 33JaHHOMY YDOBHIO 3Ha-
YUMOCTH (Yg:

P{x e K/Hy} = P{T > C/a =0} = ay.

Tak xax npu a = 0 craTucTuka Kputepusd T ~ N (O L ), T.€.

'

v/nT ~ N(0,1), To
1
ap = P{y/nT > Cy/nja=0} =1-N(Cvn) = 5—@(6\/’5).
Taxum obpazom, nocrosinaas C' HAXOAUTCS U3 YpaBHEHUS
1
@(C\/ﬁ) = 5 — Q.

Kputepuit nna nposepku Hy npotus H; ciaenyrommii:

ecim T > C, To cunraem, 9ro a > 0;
ecin T < C, To cuntaeMm, uro a = 0.
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

3aMeTnM, 9TO eciu Obl CI0KHAs rumnoresa Hy, nMena Bug
a # 0, TO B 3aBUCUMOCTH OT 3HAKA, ¢ BUJ KPUTHIECKOH 0bJIa-
cru obsacTr onpemenstacs Obl HEPABEHCTBAME IIPOTHUBOIIO-
JIOYKHOTO 3HAKa, T.e. B KPUTHIECKOH 00IacTh 3aBuces Ob
ot a. IlosTomy sy Takoro ciiydast paBHOMEpPHO Haubosee
MOIIHOI'O KPUTEPHUs He CYIIEeCTBYeT.

§ 8. Kpurepuu 3nauunmoctu. Kpurepuii x?
ITupcona

Ecnu nmeercst ToMbKO HyJIEBast TUIIOTE3a U HET HUKAKON aJib-
TEPHATUBBl WK AJbTEPHATUBA CJIMIIKOM CIOYKHAs, TO PO
BEPOATHOCTH OMIMOKHK 2-T10 POja 3a0bIBAIOT U CTPOAT KPUTE-
pUH, YIUTHIBAIOIINE TOJBKO BEPOSATHOCTD OMIMOKHU 1-T0 POJa.
BepostaOCTh Ommbku 1-T0 poga Torga Ha3LIBAIOT YPOBHEM
3HAYUMOCTU Kpurepus. B 3ToMm ciiyuae mpoBepseMyo ru-
MOTe3y HA3LIBAIOT TUIMOTE308 3HAUUMOCTU, & KPUTEPUU
ISl ee TTPOBEPKU — KpUTEpUsAMU 3HaYnuMocTu. [lockoib-
Ky HE YUYUTHIBAETCS OIMMUOKA 2-TO POJA, TO TAKWE KPUTEPUU
MeHee HAJeKHbI. 3ajaBas YPOBEHb 3HAUYNMOCTH « (0OBIU-
HO GepyT o = 0.05 wm o = 0.01), HAXOAAT KPUTUIECKYTO
obnacte K w3 ycioBust

P{XE K/H()} = q,

rne Hy — mnpoBepsiemas rumoresa. Ecim 1Mo mMeROITUMCS
CTATUCTHYECKUM JIAHHBIM OKa3blBaeTcsd, 4ro X € K, To
npeanosaras, 9To rurnore3a Hy BepHA, MBI TOIydaeM, 9TO
B pe3yJbTaTe MPOBEJEHHBIX CAYIAHHBIX SKCIEPUMEHTOB
OPOM3OILIO COOBITHE, MMEIONIee HUITOXKHO MAJIYIO BEPOIT-
HOCTb <. J0oBepaTh 3TOMY BpdA[d JU UMEET CMBICT, TIOATOMY
CHUTaEeM, YTO BBIABUHYTO HEIPABUJIbBHOE IIPEAITOIOZKECHUE,
n runore3y Hy Hamo oTBeprHyTh. Ecinm Ke oKaxKeTcs, 9TO
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x € K, To Npe/InosIoxKuB, 9To HAIIA, THIIOTE3a BBITOTHSAETCS,
MBI TIOIY9aeM, YTO MPOM3ONLIO COObITHE, mMerotiee 0OJb-
1yt BeposgTHoCTh 1 — . IloaTOMy MOXKHO clesaTh BBIBOJ
0 TOM, UTO CTATUCTUIECKHE JAHHBIE HE MPOTHBOPEYAT BhI-
JBUHYTOW THIOTE3e. DTO BOBCE HE O3HAUAET, UTO TUIIOTEIY
HaJl0 npuHATh. Ha caMom neje, misi Toro, 4ToOBl TPUHSTH
C OIpEJIeJIEHHON YBEPEHHOCTHIO IIPOBEPIEMYIO TI'HIIOTE3Y,
HAJI0 €€ TPOBEPUTH Ha JOCTATOYHO OOJIBIIIOM KOJUYIECTBE
BBeIOOPOK. Ecau BO Bcex caydaax TUnoTe3a He MPOTUBOPETUT
UMEIOIIUMCST TAHHBIM, TO TOJBKO TOIJIA €€ MOXKHO TPUHSTD.
B 310M 0CHOBHO# HEIOCTATOK UTHOPHUPOBAHUS BEPOSITHOCTH
omubKH 2-TO POIA.

A. Ilocmpoenue xpumepues 3Ha4UMOCTIU O UHMEPEEAD-
HOLM OUEHKAM.

OauuM u3 COCOOOB MOCTPOEHUST KPUTEPUEB 3HAUUMO-
CTU SBJIAETCS HUCIOJB30BAHUE IOBEPUTE/IbHBIX HHTEPBaJIOB.
Iycrs 21,9, ... ,x, — BBIGOPKa U3 pacupeenenus F(z/60),
3aBUCAIIET0 OT TapaMmeTrpa 6, u Jjsd 3TOro mapamerpa Io-
CTPOCH ABYCTOPOHHUN JOBEPUTE/ILHLIA MHTEPBAJIL:

P{0y <6y <0} =,

rae 0y — wucruaHOE 3HAueHme napamerpa 6 (3amerwm, 9TO
[pH IOCTPOEHNN MHTEPBAILHBIX OIEHOK HCTUHHOE 3HAaYeHNe
mapamMerpa 0003HAYAIOCH 0, TMOCKOJBKY ApyTHe 3HAUEHUS
mapaMerpa TaM He WCIOoIb30Banch). Heobxommmo mpose-
purk runoresy Hg @ 6 = 0y. B kagecrBe kpurmdeckoit
ob1acT BO3bMEM

Ko={x: 6 <60y wm 6> 065}
Torga BEepOSITHOCTH ONIMOKU MEPBOIO POJIA

a:P{XEKg/Qzeo}:P{XEKQO}:

i)



['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

=1—-P{lg<Oy<b5}=1-—1.

Perratoriee mpasusio (Kpurepuii) jJist MPOBEPKU THUIOTE3bI
H():

Hy orBepraercst, ecmn 0y < 0y wam 6y > 0y;

H() HE TPOTUBOPEYUT IKCICPUMEHTAJIBHBIM JaHHBIM, €C-
a0y < 0y < 0.

3aMernM, UTO TPU TOCTPOEHWHW KPUTEPHUs YPOBEHD
BHAYNMOCTH KPHUTEPHUSA « IOJAYIAETCS BBIYATAHHEM u3 1
HaJe’KHOCTH COOTBETCTBYIOIIETO ITOBEPHUTEILHOIO HWHTEPBa-
Jga, y. A kpuTmueckas o0OJACTb ABISIETCS TOTOJTHEHWEM K
JIOBEPHUTEILHOMY HHTEPBAJIY B BHIOOPOTHOM IIPOCTPAHCTBE.

[Ipeamoioxkum, HAIPUMED, UTO X1,XL3,... , Ly — BBIOOD-
Ka 13 HOpMaJIbHOTo pacupenenenus N (a,o?).

* Ilycts mapameTp o2 usBecTeH. MBI XOTHM IPOBEPUTH
runoredy Hy :  a = ag. Ilpu mocrpoennn mHTEPBATBHBIX
OIIEHOK MbI MOJIYIUIU, YTO

P{— Tt <ap<T+ Jt}
T—— ay) <T+ — =,
VRV A
rie t, — Kopens ypapuenns P(t,) = 3. Bamzagum ypoBHB
BHAINMOCTH « = 1 — 7y u BbhIOEpeM KPUTHIECKYIO 00JaCTh
KaK

o o
K, = {XZ a<T——=ty Hm azf-l-—tv}.
vn Vn
Torma P{x € K,/Hy} = P{x € K, } = a. [lonyuaem cie-
JYIOMAN KPUTEPU TPOBEPKHU TUNOTE3B Hy:
- g - ag

ecin ag < T — %tv umm ag > T + %tw To Hy orBepra-
eTCsI, T.€. CIATAEM, UTO a 7 ag;

ecin T — ﬁtv <ag<T+ %tw TO canTaem, aro Hy He
MPOTUBOPEUUT IKCIEPUMEHTAIBHBIM JTAHHBIM.
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§ 8. Kpurepuu 3umaunmocru. Kpurepuii y? IMupcona

[Ipm sTOM, MO 3aJaHHOMY YPOBHIO 3HAUYUMOCTH (¢ UHUCJIO

" _ l-«a
t, majizercs kax Kopenb ypasuenns P(ty) = 5%.

** Tlycrs Temeph mapaMerp o’ HeM3BECTEH U HAI0 IIPO-
BepuTh Ty ke runoredy Hy :  a = ag. Ilpm mocrpoenun
MHTEPBAJbHBIX OIEHOK MbI MOJYYUIU, ITO

P{— S b <ap<T+

r — —= a Xz
N

rae t = t(100552%; n — 1).
Kpureputt mpoBepkn HaIIe THTOTE3BI BBITTISIAT CIETY-

FOTITIM 00Pa30M:
ecm ag < T — %t una ag > T+ %t, To Hy oTBepraercs,

%t} =7

T.e. CUYUTAEM, UTO O F ag;
= S = S
ecnm T \/ﬁt <ayg <7TH+ \/ﬁt, TO cumTaeM, uTo Hy He
ITPOTUBOPEYUT IKCIIEPUMECHTAJIbHBIM JTaHHBIM.
[Ipu sToM, pm 3a7aHHOM yPOBHE 3HAYUMOCTH (¥ THCJIO
t =t(1005%; n —1).

x - JlomycTmm, 9To mapamerp a m3secteH. Tpebyercs
nposeputs runoresy Hyp : o2 = O'g. Pamee 6pL10 ycTaHOB-
JIGHO, ITO

ns*Q ) nS*Q
P{i——<o<—75—1¢(=7
X1,y X2,y
e X3, = x> (100152 %; n 2 =x2(10032%; n
2 Xl;y X 2 ’ ’ X277 X 2 ’ .
[TosToMY KpHTepHil TPBEPKH THIOTE3H 02 = 03 BBIT/IA-
JUT CIEAYIOMIUM 00pa30M:
2 nS*?2 2 nS*?2
ecn oy < 2 W 0g > & — 10 Hy orBepraercs, T.e.
1,y 2,y
cumTaeM, 4To o2 # o3;
TLS*Q nS*2

ecmn 35— < 08 < 7 TO CUATaeM, UTo Hy ne mporu-
1,4 2,7
BOPEUNT HKCIEPUMEHTATHHLIM JAHHBIM.
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IIpu sroMm X%,W = (100%%; n), X%m =
X2 (100(1 - %)%; n)

EE - Tlyers mapamMerp a HEeMm3BECTEH W TPeOyeTcs Tpo-
BepuTh runoresy Hg: o2 = O'g. Pamee 6b110 yCTaHOBJIEHO,
qTo 9 9

n—1)5 n—1)8

P{i( 2) <U(2)<7( 2) }:,
Xl,'y XQ,'y
rae

1—

W = (100—2%: n—1),
1+

X%m = X2<1OO 5 7%; n— 1).

2 = 0'8 BBITVIA-

[TosToMy KpuTepHuil IpBEPKH THIIOTE3LI O
JUT CIEAYIOMIUM 00pa30M:
(71—21)52 — 0_(2] > (n—2 )S?
1,y X2,y
T.e. CUMTAeM, uTO 02 # 03,

_ 2 _ 2
(n 21)5 < 0_(2) < (n—1)S

N 2. TO cuATaeM, {ro Hy me
1,y 2,y
IPOTUBOPETUT SKCIEPUMEHTAILHBIM JTAHHBIM.

ecan 0(2) < , To Hy orBepraercs,

ecian

Mpu srom xi, = X2<100%%; n — 1)» X3, =
x2(100(1— %)%; n— 1).

OTMQTI/IM, 9TO eCJIn Mbl XOTUM ITOCTPOUTH KpI/ITepI/Ifl 3Ha-
YUMOCTH C OJHOCTOPOHHEN KPUTHUIECKOH 06JIACTHIO, TO MOXK-
HO HCIIOJIB30BATH OJHOCTOPOHHUE JOBEPUTEJbHBIE WHTEPBA-
gol. Ilycrs x1,x9,... ,2, — BBIOOpKA U3 pacClpeeacHus
F(x/0), 3aBucsriero ot napaMerpa 6, ¥ I 9TOro mapaMer-
pa moCTpOoeH MPABOCTOPOHHUI JOBEPUTE/IbHBIN WHTEPBAJI:

P{(90>(9H}:P,
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rae g — ucTuHHOE 3HaveHuWe napamerpa 6. s npoeepku
runoresbl Hy : 6 = 0y Ha10 B34TH JIEBOCTOPOHHIOD KPUTH-
YecKyr 00/1acThb

Kog={x: 6 <04}

QueBuiHO, YTO KpuUTepuil NnpoBepku rumnoresnl Hy umeer
clenyromuil BUa:

Hy oreepraercst, eciu 6y < Oy;

H() HE TPOTUBOPEYUT IKCICPUMEHTAJIBHBIM JaHHBIM, €C-
g Oy > 0.

[Ipu 3TOM YypOBEHb 3HAUMMOCTUA KPUTEPUST (v TIOJTYIaATCs
BRIYUTAHWEM n3 | HATEKHOCTA COOTBETCTBYIOIIETO TOBEPU-
TeJbHOTO WHTepBaa P.

B. Kpumepuu cpasuenus napamempos J8yxr svboposk.
[Iycts mmeroTca nBe HE3ABUCUMBIE BHIOOPKH

2
Z1,22,... ,&n, 13 N(aj,07)

2
Y1,Y2,- - s Yny U3 N(CLQ»UQ)
(BBIOOPKH HA3BIBAIOTCS HE3ABUCUMbBIMU, €CIH CITydaii-

HBIE BEJIMIUHBL L1, L2, ... yTnyyYls Y2, - « - 5 Yn, HE3ABUCUMBI).

* Tlycts O’% " J% u3BecTHbl. Tpedyercda nmpoBepuTh ru-

noresy Hg: a1 = as.
— 0'2 — 0'2
Tax kak T ~ N(al, n—i), Y~ N(ag, —i) HE3aBUCHMBI,

TO I — T UMeeT HOPMAaJIbHOE pacupenenenue. Fro mapamerpo
2 2

M@y -7) =a—a, DF-7)=Dy+DT=7L+72,
2

91

2
.

+ —2>. IIo nmemmMe 0 HOpMaTBLHOM
ni no

T.e. Y —T ~ N(a2 —ai,
pactpegeeHnn
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[Ipeamomoxum, uTo runoTe3a Hy BepHAa, TOrIa

=T UN(0,1).

2 2
Ho of L o
ni n2

IMouarHo, aTO Yem HyivmKe IPYT K APYTY G1 U A2, TEM MEHBIITE
1o abCcoTIOTHOM BesimunHe cratucTuka (. [loaTomy B KauecTBe

Go=¢

KPUTHYECKON 00JIaCTH €CTECTBEHHO B3ATh
K={x: [¢|>0.

Hazmagast ypoBeHb 3HAUUMOCTH v, BbIGepeM mocTostaay0 C
"3 YCJIOBUS

P{x e K/Hy} = P{|[¢| > C/Hop} = P{|¢o| > C} =
— 1= P{|Go| < C} = 1—286(C) = a

orkyaa C' maxommrcs mo TabaunaMm (yHKnum Jlammaca Kak
Kopenb ypasuenns $(C) = 152

Kpurepuii mpoBepKd IUIOTE3bI 41 = G2 WUMEET CIEIyIO-
Uit BAI:

ecin (o] > C, TO TMIIOTE3a OTBEPraeTCs;

ecan |(p| < C, To cumTaem, 4TO rUNOTE3A HE IPOTHBOPE-

9UT 3KCIIEPHUMEHTAJIbHBIM JaHHBIM.

** Tlycts 02 = 05 = 02 wemssectHa. Tpebyerca TpoBe-
purh Ty ke runoresy Hp : a; = ag. B cuny onpejenenus
CITYIAfHON BEJTMINHBI XU~ KBa;LpaT mm BBIOOPOYHBIX JTHCIIED-
ni
g2 _ 1 Q2 _

cmit S = .- Z:l(xz—x) u S; Z(yz 7)? BRIMOTHSAIOTCS
1= i=1

paBeHCTBa,

n152 nQSQ 7115% +n252

z _ .2 . Yy _ 2 . y _ 2
o2 = Xn; -1 o2 = Xng—13 o2 = Xnj4ny—2-
(8.1)

80
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IIosTomy

\/nl/S\g —l—nQSNZ

J\/n1+n2—2

Kak 6b1710 ycTaHOBJIEHO BHBIIIIE,

y—7— (az —ay)
1 1
I\ T s

B cuny nemvbr @uriepa u TOT0, 9TO PACCMATPUBAIOTCS HE3a~

~ N(0,1). (8.2)

BHCHMBbIe BEIOOPKH, CIyvaiinele Besnanssl (8.1) u (8.2) nesa-
BUCHMBI, CJI€J0BATEBHO,

y—7—(az—a1)

U\/n*llerTlQ y—f—(ag —al) nlng(n1+n2—2)

(= =

\/n1§%+n2§3 /nl/S\é + 77/2/8\5 ni + ng
ov/ni+ne—2 r Y

apisiercst orHomenneM CToiogenTa ¢ ny + no — 1 cTemenstMu

CBOOOTRI.
[Ipegmomoxum, uto runore3a Hy BepHa, TOrIa

C y—x \/nlng(n1+n2—2)
0= — —
\/ 7152 + 1252 L N2

nmeer pacrnpeaenenne CThionenTa ¢ ny + ng — 1 cTrenenamn
cBobosbl. [lonsiTHO, uTO UeM OJMKe JAPYTr K APYTY G U G2,
TeM MEHBIIIe 110 aDCOTI0THOM Bemnante cratucTuka (. [loaTo-

MYy B Ka4decTBe KpI/ITI/I‘{eCKOﬁ O6HaCTI/I eCTeCTBEHHO B34dThb
K={x: [¢|>C}.
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Haznrauast ypoBeHb 3HAUUMOCTH v, BbibepeM nocrosuuayo C
13 yCJIOBUS

P{x € K/Ho} = P{|¢| > C/Ho} = P{|¢o| > C} =
=2P{(p > C} =q,

orkyaa C = t(lOO%%; ny +ng — 1).

Kpurepuit npoBepKu IumoTesbl 4 = (g WMEET CIemTyo-
Wt BAI:

ecin (o] > C, TO TMIIOTE3a OTBEPraeTCs;

ecan |(p| < C, To cumTaem, 4TO rUNOTE3A HE IPOTHBOPE-
YUT 3KCIEPUMEHTAJBLHBIM JTAHHBIM.

JLTs1 pacCMOTpeHNs CIeAYIONIETO CIydas BBEIEM
Onpegeaenne 8.1. OrHomenue

2
ni
ni
2
Xho
n2

=

Fm,m -

B KOTOPOM YHCJIUTEIb U 3HAMEHATEIb SABJISIOTCS HE3aBUCH-
MBIMM CJIyLIafIHbIMI/I BEJIMYNHAMU, HA3BIBACTCA F- OTHOIIIEe-
HUeM WIu oTHolleHnueM ®uinepa ¢ n, U No CTEleHs-
MU CBOGOJIBI, a paclpejeeHie 9TOr0 OTHOIIeHUa — [F-
pacmpenesienueM i pacipenesienueM ®@umiepa ¢ nq
u no creneasimu cBo6o1bl. ucno F(100a%; ny, ne), yao-
BJIETBOPSIOIICE yPABHEHUIO

P{Fnl,ng Z F(IOOOC%7 ni, TLQ)} = q,

Ha3bIBAETCSI 100-mIpOorLIeHTHO TOYIKOI F-
pacripeiesieHusi ¢ | W No CTETIeHAMN CBOOOIBI.

Wmerorcs TabIUIIBI TTPOTIEHTHBIX TOYeK F-
pacIpeneeHns.
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3adava 1. Ilokaxkure, 4TO TJIOTHOCTHL PACIPEJIEICHUS
CJIy4alilHONA BeJIUYUHBI Fnhn2 nMeeT BUL

n _nitng
2

ni\ = ny n n n

no 2’ 2 no

e B(a,b) = [z (1 — x)~ldx — unrerpan Ditnepa.

O —r

X TIpeAnonoKuM, 9T0 a1 ¥ ao HEM3BECTHBI; Tpedyer-

ca mpoeputTh rumore3ly Hy : O’% = 0’%. Jliss mcnpas-
ny
JIEHHBIX BBIGOPOYHBIX JMCTIepCHit S2 = mlil S(v; — %)% m
=1
2 R 2
Sy = w1 Z(yl —7Y)* B ety caencTus u3 jgeMMbl Ouimepa

2 2 2 2
S{r o anfl Sy . Xn271
= —, 5 =
01 ny — 1 05 ng — 1
9TI/I aBe CﬂyqaﬁHbIe BEJIMYUHBI HE3aBUCHUMDBI, IIOCKOJIBKY OT-
HOCATCA K HE3aBUCUMBIM BbI60pKaM. HOSTOMY IPpU BBITIOJIHE-
HUM T'UIIOTE3bI HO OTHOIIICHHUE

2
SQ Xn1—1
Pr_ m-—l
- 2
Sg Xn2—1
no—1

nmMeer pactpenenenne Ouirepa ¢ nqy — 1 mw ng — 1 cremensamn
cBOOOIBI, & OTHOIIEHNE

2
S2 Xny—1
Py _ mp—1
S% Xi1—1
ni—1

nmeer pacnpenesnenne Pumepa ¢ ng — 1 mw ny — 1 creme-
HsiMu cBOOObI. [IpuHATO BRIOMpATH B Ka4eCTBE CTATUCTUKN
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KPHUTEPHUsI TO U3 ITUX JBYX OTHOIIEHW, y KOTOPOrO YHC/IH-
e Gompme snavenarens. [ycrs S7 = max (S7,57), S5 =
S (Q2 Q2
min (Sz, S;). Torna )
_ 51
==,
S5

opuyYeM IIPpU BBITTOJTHECHUN T'MITOTE3bI H()

¢

= = F
CO C Ho k1,k2>s

e ki m ko JIETKO BBIMMUCKHIBAIOTCS TO M W N9, W MEHBIIe
omHoro w3 HEX Ha 1 (T.e., ecm S2 > Sg, o k1 =n1—1, ko =
ng—1, a ecmu S2 < S;, o k1 =ng—1, ks =nq —1). Ilycrs
anciaa Fy n Fy BoiOpanbl u3 ycioBug

(6%
P{Fkhkz SFl}:P{Fkl,kz ZF2}:§v

rJle @ — yPOBeHb 3HAUMMOCTH Kpurepus. OUIeBUIHO,

1 o
P{Fgyky < F1} = P{Fyy 0, > o) b= 5
1

Takum obpazowm,

£ :F(wO%%; Ky, k;g); 1 :F(wO%%; ko, k1>.

F

Bribepem xkpurtmueckyio 067aCTh Kak
Kpop=1{x: (<F wm (2>}
Torma
P{x € K/Ho} = P{¢ < Fiwm ¢ > F>/Ho} =

= P{Fy, ko, < F1um Fi , > Fo} =
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(%

2
Kputepnit mpoBepK# THUMOTE3LI O'% = O'% AMEET CJEYI0-

= Q.

(0

Uit BAJI:

ecau (g < Fy winm (g > Fy, To runore3a Hy orBepraercs;

ecm Fy < (o < Fy, To rumoresa Hj cormacyercs ¢ aKc-
[EPUMEHTATbHBIMUA TAHHBIMHU.

OTMeTuM, 9YTO TOYHO TAKUM KE CIOCODOM, KOTOPBIM
CTPOUJIUCH KPUTEPUHM 3HAYUMOCTH IO JOBEPUTETbHBIM HWH-
TepBaJaM, MOXXHO pemarh OOpaTHY 3aJady, & HUMEHHO,
[0 KPUTEPUSIM 3HAYUMOCTH MOYXKHO CTPOUTH JIOBEPUTEJbHBIE
uaTepBaTbl. HampumMep, [y KpUTepUs CpaBHEHNs * B CIIy-
qae W3BECTHLIX JUCIepCHit 03 W 05 i dg — a1 TOTy9aeTcs
JIOBEPUTE/ILHBIN MHTEPBAJ

2 2 2 2
_ _ g g _ _ o (o
§-T—Cy/ =+ +-2<ay—a <G—T+Cy/ >+ -2,

niy no ni no

l—«

rae C — kopenb ypapHenus @(C) = -5%.

B. Kpumepuii x°> Hupcona %ax xpumeputi coomeem-
CcMBUA 8epoAMHocMet 8 NOAUHOMUAALHOT cTeme.

PaccvorpuM n HE3aBUCUMBIX HUCTBITAHWH, B KasKIOM 13
KOTOPLIX MOKET IIPOU30HTH OZUH U3 k HECOBMECTHUMBIX HC-
XOJI0B

IpUYeM BEPOSITHOCTH ITUX UCXOA0B B OTAC/TIBHOM HCIIBITAHUN
PaBHBI

p(u1) = P({u1}) = p1, pluz) = P({u2}) =pa2, ...,

k
plur) = PQw}) =pe O _pi=1).
=1
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O6o3nagnM 9epes [i; IUCI0 MOABICHUH MCXOOa U; B 9THX 7
- k
ucnbitanusx (i = 1,k, > p; = n). CocraBuM cieayongyo
i=1
CTATUCTHUKY:
k 2
2 _ (pi — np;)
YT T
i=1 !
[Ipumem 6e3 mokazareabcTBa pesyavmam K. I[Tupcona:

lim P{x* <t}=P{xi_; <t}
n—oo

ade X%—l — cayuatinga sesuvuna ru-xeadpam c k — 1 cme-
newAMU 606000

CnenoBaTebHO, MOXKHO CIUTATH, YTO [IPU OOMBITIOM 00b-
eMe BLIGOPKH M CIyuaiiHas Bequdnna, x> Bejer cebs mpubiim-
JKEHHO KaK CjIyvaiiHas BeJTUYuHa Xu-KBaJpar ¢ k — 1 cremne-
HAMHU CBOOOJIHI.

[IpeamoiokumM Terepsb, YTO MO PE3yJAbTaTaAM 7. HE3ABUCH-
MBIX HCIBITAHUN HAJ0 ITPOBEPUTH THIIOTE3Y

. _ 0 _ .0 _ .0

Ho: pi=pi, p2=p3, -, Pk =Dp
rae p(l], pg, RN pg — (UKCUPOBAHHBIE YHUC/IA TAKWE, YTO
p(l) + pg + ..o+ pg = 1. Tak xak npu GOJIBIIOM N TI0 3aKOHY

OOIBIINX YKCe % ~ pi, T.e. [; — np; ~ 0, TO 3HAYEHUSA CTa-
THCTHKH X° He JOJKHBI ObITh O4eHb Gosbimmmu. [losTomy
KPUTHUYIECKYI0 00JACTh 1eecoo0pa3sHo BbIOPATH TaKuM 00-
pPa30M, 9TOOLI IIPHU IIPEBLIIEHAH €10 HEKOTOPOTO IIOPOrOBOro

SHaUeHUd TUIIOTE3a OTBEPraJiaCh. HOSTOMy BO3bMEM
— . 2 2
Kp - {X X 2 XKpI/IT.}'

SananumM ypoeeHb 3HaunMoctu «. Ilycts

k 0\2
2_ .2 _ (pi — ”Pi)
Xo = X ‘Ho Z 771])? .
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§ 9. Kpurepun coryracus

Bribepem X?{pm_ TaK, 9TOOLI

P{X S KP/HO} = P{X2 > XipI/IT./HO} = P{X% > XlzipI/IT.} = .

B cuny pesysnbrarta [lupcona 3To paBeHCTBO MOXKHO 3aMe-
HUTH MPUOTUKEHHBIM PABEHCTBOM

P{X%—l > XIQ(pI/IT.} ~oa.

[TosTomy npubIMKEHHO X12<pm. = x2(100a%; k — 1).

Kpurepuit nmposepku rumoresst Hy mMeeT CIeLyIOILyIO
dopwmy:

ecm X3 > x?(100a%; k — 1), To rumoreza Hy oTsepra-
eTCsT;

ecm X3 < x2(100a%; k — 1), To rumoreza Hy cormacy-
eTCsT C HKCIIEePUMEHTATBHBIMHA JAHHBIMHA.

[MoguepkHeM, 9TO JAHHOE PEIIarolee MPABUIO MOXKHO
OPUMEHATH TOJIBKO JIJId BEIDOPOK HOCTATOIHO HOIBITOTO 00b-
ema.

§ 9. Kpurepun corisacusi

Ilycrs x1,29,... ,o, — BbIOOpPKA 13 pacupexenenus F(x),
nprudeM (byHKINA pacupenenerus I memssecrHa. Tpebyer-
ca mposeputh tunoresy Ho :  F(x) = FO(z), rae FO(x)
— zajanHag GyHKIU pacnpenerenus (T.e. FO me yGuiBaer,
renpepbiBHa ciesa, FO(—oo) = 0, FO(+00) = 1). ['mmoresy
TAKOTO BUJ HA3BIBAIOT TUIIOTE€30M COTJIACHUS, 3 KPUTEPUN
JIJIST €€ TPOBEPK — KPUTEPUAMU COTJIACUS.

O6bIYHO KpUTEpUM COrJIacus CTPoAT Tak. Kak Mbl 3Ha-
eM, TeopeTndecKas (DYHKINSA pacupeneaeHus [ u sMmoupn-
4yeckas (OYHKIUS pacIpegeserns F)' MaIo OTIHYAI0TCS IPH
boapmmx n. BuibepeM HEKOTOPYIO Mepy OTKJIOHEHUS V, =
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

vn (B F) = vp(21, 22, . .. ,Tp) dysxiwm F ot dyakuun F.
OTa Mepa BHIOMpAETCS HEOMHO3HATHO, W, B 3aBUCUMOCTH OT
crocoba ee BbIGOpa, MOJIYYAlOTCs pa3Hble KPUTEPUH COTJIA-
cust. [TpeamomokuM, 9T0 HaM YIaJI0Ch PA3BICKATH TPeIe/b-
HOE paclpelesieHue CIy4YaiHoll BeJIUYUHbL Vy, HIPU N — OO.
IIycrs cayvaitnas BeqwanHa U obJIagaeT 3TUM PacIpeaese-
ureM. Torga KkpuTudeckyoo 06,1acTh BHIOMpPAEM Kak

KF = {X: vz l/KpI/IT.}'

[Hasee 1o 3a1aHHOMY yPOBHIO 3HAMUMOCTH (¢ HAXOAUM Vipur.
W3 ypaBHEHUS

P{X S KF/HO} = P{V > l/KpI/IT./HO} = P{VO > VKpI/IT.} = qQ,

rme Vg = V — 3HaYeHNe TPeNeIbHON Mephl IV B IPEIIo-
Ho
JioKenunu, uTO BepHa runore3a Hy. U, makomer, kpurepwuii

MPOBEPKU TUrioTe3bl Hy CTPOUTCS CTAHIAPTHBIM CIIOCOOOM:

ecm vy > Vgpur., T0 Hy oTBepraercs;

ecn vy < Vgpur., TO cauTaeM runoresy Hy cormacyromeii-
¢Sl C 9KCIEPUMEHTATbHBIMI JTAHHBIMUA.

OTMeTnM, 9TO KPUTEPUN COTJIACHUS SIBJISTFOTCST 9aCTHBIMUI
BUJIAMU KDUTEPUEB 3HAYUMOCTH, TaK KaK HE YUIUTHIBAIOT
BEPOATHOCTH OMIMOKHU 2-T0 POIA.

1. Kpumepudi x> ITupcona wax xpumeputi cozaacus.

[lycts x1,%2,...,T, — BBHIOOpKA W3 paCIpeIe/eHns]
F(z), koropoe nHam nemnssectHo. [Iposepsierca runoresa H :
F(z) = F%2x), tne F° — sagamnmas ¢yHKOUA pacmpeje-
seang. PazobbeM YHCIOBYI0 OCh Ha Kk HEIEPECeKAIOITHX-
ca gacreit Ay = (20 = —00,21), Ay = [z1,22), Az =
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§ 9. Kpurepun coryracus

[29,23), ..., Ap = [2Kk_1,2r = +00). Obo3HAINM [YepE3 U;
COBBITHE, COCTOAINEE B TOM, YTO TEOPETUIECKAA CJIydaiiHas
pesimunHa § nomazer B A;, rorma p; = p(u;) = P{€ € A} =
F(z;) — F(zi—1) (i = 1,k). B cuny coiicrs dyHKunu pac-
npejesieans 310 BuInoHsgercss u aad Ay, Ag. [lycrs p; —

IUCTO0 BBIOOPOYHBIX 3HAYEHWH TOMABIIUX B A;, T.e. 9HCIO
HOABJICHUI MCXOOA U; B N UCIIBITAHAAX.
[pemamonoxkum, uro rumoresa Hy Bepua, Te. F = FO.

Torma tem Gonee Bepra runoresa H) : p; = p(l], py =
Py, -y D =Py, tae p) = FO(z1) — F(z0) = FO(z1), p§ =
FO2) — F(z1), ..., pg = FO%2z) — FO(z1) = 1 —
FO(Zk_l).

Takum obpaszom, 3a7ada CBeTACh K MPOBEPKE THUIIOTE3RI
COOTBETCTBUSI BEPOATHOCTEN B MOaUHOMUAIBHOMN cxeme. Co-
CTaBUM CTATUCTUKY

X2 _ Z (i — npz‘)z

A T
Y
no.
i=1 Pi

npejiesibHOE paclpejiesieHne KOTOpoii npu n — 00 B CH-
7y pesynbTaTa IIMpcoHa COBMaTaeT ¢ pacrpesieseHneM X2
¢ k — 1 crenensivu cBobospl. Berancisem p) = FO(z;) —
FO(zi_1), i=1,k, 3aTem BBUACTACM 3HATCHHE CTATHCTHKH
x? B npexanonoxenun, uro runoresa Hy BepHa:

k 0\2
2 _ 2‘ _ (s — np;)
X0 X Ho Z npg)

Ilo zamammomy ypoBHIO 3HaUnMocTn « #HaxogmM 100a-
IIPOIEHTHYIO TOYKY DACIpPEeJeIeHus X2, COOTBETCTBYIOILYIO
guciay k — 1 creneneit ¢cBo6oIbI.

Kpurepuit nmposepku rumoresst Hy mMeeT CIeLyIOILyIO
dbopwmy:
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

ecm X3 > x2(100a%; k — 1), To rumoresa Hy oTsepra-
ercs;

ecm X3 < x2(100a%; k — 1), To rumoresa Hy cormacy-
€TCA C IKCIICPUMEHTAJIbHBIMU JaHHBIMHA.

Sameuarnue 1. B nanHOM cirydae B POIM MepPbI OTKJIOHE-
Hud F) or F' cayxur

k

X = v(F, Z _an)

=1 Pi

Samevanue 2. Ha ckonbko yacTeil 1 KakuMm 06pa3oM pas-
6uBaTh UncioByo mpsimyio Ha A;? Ha sTor cuer cymiecTBy-
er MHOro pasnuunbix Muenuil. Kengasur u Creoapr mpei-
JTaTaloT JOBOMBHO CJIOKHYIO TPOIEAYPY, B KOTOpO# dacTh
pa3buenus BuIOUpAOTCA TaKuM 00pa3oM, 9TOOBI BEPOATHO-
CTM TIOMaJaHMs B HUX OBLIA OIMHAKOBBL p) = p§ = ... =
pz = % O6BIunO TOCTYIArOT Tpote. PaszbuBaror momyorpe-
30K [T(1),T(n)) HA JOCTATOYHO GOMBIIOE IMCTO K DABHBIX a-
creit, 3aTeM BHyTpeHHUE dacTu 6epyT 3a Ao, Ag, ... , Ap_1.
B xauecTse Ay GepyT obbLennnenne KpaiHeil Jepoil 9acTu ¢
(—00,7(1)), a B KaaecTse A, GepyT obbenuHeRNe KpaiiHeit
MPaBOIl YaCTH C [T(y), +00).

Pekomenyercs, arobbl q1s Kaxkgoro A; BBITOTHSIOCH
HEPABEHCTBO np? > 5. [losromy moskua ObITH pazpabora-
Ha TpOTeaypa W3MeHeHust A; NI TeX YacTeif, B KOTOPHIX
910 yesoBue Hapyinero. CaMo pazbueHne TUCIOBOIM MPIMOi
M 9Ta MPOTEAYpa JOMKHBI OBITH BRIPAOOTAHBI IO TOTO, KAK
MBI yBuzeu BeIOOPKY. Ecium oHm mogronaioTcsd momd BeIOOD-
KY, TO KOHIIBI 2; OKAIKYTCS PYHKIUAMA OT X1, T2, - . . , Ty, T-€.
CYyYIalHBIMU BeJIUYNHAME, a TPeAeabHbIN pe3yabTar [lupco-
Ha JOKa3aH TOJBKO I CIy9ast qacTei ¢ (PUKCHPOBAHHBIME
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§ 9. Kpurepun coryracus

koHamu. [IpuMepom mporey phl, MO3BOJSIONIEH Y0BIETBO-
PHUTE yCI0BIe npY > 5, ABASETCS CTETYIONTASA: eCIIH 3TO YCITO-
BU€ BBITIONHIETCST B A1, TO OCTABISEM €ro; e€Cn HeT, TO B
KagecTBe HOBOro Ap HepeMm obbeaunenue crapbix A7 nlg.
Ecau v 8 HoBOM A1 yC/TIOBHE HE BBIMOJHAETCS, TO 00HEIUHSI-
eM Ay, Ay, Az B Hopoe Ay 1 T.J. JI0 TeX IIOP, [IOKA BLIIOJI-
HUTCS yesioBue. Beibpas Aq, bepeM Caeayoonii HHTEPBAI 1
00beIMHSIEM €r0 C TMOCIEIYIONIUMU 10 TEX MOP, KOTJA YCJIO-
BUWE BBITTOTHUTCA # T.71. 1Ipw 5TOM umcao gacreit pazbmenus
YMEHBIIUTCS WM OCTAHETCS TAKUM 2Ke.

Ormernm TakKe, 910 KpurepueM [Inpcora MOXKHO MOJIb-
30BATHCs TOJIBKO /it BEIOOPOK GosbIioro obbema. Hanbosee
OCTOPOXKHBIC aBTOPBI PEKOMEHAYIOT TMPUMEHATH €ro Ajad
n > 150, ectb pekomenpaiuu 0Gojee CMeJble, HAIPUMED,
npesaaraercs, 9Todowl n > 30.

Sameuanue 3. Mbl nogo3pesaeM, 9To TEOPEeTUIeCKas CIIy-
JaifHas BeJIMYNHA UMeeT HOPMAJIbHOE PaCIpeIe/eHne, HO Ta-
pPaMeTpbl HEU3BECTHDI. TOFILa €CTEeCTBEHHO IIPOBEPATH T'HUIIO-
Tesy Hy : & ~ N(T, S?). MoXHO JH TOTB30BaThCH KpH-
tepuem x2? JIOKa3aHO, 9TO B STOM CIydae BCA IIPOLEIY-
Pa OCTaeTCd B CHJIe C €AMHCTBEHHLIM pDa3JjinduveM, 4YTO Ha-
10 GpaThb OPOIEHTHYIO TOYKY C YHCAOM CTeHeHeil CBOOOIbI
k— 3, ame k— 1. I Boobirie, eciu TUMOTETHIECKU BHIOOD-
Ka Geperca n3 pacupenenenus FO(x/01,0s,. .. ,0,,), 3aBucs-
mero oT m HeI/IiBeCEHbIX T[ap/ElMeTpOB7 TO CHa4dYaJla HaXOOddAT-
¢ ux oneHku 61, 6o, ..., 6, (cTporo roBopsi ¢ TOMOIIBIO
TaK HA3bIBAEMOT'0 METOJda MUHUMYMa X2 NJIN aCUMIITOTHUYE-
CKM 9KBHMBAJEHTHOIO €My MeTO/a MaKCHUMAaJbHOI'O MpaBIo-

nomobus). 3arem mposepsierca rumoresa Hy : F(z) =
FO%x/0y, 05, ..., 0,,). Torma pesymsrar [Iupcona ocTaercs
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

B cuJjie, TOJIbKO IIpeaeJbHbIM pPacCIIpele/JIeHueM CTaTUCTHUKH

2
2 (i — npi)
X = E -

= P

Oymer xu-KBaaparT pacupenenenue ¢ k—m—1 crenengamu CBO-
6ompl. [Tostomy xpurepuii [lupcona 6ymer mpuMeHHM, TOJIb-
KO YMCJIO CTereHel CBODO/IbI Y IPOIEHTHONW TOYKN U3MEHUTCS
¢ k—1mnak—m—1. EcrecTBeHHO, 9TO YUCI0 YacTeil pas-
omenna k momKHO 6paThCst OOMBITUM, IEM M.
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§ 9. Kpurepun coryracus

2. Kpumepudti cozaacus w?.

[Ipu npuMeHeHHN KPUTEPHs COIACHS X2 pasbuenue du-
CJIOBOY IIPAMOIM Ha YaCTU B OIPENEJICHHON CTelleHU IIPOU3-
BObHO. Pe3ynbrar mpuMenenusa kpurepus llupcona 3aBu-
cutT oT crocoba paszbueHns, YTO CBA3AHO ¢ moTepeil nHdOop-
MaIii. JTOTO HEeJAOCTATKA, JIUIIEH PACCMATPUBAEMBINH HIUXKE
Kpurepuit.

I"Kpamep, P.Muzec u H.B.CmupHoB BrepBbie paccMo-
TPeIn MEepPhl OTKJIOHEHWS IMITUPUIECKON (DYHKIMK PacIpe-
JIeJIEHUs OT TEOPETUYECKoil (DYHKIUU pacipeie/eHus BUIA

+oo
V(F3, F) = / |Fr(x) - Fa)PdK (z),

rae K(x) — B joctarognoil Mepe Npou3BosibHAs HeyObIBao-
mast Gynknusa. H.B.Cuupros npemxnoxun B kadecrse K ()
B3aTh F'(x) m paccmorpen mepy

+o0

W = / \F? (2) — F(a)2dF (z).

Ecnm momctaBuTh B 9TOT MHTETPA

0, ecmx <x),

1
ny eam x(q) <& < X(9),

Fi(z) =<2, ecm T(g) < < 1(3),

n’

L, ecm x>z

" HOC‘IHT&TI)7 TO HOJIy‘{I/ITCH
1 1 & 2k — 172
2
=——+-S"|F E——
w 12n2 + n ]; [ (x(k)) 2n
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

3adaua 1. [locumraiiTe 3T0T MHTErpAJ.

CyuproB fokaszan, uto ecau F(x) nenpepumena, mo dasn
W,, = nw? cywecmesyem

lim P{W, <z} = P{W < z},

ne 3agucawul om F.

Nmerorcst Tabyidiibl KpUTUIECKUX TOUYEK PACIIpEIeIeHns]
npee/bHON Ccaydaiinoit Benmumnbl W, mo3Bossiomyie 1o
VPOBHIO 3HATUMOCTH ¢ HAXOIUTH KPUTHIECKYIO TOUKY Wo,
KOTOpasl sBJAeTCa KopHeM ypasuenus P{W > W,} = a.

3aanauM ypoBeHb 3HAYUMOCTH (v U HaidijeM 1o Hemy W,.
Jlamee TTOACYNTHIBAEM

I 1[0 2k — 172
W”O_WO_W‘HO_n{12n2+5;[F (o)==, } }

Kpurepuit mposepku rumore3sr Hy Takoii:

ecm W9 > W, To runotesa F(z) = FO(z) orsepraer-
cs,

ect W0 < Wy, To runoresa F(x) = F°(x) me nporu-
BOPEYUT HKCIEPUMEHTATHHBIM JTaHHBIM.

3. Kpumeputi cozaacus Koamozoposa.

A H.KomMoropos mpemioXuia B Ka4ecTBe Mephbl OTKJIO-
HEHUS SMIUPUYIECKOH (DYHKIUY pacipeeieHns: OT TeOPETH-
9eckoit (DYHKIINK PACIPeIeIeHnsT PACCMATPUBATE

D, = sup |3 (x) — F(x).
zER
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§ 9. Kpurepun coryracus

Own nokazas, ato ecau F(x) nenpepwsena, mo das cayuatinot
seaununv, K, = \/nD, cywecmeyem ne zasucawut om F
npeden:

0
lim P{Kn < x} = P{K < x} =1 22(—1)T_16_2r2x2,
n—00

r=1

Nmerorcs TabuIbl KpUTUIECKUX TOYEK PACIPEIeSIEHUs [Tpe-
JeJBHON corydaitHoll BeqmIuHb K, TTO3BOJISTONINE TI0 YPOBHIO
SHaAYNMOCTHU (¢ HAXOJUTH KPUTUYECKYIO TOYKY Ka, KOTOpada
sBisiercst KopaeM ypasaerns P{K > K,} = a.

3aJaauM yPOBeHb 3HAUUMOCTH (v W HaiigeM 1mo Hemy K.
Jaiee TOACINTHIBAEM

* 0
Kno = \/ﬁDnO = \/ﬁDn o = \/ﬁsup‘Fn(x) - F (‘T)‘
0
Kpurepuit mposepku rumore3sr Hy Takoii:
ecmn Ko > K, To runoresa F(z) = FO(x) orsepraercs,
ecmn K9 < K,, To runoresa F(x) = F°(x) me mpoTuso-
PEUUT IKCIICPUMEHTAJIBHBIM JaHHBIM.
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

§ 10. OgnodakTopHbIii AUCIIEPCUOHHBINH aHAIN3

[Ipenmosoxkum, 9ro  HaAOJOOAETCST M HE3ABUCHUMBIX
HODPMAaJIbHO pacrpeaeseHHbIX CaydaitHbIX BEJIMYUH

£1,&,... &y, UMEIOMUX ONHY U Ty JKE UCIEPCHIO 02,
u nyctb M& = ay, Mé& = asg, ..., M&, = apn. llycrs
KaxKoe & m3Mepdaercd N pas:
§1: Ti1, T12, -, Tin
§a: o1, Wa2, y Top
Ez Ti1, X452, y Lin
Emt Tl Tm2s - 5 Tmn

ITo cpaBmenuio ¢ TeMm, 4TO PACCMATPUBAIOCH paHee, y HAC
MMEETCS He OJHa TeopeTHhdecKas caydvaiiHasd BeJuduHa, a m
HE3aBUCUMBIX TEOPETUUECKUX CAYIAWHBIX BEJIWYNH, U KaxXK-
nas m3Mepserca n pas. llpm sToM Bce mn caydaliHBIX BeIn-
9UH Tj; He3aBUCHMBI MeXK Ly co00ii (Korma BEIOOPKH paccMar
TPUBAIOTCS KAaK abCTPAKTHBIE).

MpbI XOTrM TPOBEPUTH HYJIEBYIO TUIIOTE3Y

Hy: ai=as=...=apn.

Pesynbrarer sKkcnepuMenTa ya00HO 3amucaTh B BUjle TabJIH-

I
31aecs



§ 10. OxmHOMaKTOPHBIN JTUCIEPCUOHHBIN AHAINS

Howmep

CJIy4aliHOU!

— Howmep m3mepenns Cpe e

(rpymmer)
1 2 3 n

1 i1 | Ti12 | %13 Tin T
o1 | Too | a3 ZTon Z2

3 31 | T32 | ¥33 T3n z3

m H ITml ‘ Lm2 ‘ Im3 ‘ ‘ Lmn H T,

cpenune apudMeTHIeCKre Pe3yIbTATOB M3MEPEHUil BHYTPHU

rpymn. IlycTs
n m

1 & 1
T=ood D mu= ) T
i=1 j=1 i

=1

cpeiHee apuOMETHIECKOe BCEX U3MEDEHHU.

PaznoxkumM moaHyio cyMMy KBaJIpaTOB OTKJIOHEHWH BLI-
OOpPOYHBIX 3HAUEHUN OT BBIOOPOUYHON cpeimeil mo BCEeM Mn

U3MEpeHnuAM:

ZZ(%—@QZZZ(mia‘—Ti-”_i.—f)z:

i=1 j=1 i=1 j=1
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Ho nmocnenssa cymma,
m n

S=> (wy-m)@i-7) = > _@i-7)»_(v;—77) =0,

=1 j=1 =1 7j=1
TaK KaK

n

n
E (xij —T5) = E T — NT;, = nT;, — nx;, = 0.

J=1 Jj=1
Taxum obpazom,
Q2 = Q% + Q%v

rIe

Q? = E E (wij — 7)? — mommas cyMMa KBaJpaToB,

m
Q2 = Z Z(ﬂ —7)2=n Z(ﬁ —7)? — mexrpymmosas
i=1 j=1 i=1

CyMMa KBAJPaTOB (XapaKTEPU3YET CTEIEHb PACXOKICHUS

B CHCTEMATUYECKUX TTOTPENTHOCTAX IPYTI),

m n
Q3 = Z Z(mw —7;)? — BHyTPHIPYIIOBAs CyMMa KBaJl-
i=1 j=1

paToB (XapaKTEpU3yeT CTENeHb PACXOXKJICHUsI BHYTPU TDYIII).

[Mpernmomoxum, aro runore3a Hy Bepua. Torma Bce mn
HAOJIIOIeHNIT MOXKHO PACCMATPUBATL KAaK BHIDOPKY U3 OJHOTO
W TOTO Ke HopMaJsbHOTo pacupenenennsa N (ai, o). Ilosto-
MYy II0 OIpEeJeJICeHUI0 CJIyYaiiHON BeJIUYUHBI XU-KBaipaT

Q2 20'2- X?nn—l
mn — 1 mn—1
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§ 10. OxmHOMaKTOPHBIN JTUCIEPCUOHHBIN AHAINS

- _ _ 2
OueBunno, Ti., T2, ..., Ty He3aBUCUMBI, DT; = % IIo-
9TOMY

1 m 2 2,2
Z(x_i._f)QZ Ql :J_Xm 1.

m—1 nm—-1) nm-—1
Hauee,
2 2X2 1
n—
n—lzxw_xz T
OTKYJa

§ : 2 2.2
xz] Z- =0 Xn—1-

Tak Kak Ipy Pa3INIHLIX ¢ = 1, m 3TH ciIydaiiHble BETUINHBI

HE3aBUCUMbBI, TO

m n
Q3= (2 —F0)* = 0> X201
=1 j—1

T.C.
2.2

Q% _ o Xm(nf 1)

mn—1)  mn-1)"

ITostomy, B mpeanonoxkenun, aro runore3a Hy BepHa, cTa-

THUCTUKaQ )
1 Q2 Xm—1
F _ m—1 1 _ m—1
- 1 Q2 - X2
m(n—1) 2 Zmn=1)
m(n—1)

ects oruomenne Pumepa ¢ m — 1 u m(n — 1) crenensmu
cobogsl. Ilycrs F, = F(100a%; m — 1, m(n — 1)) — mupo-
[eHTHAsI TOUKa F-pacupesesieHus:, T.e. KOPEHb ypaBHEHNUsI

P{mel,m(nfl) > o} =a.
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[To zamaHHOMY YPOBHIO 3HAYUMOCTH « TIO TabJIUIIAM IIPO-
[EHTHRIX TOUEK F-pacmpenenenns HaxoauMm Fy,.

Kpurepuit nposepku runore3sl Hy BRINISIUT TaK:

ecm F' > F,, To runore3a H(y oTBepraercs;

ecm F' < F,, TO runore3a He MPOTUBOPEUHUT KCIIEPHU-
MEHTAJIbHBIM JAHHBIM.

Cxemy 0HOGDAKTOPHOTO JUCIIEPCHOHHOTO aHAIN3a Y00~
HO [PE/ICTABUTH B BUje Tabauibl (cM. Tabir. 1).

[Tpu sTOM [1/151 BRIYUCIEHUH YI00HO TIOIB30BATHCA CIEIY-
oMy hOpMYyTaMU:

m n m
Q%= E E x?j—mnf2; Q3 :n[ E x_i,z—mfﬂ;
i=1 j=1 =1

2 A2 2

@ =Q" — Q1.
Paccmorpum ciywait, korma uuciaa HADIIOAEHUE B TPYII-
max MOTYT omindarhes. Ecmm n; — wwuceno HabaomeHu#t B

m

i-it rpymnme, N = ) m;, TO pacCCMOTPEHHAsI CXeMa OCTAHETCST

i=1
CITPaBEJJINBON CO CJEYIOMNMA N3MEHEHUSTMUT:

m_L:n_inija EZNZinj:NZniTiJ
Jj=1 i=1 j=1 =1
Q* = Q1 +Q3,
rJe Ternepb
m Uz m
P D) DTTRE Lo S gt e
i=1 j=1 i=1

m Uz

Q5= (wy—7)

i=1 j=1
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§ 10. OxmHOMaKTOPHBIN JTUCIEPCUOHHBIN AHAINS

Tabmuma 1.
KoMIIOHeTa Cymma Yucto Cpenunii
J— KBaJIPATOB CTel'ie- KBaIpaT
HEU
¢cB0OOIDI
Mexay Z(xz —7) m—1 —L Z(l"z
rpyumnamu ) w2
(dbaxTop- )
Has)
BryTpn Z(% mn—m mnl_m Z(%]
rpymim bJ ]
)2 =2
(ocTaTou- zi) ;)
Has)
Ob6mmas S(wg—x)? | mn—1
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Tabauanas cxema M3MEHUTCs CAEAYIOMNM 0Opa3oM:

Tabauma 2.
KomnonenTa Cymma Yucno Cpemmmit
IECIEpCHE KBaJpaTOB cre. KBaJpaT
neHen
CBO-
001bI
Mexcy m m-1| , mmn
rpyHamamMmn o v 1 P ij
(baxTop- z)? o
Hast)
BHyTpH mo N—m 1 m n;
> (wij— 5 (zy
== P B
rpyumn J N-—m J
(ocTarou- 77)? =
Has)
Obmas m N1 m n
2, 2 (% 171 > > (@i
i=1j5=1 i=1j=1
7)? )2
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§ 11. OCHOBBI IMHEWHOTO PErPECCHOHHOTO AHAJIU3A

§ 11. OcHOBBI JUHEHHOTO PErPeECCUOHHOTO
aHaJIm3a

Perpeccuonnbiii  amamn3 ABISETCS  MOIMHBIM — OPYKUEM
MaTeMATUYECKON CTATUCTUKY W UCIIOJNB3YETCS st YCTAHOB-
JICHUA SOMIINPUYIECKUX 3aBUCUMOCTEMN MEXKIAY CﬂyqaﬁHbIMI/I
CODBITUAMU, MEXK/y CIYYAHHBIMU BEIUUUHAMH U MEXKIY
caydafiHeIME mpotieccaMu. MBI paccMOTpUM HaYa/Ia ITOM
TEOpUU TPUMEHUTEIBHO K CJIy4ailtHbiM BenuduHam. llen-
TPaJbHBIM IIOHATHUEM B Hell aBJsgeTcd MOHATUe YCJIOBHOTO
MaTeMAaTUYECKOTO OXKUJaHUs, O00Ilee OmpeeseHne KOTO-
pOT0O CTPOUTCHA C TIOMOIIBIO W3BECTHON TeopeMbl Pasona-
Hukomuma u3 teopun mepoi. B obiem kypce BBecTH Takoe
OTIpeie/IEHUe TPECTABISIETCS HEBO3MOXKHBIM, TTO3TOMY MbI
BBEAEM onpenejgeHne JIjad YaCTHBIX CHIyYaeB OAUCKPETHBIX
u abCOIOTHO HENPEPBIBHBIX CIYYANHBIX BEIUYUH, MPUYEM
Oosee TOAPOOHO PACCMOTPHUM JUCKPETHBIN CAydaii, IIsd KO-
TOPOTO peNbedHO MPOCMATPUBAIOTCI HIEHHBIE 0COOEHHOCTH
BBOJUMOT'O ITOHATHA.

11.1. YciaoBHOEe MaTeMaTHUYeCKOe OXKUIaHue

[Iycrs (£,1) — AWCKpeTHBIH CaydaifHbIi BEKTOD, MTpU-
HUMAIOIINI 3HAaYeHud (T;,%;) U3 HEKOTOpOro He Gosee dem
CYETHOTO MHOXKECTBA BO3MOXKHBIX 3HAYEHWI ¢ BEPOATHOCTSI-
MU

pij = P{{ =z, n=y;}
KaK MBI ?)Ha,eM7 YJaCTHbBIE paCHpeﬂeJIeHI/IH KOMIIOHEHT >3TO0Tr0
BeKTOpa OHpe;LeHHIOTCH COOTHOLIIEHU AMM

pi.=P{{=w} =) piji pj=Pn=y}=>_ piy
I 5

(11.1)
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[IpegmomoxxumM, 9TO caydaiiHas BeIUYUNHA 1) IMeeT MaTe-
MaTHU4YeCKOoe OXKUTaHUE

anzyjp{nzyj}zzyjp.j (11.2)

(r.e. psan (11.2) abeomoTHo cxomurcest). Mbl XoTuM ompee-
JIITH YCIOBHOE MATEMATHYECKOE OXUIAHNE CIyYaiiHONi Be-
JIMYUHBL 1) TP YCIOBUH, YITO MPOM30ILIO cobbiTHe {€ = x;}.
Jns sroro ecrecrsento B (11.2) BeposTrOCTh pj = P{n =
Yj} 3aMEHHUTD Ha YCJIOBHYIO BEPOSITHOCTB
P{¢ =z, n=y;}
4j/i {n=y;/¢ i} P{€ = z;}
_ Py _ Py
Pi. X Dij
J

IlosToMy ntaeM ciremyroree

Onpenesenue 11.1. Ilycrs ciyuaiinas BeauduHa 1)
“MeeT MATEeMaTUIecKOe OXKHIaHue. YCJIOBHBIM MaTeMa-
THYECKUM OXKHOAHWEM CJIydJaiiHOIl BeJNMYUHBI 1) OPH
YCJIOBUHU, YTO CjIy4aiiHasi BeJimuuHA ¢ NPUHSAJIA 3HA-
YeHUe T;, Ha3bIBAETCSH YUCIO

Mn/¢=z) = yigyi=» v P{n=y;/¢ =i} =
j j

1
= — E yjpij' (113)
Di. 7

Tax kak pj; < pj, TO aOCOMIOTHAS CXOAUMOCTB Psa
(11.3) BeITeKaeT 3 abCOMOTHON cxogmMocTn psiga (11.2).
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§ 11. OCHOBBI IMHEWHOTO PErPECCHOHHOTO AHAJIU3A

AmasornvyHo omnpesensercs yCJIOBHOE MaTeMaTHIeCKOe
OKUJIAHWE CIy4daifHOW BesnumHbl £ HPH YCJIOBUHU, YTO IIPO-
u301LI0 cobbITHe {1 = Y;}:

ME/n=y;) = Z Tipi; = Z r; P{§{ =xi/n =y} =

1

%
B mpeanosoxkenun cymecreoBanusg ME, rue
P{§ =i, n=y;}

Py = PAE=mfn =yt = —pp— 5 =

__Dbij _ Dij

_p.j - Zpij'
2

[MockombKy Ay pa3aIUYTHBIX 3HAYEHUM ¢ YUCTA T PABIUU-
HBI, TO PA3JUIHBl TaK:XKe coObITus {{ = x;}. DTO O3HATAeT,
9TO AJIA PA3JITMYIHBIX Z YCJIOBHBIE MATEMATUICCKUE O2KUTAHUA
M (n/¢ = x;), BooGre roBopsi, oTinaatorcst. Takmm obpasom,
M(n/¢ = x;) asasercs dyHKpeil or T;, KOTOPYI 0603Ha-
quMm uepes f(x;):

flxi) = M(n/€ = ;). (11.5)

Onpeneaenne 11.2. Ilycrs ciayuaiinas BeauyduHa 1)
AMeeT MaTeMaTHIeCKoe OXUJaHue. YCJIOBHBIM MaTeMa-
TUYECKUM OXKHUJIAHUEM CJIyYalHOW BEJIMYUHBI 1) TIPU
ycaoBun ¢ winm orHOcHTe bHO { HasbBaerca f(£), rae
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dbyukuus f ompenensiercst pasencrsom (11.5).

Tak xak £ = (w) sBsiercss DYHKINEH OT SI€MEHTAPHO-
ro ucxoga w € €, ro M(n/€) sasasiercs cnoxHoi dyHKIpeit
f((w)), xoropass ma wmHOXKectBax {w : &(w) = x4}
npuanMaer 3uavenus f(x;)) = M/ = z;). Takum
obpazom, M(n/§) — nucKperHas CiydaiiHasi BeJUYNHA,
npuarMaiommas 3uadenus M (n/§ = x;) ¢ BEPOSITHOCTSIMU

pi. = P({w: §(w) = 2;}) = P{§ = =4}

Ceoticmea YCAOBHOZ20 MATNEMATNUHECKOZ0 ootcudarua.

1. Ecin n(w) = C — nocrosnuas (Hecaydaiinas) Besn-
9UHA, TO

M(n/§) = M(C/¢) = C.

JeitcrBurensio, Ha Bcex MHOXKecTBax {w : &(w) = x;},
obpasytomux pasbuenne (), ciayvaitnas semwauna M (n/€)
NPUHEMAET OJHO U TO 2Ke 3Hadenne C' B CHJIy TOTO, 9TO

M(C/¢ =) =CP{n=C/{=a;} =CP{Q){ =u;} =C

(ycroBHASL  BEPOSTHOCTH  JIOCTOBEPHOTO  COOBITHSI  paBHA
eIUHNUTIE).

2. M(m +mn2/&) = M(m/€) + M(n2/§).

JloKazaTeabCTBO 9TOrO CBOMCTBA AHAJOTHYHO JIOKA3a-
TEILCTBY COOTBETCTBYIOUIErO CBOMCTBA it 0E3yCIOBHBIX
(OOBIYHBIX) MATEMATHIECKUX OYKHJIAHMIA.

3. Umeer MecTo dpopMmyIia MOJITHOIO MATEMATUYECKOT'O
OXKUJTAaHUS:

MM (n/€) = Mn.
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B camowm gene, tak kak M(n/€) — muckpeTHas ciydaii-
Has BeJMYMHA, NpUHUMatomas 3uadenns M (n/€ = ;) ¢ Be-
pOSITHOCTSIME P;., TO ¢ yaeTom dbopmya (11.1)-(11.3) ee ma-
TEMATUYIECKOE OKMJIAHIE PABHO

77/5 ZMU/E—xz Di. Zz_yjpszz:
:ZzyjpijzzzyjpijzzyjZpijz
? J J 2 J %
=Y yjpj=Mn
J

BOSMO}KHOCTB N3MEHCHUA TIOPAaKaA CYMMI/IpOBaHI/IH cne;pyeT
13 aOCOMIOTHOM CXOAUMOCTH JBOWHOTO PAIa.

Jameuanue 1. PaccMOTpUM YaCTHBIN CIyYail, KOTIA 1) IB-
JISTETCS. WHAMKATOPOM CcOObITHST A, T.e.

1, ecmmwe A,

1w) = lalw) = {O, ecmn w ¢ A.

[Ipennonoxum, uro cobeitust Hy, Ho, ... H, obpa3yoT mom-
myto rpymmy, T.e. Hy + Ho+ ...+ H, = Q. Ilycts ciygaiinas
BemunHa £ MpUHUMaeT Ha MHOXKecrBax Hy, Ho, ... H, co-
oTBeTcTBEHHO 3Hadenuda 1, 2, ..., n. Ha muoxkectse H; =
{w: &(w) = i} cayuaitnas semmanna M (I4/€) npuanMaer
snauenne M(I4/§ =i)=1-P{Ia =1/ =i} +0-P{Ia =
0/¢ =i} = P{A/{ =i} = P(A/H;). llosromy ee Mmaremarn-
geckoe oxuganue pasuo MM (I4/§) = >, P(A/H;)P(H;).

1
C apyroii cropousr, MIy, = 1-P(Iy = 1)+ 0-P(I4 =
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0) = P(A). Takum obpasom, CBOWCTBO 3 B paccMaTpUBae-
MOM YaCTHOM CIyYae MPEBPAIACTCH B OOBIYHYIO (hOPMYITY
IOJTHOM BEPOATHOCTU:

P(A) = 37 P(H)P(A/H).

4. Ecim a(x) — GopesieBckasi (byHKITHS, TO

M (a(&)n/€) = a(§)M(n/§).

Crauasia moSCHUM CMBICT Ha WHTYUTHBHOM yposHe. [Tpn
buKCHpOBAaHHHOM 3HAYEHUN £, PABHOM T;, MHOKUTENb (&)
[PEBPAIACTCS B MOCTOSHHYIO (HECTydailHyIo, T.e. He 3aBU-
CAIYI0 OT W) BenmmuuHy. [[0CTOAHHYI0 MOXKHO BBIHOCHTH 32
3HAK MaTEMATUIECKOTO OXKUIAHU, CIETOBATEILHO

M(a(§)n/€ = i) = M(a(xi) n/§ = wi) = a(z:) M(n/§ = z:),

OTKYZIa W CIeTyeT JOKa3hIBAEMOe CBOCTBO.

Teneps 7aauM CTPOroe MOKA3aTETBCTBO. 3aHYMEpPyeM
MPOU3BOIEHBIM 006PAa30M BCE BO3MOXKHBIE 3HAUEHUS CJIyUaii-
HO¥T BesTmanHB! a(£)7) ¢ TTOMOIIBIO WHIEKCA S TaK, 9TO KOT/IA
§ u 1 mpoberaloT MHOXKECTBa CBOUX 3HaYeHUH T U y; CO-
OTBETCTBEHHO, OHA MPODeraeT 3HAUEHU Zg U3 HE Dojee uem
CYETHOTO MHOXKeCTBa. M3Menenune mopsiaka CyMMUPOBAHUST 1
IPpYNIUPOBKA YI€HOB PANA, IPOU3BOAUMBIE HaJjiee, 3aKOHHBI
B CHJIy ero abcomoTHO# cxoaumocTn. Mmeem:

M(a(€)n/é =) =) 2z P(a(§)n = 2/& = ;) =

S

=Y > P =ump,n=y;/{=m)=

s (k,g): zs=a(zk) y;
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:Z Z zs P = xp, n=y;/§ =) =

(k,j) s:zs=a(zk)y;

=Y alxn)y; P(E =z, n=y;/6 =) =
ko
Z a(zi) y; P(n =y; /& = x;) = alz;) M(n/€ = xi).

31ech yYUTBIBAJIOCH, YTO IMPH (DUKCHPOBAHHBIX Tj H Yj CY-
IECTBYeT €IMHCTBEHHOE S, /sl KOTOPOTO zs = a(Xy)Yj, 1
TOT (haKT, ITO

P(é’:xk’n:y]/gzxz):P(szkan:ijgzxz) _

P(§ = ;)
P(n=y;, £ =)
= &y Jo =0 Pln =, /6 = 2
ki P(f :.IZ) ki ("7 y]/é xl))
riae 5ki — CHMBOJ KpOHeKepa. 3HaUUT Ha MHOXKECTBax

{w : {w) = z;} coywaitasie Bemuunusl M (a(§)n/€) u
a(§) M(n/§) copmamaror. Tak Kak TH MHOXKeCTBa 00pasy-
10T paszbueHre IPOCTPAHCTBA 3AEMEHTAPHBIX MCXOLOB §2,
TO YKa3aHHBIE CIyJaiiHble BEJIMINHBI COBIIAIAIOT Ha BCeM ().

5. Ecnmu & u n — He3aBucuMble caydaiiHble BEJIMYUHBI, TO

M(n/§) =

JeficTBUTEBHO,

M(n/€ = z;) = Z yi P(n = y;/€ = =) =

—Zyj (n=y;) = Mn.
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Paccmorpum Terepb abCoOIOTHO HENPEPLIBHBIN CiTydaii-
HBIi BeKTOD (£, 7)) € MIOTHOCTHIO PACTIPEIETEHNs] BEPOSTHO-
creit pgm(z’, y). HacTHbIE IIOTHOCTH PACIPEIETCHIUs BEPOSIT-
HOCTEl KOMIIOHEHT 3TOI'0 BEKTOPa, KaK MBI 3HAeM, OIpene-
JAI0TCA COOTHOIIEHUAMA

—+o00 “+o00
pe(z) = /pg,n(x,y)dy; py(y) = /pg,n(x,y)dw-

Onpeneaenne 11.3. Ilycrs cayuaiinas BeauuuHa 1)
AMEeET MaTeMaTHIecKoe OXKHJaHWe. YCJIOBHBIM MaTeMa-
TUYECKUM OXKWJIaHWEM CJIyYaiiHOil BEJWYUHBI 1) TIPU
YCJIOBHH, 9TO cJIy4daiiHasi Besim4uHa & NPUHsIJIA 3HA-
YeHNe T, Ha3bIBAETCH YMCJIO0

+oo
M(n/é§=z)= / Y Pyse(y/x)dy,
- (2,3)
pn/é(y/:r)zpi’:g(x’)y -

TaK Ha3biBaeMas yCJIOBHAasl ILJIOTHOCTb paclpeaejieHus
BEPOSATHOCTEHN C/IyIaitHON BeIWYNWHEBI 1) IPU YCIOBUH, ©TO
cydaiiHasl BeIMIUHA & TPUHSIA 3HAYEHUE T.

AfconoTHas CXOAMMOCTH HHTErpasa, ydacTBYOIIErOo B
OIIpeJIeIEHUH, CIelyeT U3 abCOMIOTHON CXOMUMOCTH HHTErPa-
na M|n].

[Ipr UKCHPOBAHHOM 3HAUEHHH X YCJIOBHOE Mare-
MaTHU4YCCKOC OXUIAaHHNE ABJIACTCA YHCIOM. Tak kak JJIA
Pa3IMYHbIX & TH YHUCIA, BOOOIIE TOBODS, PA3JIMIHBI, TO
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M(n/¢ = z) asasgercsa dyukimeit ot x. Ecan B ary dyHK-
IO BMECTO X TMOACTABUTH CaMy CIy4aifHylo BeawanHy &,
TO TOMYYUTCS CJIydailHash BeJUYMHA, KOTOPYIO HA3BIBAIOT
YCJIIOBHBIM MaTEMATHICCKAM OXKUJAHUEM 1) OTHOCHTEIHHO &.

Onpenesnenune 11.4. Ilycrs ciayuaiinas BeauduHa 1)
UMeeT MaTeMaTHIeCKOe OXKHJaHue. YCJIOBHBIM MaTeMa-
TUYECKUM OXKUJAHUEM CJIyYalHON BEJUYUHBI 1) IPU
ycaosuu & wiu OTHOCUTENbHO ¢ Hasbmaerca f(£), rae
dyukums f onpenensiercsa pasencrsoMm f(z) = M(n/§ = x).

CroiicTBa yCIOBHBIX MaTEMATHYECKUX OKHUJIAHUN, [10-
Ka3aHHbIe OJId Cly4Yad AUCKPETHOrO CIy4aiHOrO BEKTOPa,
OCTAIOTCHA B CWJIE U JJIs CJiydas abCOJIOTHO HEPepBIBHOIO
BEKTODA.

11.2. Perpeccusi. OcuoBHasi Teopema
PerpeccuoHHOTO aHaJm3a. Y paBHEeHUs JIMHEWHOM
perpeccuu

Oupenesnienne 11.5. Ypapuerue n = f(&) = M(n/€)
HA3BIBACTCA YPABHEHUEM Perpeccuu 7 Ha &, a ypasHeHue

¢ =g(n) = M(¢{/n) — ypaBHenuem perpeccuu { Ha 7).

Perpeccust nazpiBaercs napabosimgeckoii, ecmn f(x) —
MHOT'OYJIEH HE MEHee BTOPOil cTereHu, u JIMHEMHOM, ecin
f(x) = ap + a1z, rme a3 # 0. Perpeccust 1 Ha € TOKa3bI-
BAaeT KaK B CPEJHEM MEHSETCH BEJWYWHA, 1) TPU W3MEHEHUN
BEJINYUHBI .
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OcHOBHasi TeopeMa perpecCMOHHOTrO aHaJm3a
(TpUHIMI HAMMEHBINNX KBAJIPATOB).

Hauaywwum npoznosom  cayuatinoti eeausumnve 1 1o
cayuatinot eeauvune & 6 cpedHem Keaopamuueckom CMbICAE
ABAALTNCA YCA08HOE Mmamemamuueckoe oocudanue M(n/€)
(Hauaywul 6 3MOM CMBICAE NPOZHO3 DAEMCA YPAGHEHUEM
pezpeccuu).

[Mosicamm  Hoee mOAPOLGHO (DOPMYJUPOBKY TEOPEMBI.
Ecnm B mpocrpancTBe CIydaiiHBIX BEIWYHH BBECTH CPE.l-
HIOIO KBajparudeckyio merpuky p(&, n) = (M(§ — 77)2)%
(Metpuky Lo) ¥ Ha3pBaTh MTPOTHO30M 7) TO & JIHOOYIO
dyakmmio h(§) € Ly, TO B TeopeMe yTBEPKIAETCS, €TO
13 BCEX BO3MOXKHBIX IIPOIHO30B 1) 1O & YCIOBHOE MaTeMa-
tuueckoe oxuganue M(n/€) aBaserca cambiM  BaM3KUM
K TPOTHO3UPYEMON BEIWYUHE 1) TI0 ITOMY PACCTOAHUIO:

M(n — f(&))* < M(n — h(£))*, tae f(§) = M(n/€).

HoxazaTeascTBo. [lo cBoiicTBY /mHeHOCTH MaTe-
MATHUYCCKOTO OXKHJaHMA

M(n = h(€))* = M(n — f(&) + f(§) — h(€))? =
= M(n—f(&))*+M[(n—f(€)(F () —h(E)]+M (F(§)—h(€)).
ITo cBoticrBam 4 u 1 yCIOBHOTO MAaTEMATHIECKOTO OYKUTAHUST
M[(n—=f(E)(f(E)—h(&))/€] = [F(E)—hE] M[(n—f(£)) /<] =

= [£(&) = MM (n/€) — F(E) M(1/€)] =
= [f(&) = MEI M (n/€) = F(E)] = 0,

ITo dopmysie MOTHOrO MATEMATHYECKOrO OKUIAHUS (CBOM-
cTBO 3)

M[(n = F(E)(f(§) = h(&))] = 0.
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CrenosarebHO,

M(n—h(€))* = M(n—f()*+M(f(&)—h(€))* = M(n—f(€))*.

Teopema mokazana. O

Paccvorpum ciyuait nnHeliHo# perpeccun 1 Ha &:

f(§)=Mn/§) =ao+ a1 §. (11.6)

Bpenem obo3nageHns:

(I:Mf, b:MT], 0'521/D ; 07): /DT], T:COU(§7 77)

g¢g an
Ilo croiicTBY 3 yCIOBHBIX MaTeMAaTHIECKUX OYKUTaHUH
b=Mn=MM(n/§) =ao+ar M{ =ap+ara.  (11.7)
Borauras (11.7) u3 (11.6) u ucnob3yst CBOHCTBO 2, MOy dnM:
M(n—=1b/§) = a1 (§ — a). (11.8)
Yuuoxkaga (11.8) wa £ — a u npumensig CBOHCTBO 4, nMeeM
MI(€ —a) (n = 0)/€] = a1 (€ —a)”. (11.9)

Beps maremaruueckoe oxuganue or obenx vacreit (11.9) u
HCIOIB3YsI CBOFICTBO 3, MOy THM:

M[(€ — a)(n —b)] = a1 M(§ — a)®
UJIM, 9TO TO XK€ CaMoe, T 0¢ 0y = a1 O'g, OTKY/1a

g
ai :’I”—n.
g¢
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Taxum obpazom,
o
M(n—b/§) =r—(§—a).
g¢
ITostomy ypasmenue auHeiinoil perpeccuu 1 Ha £ UMeeT BU/I

o
n—b=r-"2(—a). (11.10)
g¢
AmnayornyHo, ypaBHeHWe JUHEHHONH perpeccnn & Ha 1) 6yaeT
nMeThb hopmy
o
E—a=r-2(n-"b). (11.11)
In
OcHoBHast TeOpeMa PErPeCCHOHHOTO AHATM3a TTOKA3LIBA-
€T, YTO B CJIydae JuHEHOU perpeccuu n Ha & ypaBHEHUE
(11.10) maer mamaydmuii B CPEJHEM KBAIPATUIECKOM CMbI-
cJie MPOrHo3 CAy4aiHol BeJUYMHBLI 7) IO CAydalHoil BeJim-
qpre €. Omubka Takoro mpubJrmKeHus paBHA

o
bpe =n—b—r=L({—a).

O¢
Jucnepcust 310 ommbrm —

g
072]/5 = M(6,/e—M6,¢)* = M&f]/g = M[n—b—rU—Z(f—a)]Q =

= M(n—b)2 = 2r L M[(€ — a)(n — b)) + r2 2 M(€ — a)? =

o¢ oF:
— g2 _9,n 20727 2 52(1 _ 2
=0, — ra—gragan +r U—gaé =0, (1—1%).

NTak, cpegnekBagpaTnaeckoe OTKJIOHEHWE OMMOKNT TTpH-
OJ/IM2KeHUs B YpaBHEHUU Perpeccuu 1) Ha & PaBHO

ope = oV 1—1r2 (11.12)
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AHATOTUYIHO, CPEIHEKBAIPATUICCKOE OTKJIOHEHWE OIMUOKN
npub/imKeHns: B ypaBHeHWH perpeccun & Ha 1) PABHO

O¢m = 0eV 1 —12 (11.13)

W3 ypaBuenuii inHeitHOII pErpeccuu BUIHO, 9TO 00e MpsMble
perpeccruu TPOXOAAT depes3 TEHTP COBMECTHOTO PACTpe/iese-
must (ME, Mn) = (a, b). YrioBble Ko3bOUINEHTE TPSMBIX
perpeccuu paBHBI

tga = rﬁ; tg B = E In,

O¢ T o¢

O6a yroBeIx KO3 UIMEHTA OJHOTO 3HAKA C T, CJIEI0Ba-
TesibHO, Jaub0 y 0benx NpsiMbIX yros Hakjgona K ocu OX
ocTpbriit, 60 y obenx — rymoit. [pu r = 0 u3 (11.10) Bugmo,
YTO CPEHEKBAIPATUIECKOE OTKJIOHEHUE OMTUOKU TTPUOIIHKE-
Hug 1) Ha £ COBMAZAET CO CPETHEKBAMIPATHICCKUM OTKJIOHE-
HUEM CJIy4YalHO#W BEJIMYUHBI 7). DTO 03HAYAET, YTO IPOTHO3 C
nomomsio ypasraenus perpeccun (11.10) Takoit xe meompe-
JIeJIEHHBI KaK caMa CaydJailHas BeJIMYUHA 1), T.€. YPaBHEHUE
dakTrYeckn He TPOrHO3UPYET 3HAUEHUS C/IyYalHON BEIHYH-
HBI 7). Y paBHEHUS PErPECCHUU MTPEBPAIAIOTCS B

n:b7 §=a.

r.e. quaun perpeccun (11.10), (11.11) mepneHanuKyIsIPHBL.
ITpu sroM TmporHo3 7) 1Mo & BBHIPAYKAETCA KaK MaTeMaThde-
CKOE OKHUJAHWE 7) U He UCIOAb3YeT HUKaKOi MH(MOpMAIUU O
cayuvaiinoii sesmuanne . M3 (11.12), (11.13) Bugso, uro npu
yeemmuennn 12 or 0 10 1 cpegHEKBaJIpaTHYeCKHe OMMOKH
npubsmkenns: ypaBHenusaMu perpeccun yopiBaoT mo 0, mpe-
BpAIIAsch B Hero mpu 72 = 1. YToJq MKy JUHUSMHA IIpH
srom ybeiBaer ot 90°C mo 0°. 3amerum, 9TO NpPSIMBIE pe-

TPECCUU COBUAJAIOT TOTAA W TOJIBLKO TOTJa, KOTIa ”=18B
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

9TOM CJIydae, KaK MbI 3HaeM, 1) M £ ¢ BEPOITHOCTHIO 1 cBA3a-
HBI JTUHEHHON 3aBAUCUMOCTBIO, KOTOPad KaK pa3 BbIpazKaeTcd
COBITQJAIOMIMMI MEXKIy co0oli ypaBHeHUsIME perpeccun. Ta-
KAM 00Pa3oM, ypaBHEHNE PErPECCUU BBIPAXKAET B ITOM CJIy-
gae TOUHLIH mporuo3. Uem Gimke 72 K 1, Tem Jyulne Kade-
CTBO IPOTHO3a YpPaBHEHHAMH perpeccun, deMm Oymxke 7 K 0,
TEM Ka4eCTBO IIPOrHO33 XYy2Ke.

[IpeamoioxkumM Terepb, 9TO perpeccus 1 Ha £ He SBJsgeT-
Cd JIMHEUHON:

M(n/§) # ao + a1 &;

TeM He MeHee Mbl XOTHM IOCTPOUThL HAWIYUIIAA B CMBICTE
CpeHero KBaJpaTuveCKOro OTKJIOHECHUS JUHEHHBIA ITPOTrHO3
ISt BeJIMYuHBL 7). Apyrumu cioBamu, Tpebyercs 1mogobparh
ap m aj TakmM o6pazom, aTobel M (n—ag —ap €)? mpuHIMATO
HauMeHbITee 3HaUeHne. Mveem

M(n—ap—a1£)* = M[(n—b)—a1(§—a)+(b—ara—ag)]* =
= 072) + a%ag +(b—aja— a0)2 — 2a170¢0y).

JLst Toro, 9T00BI 9TO BHIPAKEHUE TaBaI0 MUHUMYM, HEOOXO-
MO, 94TODbI YaCTHBIE IIPOU3BOIHbBIE 110 (g U (1 00PaIIaIuCh
B 0:

b—aja—ag=0;

2a102 — 2ayro¢o, = 0;

OTKYZa
ar = rﬁ; ap=0b— rg.
g¢ g¢
Jlerko mposepsteTcst, YTO HANIeHHAA TOYKA — TOUYKA MU-
HEMyMa. [losTomy Hamtydmee nuHeiHOe NpUOIIZKEHNE [T

7 1o & maeTcsd C MOMOIIHIO
o o
n=ag+a&=b—r—"a+r-Lg,
o¢ o¢
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§ 11. OCHOBBI IMHEWHOTO PErPECCHOHHOTO AHAJIU3A

9TO COBIAJAET C ypaBHeHWeM JuHeiHoi perpeccun (11.10)
BeJINYMHBI 1) HA &.

Taxum obpazom, ypaBHEHUsI JIMHEWHON DPErpeccuu JTaroT
H&I/IJ’[yLIIHI/IfI IPOTHO3 CpeJn BCeX JIMHEHBIX IPOTHO30B dazKe
B TOM C/Iy4ae, KOr[la perpeccud He sgBJIdeTcsd JIMHeHHOM.

11.3. Bpibopounbie ypaBHeHuUsl JIMHENHOI perpeccuu

[Tycrs umeercs BeiGopka (1,91), (X2,92), -y (TnsYn,)
HEdaBUCHMBIX HabJroIeHnit crydaitaoro Bektopa (€, 7). Ha
NpPAKTUKE YHCJOBBbIE Xapakrepuctuku a = ME, b =

Mn, o¢ = /D&, o, = /Dy, r = cov(&, n)/(ocoy),
KaK [IPaBUJI0, HEU3BECTHBI, @ Mbl MOXKEM IIOCTPOUTH TOJILKO
WX OICHKH

1 — 1 —
JCZEiZIOCi; ?J:Eizlyi;

n—1 n—1
i=1 =1
_colEn)
i Sz Sy
Bnech
cov(§, n) = ——= > (2 —7) (4 — ) —

onerka cov(&, n). Ilosromy ypasHeHust JuHeiiHO perpeccuu
IOCTPOUTL HEBO3MOXKHO. HO MBI MOXKEM MOICTABUTH B 3TH
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

YPaBHEHAA BMECTO NapaMeTPOB YKa3aHHBIC OIEHKH, & BMe-
cro & u n 3anucarsb ¢ 1 y. [lonyyarca ypaBHeHus, KOTOPbIE B
OTIPEIEJIEHHOM CMBICJIE SIBJSOTCS TPUOJIMKEHHBIMU YPaBHE-
HASMU JUHEHHON PErPeCCUN 1 HA3BIBAIOTCH BHIDOPOYTHBIMU
ypaBHEHUSAMM JINHEWHOI perpeccuu.

Nrax, BeibopouHble ypaBHEHNS JIMHEXHONM PEIPECCUN 1) HA
& nmeroT BuUJ

y_y—ng_z(x_f)v
a BLIOOpPOYHBIE ypaBHEHNd JUHEHHON perpeccun £ Ha 1) —
BUT
S,
x—x—TBS—y(y—y).

Sameuarue 2. llpu 3ammcu BHIGOPOUHBIX YPaBHEHUI pe-
TPECCUN MOXKHO TTOIE30BATLCS CMEITEHHBIMU OIeHKAMU JIHC-
nepcui

n n
52 = % Y (@3 S2= % > Wi -9
i=1 i=1
Ho Torma s omeHKHM KBaJpaTa KOBapHalllM TaKxKe HaJo
BOCIIOJIB30BATHCA CMEMIEHHOW OIECHKON
— 1 <&
covi(§, ) = > (@i —T) (yi — 1)

=1

Tax kak yrsioBbie K03QMUIHEHTHI B YPABHEHUSIX PErPECCUU
OpU DTOM COXPAHSIIOTCS, TO U BBIOOPOYHBIE ypaBHEHUS
perpeccun He M3MEHSITCH.

Sameuarue 3. Ilpenmosoxkum, 9TO CAydafiHBI BEKTOP
(&£, m) mMmeer AByMepHOe HOpDMAaJbHOE pachpeiesnenne. B
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§ 11. OCHOBBI IMHEWHOTO PErPECCHOHHOTO AHAJIU3A

3TOM CJydYae roBopdaT O TaK Ha3bIBACMOK HOPMAJILHOW KOp-
penamun. PaccMOTpuM CIy9aiiHbIi BEKTOD

Hzn—b—rﬁ(f—a).

o¢
Nnmeem
MI[O(§ — a)] = M[(§ — a)(n —b)] — royoe = 0.

Tak kak BexTop (6, £ — a) WMeer AByMepHOE HOPMAJIBHOE
pacrpesie/ienne W ero KOMIOHEHTH HEeKOPPETUPOBAHBI, TO
onn HesapucuMbl. Clie0BaTEIHHO, HE3aBUCUMBI TaKkKe 0 u
&, 1 TI0 CBOWCTBY D YCJIOBHBIX MATEMATHYECKUX OXKHUAHWUN

M(0/€) = M6 =0, Te.
M(0/¢) = M(n/€) —b—r j—g (€ —a)=0,

OTKYJa
M(n/€) =b+r2" (¢~ a).
§

Takum 006pazoM, TpPU HOPMAJILHONU KOPPEJAINWH DPEerpecCust
SIBJISIETCS 00s3aTeTbHO JIMHEHHOIA.

MoKHO MOKa3aTh, UTO [PU HOPMAJbLHON KOPPEJANnd B
caydae 60/bIoro 0bbemMa BLIOOPKH 1 ¢ HAEYKHOCTHIO Y /TS
kodddurimenTa Koppeasanun r 1 KoapUIueHTa perpeccun

.
kye =1 ¢ TIOMYHAIOTCA CIEYTONIHe OBePHTENbHbIE HHTep-
BaJIbL:

2

_ ]-+ ]._Tg _ 1+ ]__TB
rg — @ 1(_2’y> <r<rg+o 1(—2’Y> \/ﬁ;

. _@_1(1+7) 1\;57@%

< kn/g <
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/l+\1-728
kB ) 1( ) B MY
< y/x + 2 \/ﬁ Sx’
rae ky, = Ts (Sy/Sz) — BBIOOpPOUHBIT KO3(dUITIEHT

perpeccun 7 Ha &, SBAMIONMIICS OIEHKON Ko3adduimenTa
perpeccun ke, ®(z) — bynxmua Jlamraca.

3adaua 1. Iloab3ysich NMpUBEIEHHBIMH HHTEPBAJILHBIMHI
OLIEHKAMU, [IOCTPOUTH KPUTEPUH 3HAYMMOCTHU JJIsl IIPOBEPKU
runore3 Hy: r=rgu Hy: kn/é =ko, rme 0 <79 < 1.

Vkaxkem ere OnwH CrIocod momydeHusd BBIOOPOUHBIX
ypaBHeHN JuHeHHON perpeccun. Ilocko/bKyY ypaBHEHUS JIH-
HEMHON perpecCuy BbIPAXKAIOT HAUIYYUIIWR JWMHEHHLIA IIPO-
FHO3 Jake B Clly4dae HeJlnHeHHoO#W perpeccuu, TO MOXKHO Ha-
ACATHCA, 9TO TTOXOZKad CUTyalud 6y;LeT COXPaHATHCA U JJId
BBIOOPOYHBIX ypaBHEHUi JinHeitHoil perpeccuu. Kime [aycc
JJIA QMIIMPUYIECCKOTO OIIpede/ICHUA HAWJIyY9IIero JIMHEIHOr O
mpOTHO3a N 1o & 1Mo pe3yJbraraM HaOIOIEHUN Mpe/I0XKMII
TAK HA3BIBAEMbBII METOJ HAaMMEeHbITTUX KBaJApaToB. [Ipu
JUHEHHOM IIPOTHO3€

ij=A¢ + B

B i-M HabOJIOOEHHH MBI JejlaeM omuoKy &; = y; — Ax; — B.
Kosddurmentsr A u B HaX0AATCa U3 YCIOBU, 9TOOBI CyMMa
KBaJIpaToB OMMUOOK ObLIa MUHUMAJIBLHOMN:

n n
Z e = Z(yi—Axi - B)? — min.
i=1 i=1

HeobxomumbiM yciioBueM MUHHMyMa (QYHKIUH JBYX I€pe-
MeHHBIX A u B gBisiercs paBeHCTBO ee YaCTHBIX MPOM3BO/I-

120



§ 11. OCHOBBI IMHEWHOTO PErPECCHOHHOTO AHAJIU3A

HeIX 10 A n B myJto:
n
Z%(%-AM—B):O;
=1
n
=1
st onpenenenust HEM3BECTHBIX Kodddurmentos A n B mo-
JIy9aeTCA CUCTEMa TAK HA3BIBAEMBIX HOPMAJIBHBIX yPaB-
HEHUIA:

n n n
> DA+ @B =Y w
i=1 i=1 i=1
n n
O z)A+nB=> u.
i=1 i=1
Ecan naditu A u B, To oKaxkeTcsl, 94To ypapHenne y = Ax+ B
COBITAET C BHIOOPOYHBIM YPaBHEHUEM JTUHEHHON perpeccuu

n Ha &.
3adaua 2. JTokaykuTe ITOT PE3y/TbTaT.

Ha  opaktuke  gag  ycTaHOB/eHWd  BUIA  pe-
PECCUOHHON 3aBUCUMOCTH n306paKaoT TOYKHU
(xlvyl)v (1’27y2)7 B (xnvyn) u 1o FpaCbHKy NpUKUbI-
BAOT, BOKPYI Kakoil KpuBoil (mo ¢bopme) oHH rpymmupy-
orca. Hemssectabie K0I(DOUIIMEHTH HAXOIAT METOMOM
HAMMEHbBIITX KBaJIPATOB.

[Iycts, mampumep, perpeccHoHHas 3aBUCUMOCTH WMEeT
sz y = C eA” + B. CymMa KBaJIpaToB OMAOOK PaBHA

i £ = i(yz — Cef% — B)2,
i=1

i=1
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JLast Toro, 9TobbI OHa OBLIA, MUHAMAJIbHA, HEOOXOINMO, ITO-
6b1 ee wacTHbIe Tpom3BoaHbe M0 B, C' u A obpara/iucs B

HOJIB:
n

> (yi—Ce*™ - B)=0;
i=1
n
Z (yi — CeAri B) eATi — 0;
i=1
n
Z (yi — C et — B) A% g, = 0.
i=1
OcraeTcst TOMBKO PENIATH 3TY CUCTEMY TPAHCIEHICHTHBIX
YPaBHEHU.

§ 12. docrarounbie craructuku. Heobxogumasi u
MMOJTHAS JIOCTATOYHBbIE CTATUCTUKMN.
DKcnoHeHNuajaIbHbIe ceMeiicTBa. Teopema
Komnmoroposa-Biekyanna-Pao

IIpu Gonpmux obbeMax CTATUCTHIECKON MHAMOPMAINT BaxK-
HOE 3HAUEHNE NMeeT COKPAIEHNE UMEIOIUXCS JaHHbIX. 2Ke-
JTATENILHO, ITOOBI TAKOe COKpAIEHUE He TMPUBOIIIO K MMOTe-
pe nadopmarmu. OKa3bIBAETCS, YTO BO MHOTUX CYYAsIX ITO
MOXKHO CJIIEJaTh C MOMOIIBI0 TaK HA3BIBAEMBIX JOCTATOYHBIX
CTATUCTUK, KOTHIeCTBO nadopmarmu mo Puirepy B KOTOPHIX
COBIAJIAET C KOJUYECTBOM WHpOpMAIUU B BBIOODKE.

IIycts x1,x9,. .. ,T, — BEIOOPKA U3 PACIOPEICICHHAL, 3a-
BUCAIIErO OT HEM3BECTHOTO napamerpa 6 (BO3MOKHO BEKTOD-
HOTO, T.€. O = (01,09,...,0,,)). llycts x = (21,22,... ,2p)

— BEKTOP HADIIONEHUIL, &

T(X) = (T1($1,$2,... ,xn),Tz(xl,xQ,... ,.Tn),...
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§ 12. JlocTaTowHbBIE CTATUCTUKM...

. 7Tr(x17x27"' 7$n))
BEKTOPHAasl cTarncruka, r.e. T;(x) : R™ — R — Gopenesckue
dyHKIUN.

Onpenenenne  12.1.  Crarucruka  T(x) =
T(x1,22,... ,&,) Ha3BIBACTCS JOCTATOYHOI, €CIW TpH
33 TaHHOM 3HAYCHUHN CTATACTHKE 1T pacupenesieHne BEeKTOpa
HabJIonennit X He 3apucuT or 6, T.e. amsg awbdboro B € B
YCIOBHAA BEPOATHOCTD

P{x e B/T(x) =T}

He 3aBucuT oT 0 (1, 3HAUNT, HE HECET HUKAKOW mHMOpMAIUY
OTHOCHTEJIBHO 0).

Teopema ¢axkropusanuu Heiimana. Bexmopnuas
cmamucmuka T'(x) = T(x1,z9,... ,2,) acaaemeca docma-
mounotll cmamucmukoti moada U moavko mozda, Kozda cy-
wecmeyrom Gopeaesckue Gynkyuu h(x) u go(y) maxue, wmo
Pyrruua npasdonodobus npedcmasasemca 6 sude

L(x/0) = go(T(x))h(x). (12.1)

[Momuepkaem, aTo 31ech byHknug h(X) He 3aBUCUT OT 6.

JJokaszaTeabCcTB O IPOBEIEM TOJBKO JJIst CJIy-
Yad, KOTda TeOpeTUICeCKaAd CﬂyqaﬁHaH BeJIMYMHa JUCKPETHA
(BBIGOPKA B34TA W3 JAUCKPETHOIO PACTIPEIEICHNS ).

Heobxodumocms. Ilycts T — mocraTodHasi CTATHUCTHKA,
x € Ru T(x) =t. Torga, ecn €= (1,8, ... ,&,) — Teope-
TUYEeCKUN BEKTOD HADJIIONEHU, TO

L(0) = L(x/8) = P{{ =x} = P{{=x, T(x) =t} =

—
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['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

= g6(t)h(x) = go(T(x))h(x),
rae h(x) = P{€ = x/T(€) = t} ne sasucur or 0, Tax kax T
— JIOCTATOYHAs CTATUCTHUKA.
Jlocmamounocmo. Mycrs L(x/0) = go(T(x))h(x). Ecan
T(x) =t u P{T(£) =t} #0, 1o

PAE=x/T(@) =t} = 11 ?TX(S @; 8 _

_PE=xTx) =t} _ PE=x} _
PITE =t} PIT@ -t}
)

—

. PE=x)  _ gTe)hx)
S P{€=z} Z 90(T(z))h(z)
z: T(z)=t z: T(z)=t
) h()
> go(t)h(z) > h(z)
z: T(z)=t z: T(z)=t
HE 3aBUCUT OT 6. O

Sameuarue 1. s BeIOOPKU U3 abCOMIOTHO HEMPEPBIB-
HOTO pacmpeesenns (pyHKIned mpaBaonogobus Mbl HA3BI-
BaJU TJIOTHOCTH CAYyYaffHOTO BEKTOpa HAOIIOAEHWN X =
(x1,22,... ,Zp), & IJIsT BBIDOPKY U3 JUCKPETHOTO PACIPEIe-
JIEHUST — BEPOSITHOCTD MPUHSITUS KOOPIAUHATAMH ITOTO BEK-
TOpPa CBOWX 3HAYCHUN (c MOJICTAHOBKOW B HUX BMECTO IIe-
PEMEHHBIX CJIyYAWHBIX BEJUYUH T1,T9,... ,Tn — JIEMEH-
TOB abCTPakTHON BbIGOPKM). TOYHO Tak Ke MOXKHO BBECTH
dbyHkouo npaBaonogodbus ajisi JOCTATOYHON CTATH-
crukn T — Lp(T(x)/0) — nnorHoCTh CotydaifHOro BEKTO-
pa T(x) B abCOTOTHO HEMPEPBHIBHOM CJIydae U BEPOSITHOCTH
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§ 12. JlocTaTowHbBIE CTATUCTUKM...

OpUHSATHST 3TUM BEKTOPOM CBOUX 3HAYeHUH B AMCKPETHOM
cayuae. [lycrs 6 — crangpubiit mapaverp. [Ipomomxkas a1y
AHAJIOTHIO, Ha30BeM mH(opManuei mo @uniepy B I10CTa-
TO9HOU cTaTucTuke T wuncIo
Oln Lt (T(x)/0) 2

00 ‘ ’

Kak BmgHo m3 J0Ka3aTeqbCTBa HEOOXOIMMOCTH TEOPEMBI
Heiimana gg(t) = Lr(t/6). [losromy
9ln go(T (%)) ‘2

06 '

Ir(9) = M(

Ie(0) = M(
B cuny (12.1)
In L(x/0) = In gp(T(x)) + In h(x),

a Tak Kak h(x) He 3aBucur ot 6, T0

Oln L(x/6) _ Oln go(T(x))
06 06 '

ITosTomy

Ir(0) =M

Oln gp(T(x)) |2 Jln L(x/0) |2
% ‘ *M‘ a0 ‘ =16)

T.e. nHpOpMaIUs 0 mapaMerpe 6 B JOCTATOIHON CTATUCTHKE
T(x) coBuajaer ¢ undopmarmeii B BLIGOPKE.

Samevanue 2. YpaBHeHNE IPaBIONOI0OM

dn L(x/9
7]“69(:(/ ) _o, i=Tm,
9KBUBAJICHTHO YPaBHEHHIO
In go(T
Olngs(T(x)) ngg(ei ) o, i=Tom.
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[TosToMy OIEHKM MAKCHMAJBLHOIO IMIPABIONOI00US, SBJISIO-
[IUECd er0 PEIeHWeM, 3aBUCAT OT BBIOODOUHBLIX 3HAYEHUN
TOJIBKO Yepe3 JOCTATOYHYI0 CTATUCTUKY.

Ipumep 1. Ilycts x1,x9,...,T, — BBHIOOpPKA U3 paB-
HOMepHOro pacupejesnenns Ha orpeske [0,1]. Ecm T =
(1), T(ny), TAE T(1) = min(x1,T2,...,7n), Ty =
max (21, X9, ... ,Ty) — KPAHIE MOPSATKOBBIE CTATUCTHKH, TO

W, eCIM T(1) = G, T() < b,

L(x/a,b) = { =

0, B MHBIX CIyYasax

= 9a.o(T) - h(x),

rae h(x) = 1. [Tosromy T — mocrarovuHas CTATHCTHKA.

Ipumep 2. llycts x1, T2, ... , T, — BHIOOPKA U3 HOPMAJIb-

roro pacrpeenenns N(a,d?).

2

1. ITycrs a nenssectHa, 0 n3secrna. Torma

L(x/a) = —=——e 7 = 9a(T) - h(x),
rie
8- ) 1 —gh Y

o

9a(T) =€ , h(x)=——=—=—c¢

ChaengoBarebHO, T — JOCTATOYHAS CTATUCTUKA.

2. Ilycrs 02 meussecrHa, a m3sectna. Torma

1 > @io) 2
L(x/0%) = ———¢ > =1 =g,2(5") - h(x),
(x/o%) = 952(5°*) - ()
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§ 12. JlocTaTowHbBIE CTATUCTUKM...

n 1 _nS*Q

S* _ i — 2, S*Q - = 202 ,
Aol anlS) = e

h(x) = 1.

2
ITo reopeme Heiimana S* — gocrarodyHas CTaTUCTHUKA.
3. Ilyctb a u 0 memssecrusl. Torma

1 (z;—T+T—a)?
L(x/a,0%) = #e = & =
(V2mo)n
1 5| 3 @B nE-a)?
= (\/%O')ne ’ |iz:1 ] _gaUQ(xa‘Sz) h(X),
re
1 n
2 _ =2
1 — L (n=1)824n(T—a)?
Ya 02(57 SQ) =7 ¢ 20° [( S ) ) h(X) =1
’ (V2mo)n

[To Teopeme dakropusamun (T, S?) — gocraTounas CTaTH-
CTHKA.

I[Iycts x1,%9,...,2, — BBHIOOPKA W3 pPaCIpEme/eHUA
F(x/0), 3aBucsamero or HemsBecTHoro mapamerpa 6. Mer
HazbIBasIM BeKTOpHOI crarucrukoit T = T(z1,22,... ,Ty) =
(Th(z1,22,. . yTp)y. oo, Tp(T1,22,. .. ,2p)), tie T; — Gope-
JIEBCKHE (DYHKIMK OT BBIGOPOUYHBIX 3HadeHuil. [Ipu sTom oHa
He 3aBHCesa 0T HeM3BeCTHOTO napamerpa . B sTom pazmene
BpeMeHHO paspentnMm eii 3asucers ot 0 @ T = T(x/0) u
Oy/ieM HA3BIBATEH €€ (-CTATUCTUKOIL.

127



['VTABA 2. MATEMATUNYECKAA CTATUCTUKA

Onpepesienne 12.2. §-cratucruka T(x/6) HaseiBaeTcs
JIOCTaTOYHOM, ecin

L(x/0) = go(T(x/0)) - h(x).

B cuny ddakropusanuonnoit Teopembl Heiimana 3T0
OTIpeJieSIEHNE COTVIACYeTCsd C TeM, KOTOPOe Mbl BBOJIWJIN JJId
craructuku (T.e. Kormga T(x/60) ne 3aBuceno ot 0).

Onpenenenne 12.3. O-craructuka T*(x/6) naszbl-
BaeTCsd HEOOXOAMMON WIM MUHUMAJIBHOW, €CIu OHa
OTIPENIeISIeTCS 3HAYEHUAMMA JIFODOOH TOCTATOUHON CTATHCTH-
KH.

Cwmpica aToro ompeaenenus: Takos. Ecaun T — mocrarou-
Hasl CTATUCTUKA, TO JJIA JIFOOOH cratmcTukm t crarucTu-
ka (T, t) Toxe saBaserca nocrarounoii. [Ipeamoarnrenshee
nmeth geno Toabko ¢ T, a we ¢ (T, t), mockonbKy Halma meb
— TIPEICTAaBUTh JAHHBIE B CXKATOM Bue. JIas HeoOXoamMoii
CTATHCTHKYM XapaKTEPHO TO, YTO MPH COXPAHEHWH CBOWCTBa
JIOCTATOYHOCTH HEBO3MOXKHO JIAJIbHENTIIIee COKPAIEHNEe JTaH-
HBIX 10 cpaBHenmio ¢ T*.

Paccmorpum BONPOC O CyIIECTBOBAHWUE HEOOXOAUMO# ©
JOCTATOYHOM cTarucTuku. Jasi O-CTaTHCTHK 3TOT BOMNPOC
pemaeTCd TPUBUAJIBHO.

Teopema 12.4. Ecau L(x/0) > 0, mo 0-cmamucmuka

T"(x/0) = In %,

HA3bI6AEMAA TTOTAPUMMUIECKUM OTHOIIIEHNEM TTPABI0-
noaobus, Asasemcea neobrodumoti u docmamounot.
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§ 12. JlocTaTowHbBIE CTATUCTUKM...

HJoxkxasareascrtso. [lo onpenenernnto T*(x/0)
L(x/0) = L(x/00)e™ */% = h(x)gs(T*(x/9)),

rae h(x) = L(x/6p), go(T*(x/0)) = eT */9) o dpakro-
pusarmonHnoii Teopeme Heiimana 910 o3mauaer, uro T*(x/6)
— JIOCTATOYHAS O-CTATHCTUKA.

[Iycrs T(x/0) — nrobast nocrarounast f-crarucruka. Uc-
TTOJIB3Yy4d ONATH (baKTOpI/ISaHI/IOHHyIO TeopeMy, NOJayduM

T /8) — 1 EOSO) 1 000 (T(x/0)

Lx/80) " h(x)oo(T(x/%0))
L 90(T(x/0)

90(T(x/00))’
re. T*(x/0) Boipaxkaercss uepes 00y 10CTATOUHYIO 6-
craructuky T(x/6). 3maunt, T*(x/0) — nHeobxommmast 6-
CTATUCTHUKA. O

DTO He peIleHHe BOIpPOCa, TaK KaK B OTau4ue orT 0-
CTATUCTUKN O0OBbIYHAg crarucTuka He 3aBucuT oT 0. Kak
n3basurhca or 07

Teopema AwnrakuHa. [Tycms £ — naumenvuiee sumeti-
HOE NPOCTPAHCNBO, COOEPIHCAULEE
{const, T"(x/0) = IHM, 0 e @}
L(x/6o)
u dim€ =m+1 (cayuat m = 0o He uckarOuaEMCH).

1. Ecaun < m, mo neobrodumasn u oCMaMOYHAA CMa-
MUCUKE MPUBUAALHA (M.e. coenadaem ¢ camotli 6b60p-
Kot).

2. Ecaun > m, mo cyuecmeyem neobxooumas u docma-
MOYHAA CMAMUCMUKS pasmeprocmu m. as a1060z0 6asuca
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1, Ti(x), ..., Tm(x) 6 £ maxod cmamucmurot moorcem
cayorcums (T1(x), ..., Tm(x)).
HJoxkasarensbctno. Illyers 1, T1(x), ..., Tm(x)

— 6asuc B £. TTo onpenenernio £ T*(x/0) € £ npu kaxa0m
0 € O. TToatomy

T*(x/8) = 70(6) + > _ () Tk(x),
k=1

re vi(0), k = 0,m, — ko3 DUIUEHTB PA3TOKEHUSA TI0
6asmucy. Ilo Teopeme 1 T*(x/0) — rHeobxoauMast U JOCTATOY-
Has crarucruka. Orcroga ciaeqyer, aro (T1(x), ..., Tm(x))
TAK:Ke SBJISIETCS HeOOXOMUMOI U JOCTATOYHON CTATHCTUKOM.
HeiicrBuresnsHo, tak kak T*(x/6) mocrarodyna, TO 1mo omnpe-
JIEJIEHUIO JIOCTATOYHOMN 0-CTaTHCTHKY

L(x/0) = go(T"(x/0)) - h(x) = go(70(0)+

+ > () Tk(x)) - h(x) = Go(T1(x), .- . Tm(x)) - h(x).
k=1

Tlo dharTOpU3AMMOHHOMN Teopeme Heiimana
(T1(x), ..., Tm(x)) — DocTaToYHas CTATHCTUKA.
Tak kak T*(x/0) — wneobxomumas 6-cTaTUCTHKA, TO

T*(x/0) = f(T(x/0)), tne T(x/6) — mobast f-crarucTuka.
ITycrs T(x) — sobast CTATUCTHKA, T.€. U H-CTATHCTHKA, OT-

kymna T*(x/0) = f(T(x)), Te.
70(0) + > () Tk(x) = f(T(x)).
k=1

Ecau © TakoBo, uro Haiigyrcst 01,...,0,, € O Takue, 4TO
CUCTEMa YPaBHEHUH

%0(0:) + > W(0)Tw(x) = f(T(x)), i=Tm,
k=1
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O/THO3HAYHO pas3pellnMa, TO

Ti(x) = fi(T(x)), k=1,m,

re. (T1(x), ..., Tm(x)) BeIpakaercs dgepe3 0OV 110-
cratounyio crarucTuky. 3Haaut, (T1(x), ..., Tm(x)) —
HEOOXOMUMAA CTATHUCTHUKA.

Temnepsn,

1) ecrm n < m, TO Pa3MEPHOCTH ITON CTATUCTUKU GOJIH-
1e pa3MepHOCTH BekTopa Habronenuit. Ciie1oBarTesibHO, ca-

Mo HabrOfeHNe X = (1, ... , Ty), ABJISIONIEECS JOCTATOYHOM
crarucrukoit, "mayqme" (Tq(x), ..., Tm(x));

2) ect n > m, 10 (T1(x), ..., Tm(x))
— HeoOXOIMMaA u JOCTATOIHAS CTATHCTHKA.
]

3ameuanue 3. UTobbI HE yCIOKHIATE (POPMYJIUPOBKY TEO-
pembl JIpIHKUHA, B €€ YCJIOBUE HE YKA3aHO, ITO JOTKHA OBITH
OTHO3HATHO PA3PEITIMa, CHCTEMA YPaBHEHMH

%0(0:) + Y (0)Tu(x) = f(T(x)), i=TLm.
k=1

N3 teopembr [IpHKWHA CIIEIyeT, UTO €CIU CYIIECTBYET
HETPpUBUAJIbHAA HeO6XO,JI/IMaH n 10CTaTOYHad CTATUCTUKA, TO
m<nu

0O+ 3 O Ty0) PEROLNE)
L(x/0) = L(x/6p)e ! = h(x)c()e"™ .
(12.2)

Onpenesnenne 12.5. CewmeiicTBo  pacnpeeseHuit
{L(x/0), 60 € O} Buna (12.2) HazbiBaeTCHd IKCIIOHEHIN-
AJIbHBIM.
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Nrak, HaMu mosrydeno

Cnencreue 12.6. Fcau cywecmeyem Hempueuaiv-
HaA  Heobrodumas U 0OCMAMOYHAA CMAMUCTUKG, TNO
cemeticmso pacnpedesenutdi {L(x/0), 6 € O} asasemca
IKCNOHEHYUAADHDIM.

3adaua 1. [lycts 1,29, ... , 2, — BRIGOPKa U3 N(a,0?),
e a € R, o > 0. [TokaxwnTte, a0

a) eC/in a n3BeCTHa, a 0'2 HEU3BECTHA, TO CKaJIAPHAA CTa-
n

tuctura To(x) = S (z; — a)? asngerca HeobXommMoit 1 10-
i=1
CTaTOYHOW;
6) ecI @ Hem3BECTHA, a 0> M3BECTHA, TO CKAJIAPHAS CTa-
n
tucruka T1(X) = Y x; sBisercs HeoOXOAUMON U J0CTATOY-
i=1
HO;
B) ec/;in a u 02 HEU3BECTHBI, TO BEKTOPHAA CTATHUCTHUKA

T(x) = (Ti(x), To(x)), re Ti(x) = z v, Th(x) = z

SIBJISIETCA HEOOXOAMMOM M JTOCTATOUIHOIA.

Teopema Koamoroposa-Biekyamna-Pao. IIycme T
— Jdocmamounas cmamucmuka, 0 = é(x) — HECMEULLHHAA
ouenka napamempa 0. Tozda

1) 6* = M(0/T) — necmewennan ouenka 0;

2) 0* zasucum auwo om T(x);

3) Do* < Dé, NPUYEM PAEEHCIMBO BOIMONCHO AUUWD 6
caysae, Ko2da 0* =0 c gepoAamHoCmbIo 1.

HoxkaszaTteanctso. To, qToé*—CTaTHCTMKa,a
He O-CTaTUCTHUKA, T.€. He 3aBUCUT OT 6, CIeayeT u3 TOro, UTo
T — mocrarounasa craTtucTuka, T.e. mpu pukcuposanuom T

pacrpeesieHne X He 3aBucHT oT 0, a 3naunt M (0(x)/T) me
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zapucut ot #. lasee, o cBOHCTBAM YCIOBHBIX MaTeMaTHIe-
CKUX OXKWJIAHWIA

M@* = MM(0/T) = M0,

T.e. 0% — HecMeleHHast orenka. [Iynkr 1) mokasaH.

[To ompejie/ieHUIO YCIOBHOIO MATEMATHYECKOTO OXKHUJIa-
st 0* = M(0/T) — dbyuxnus Tonsko or T(X), T.e. 10Ka3am
[YHKT 2) TeOpeMbl.

Hanee,

~ A~

DO =M@ —0)*=M[(0—0%)+ (0" —0) =

= M(0 — 6%)% + 2M|[(0 — 6*)(6* — 0)] + M (6* — 0)>.

ITo cBoiicTBAM YCJIOBHBIX MaTeMaTHUECKUX OXKUIAHWN C HC-
MOJIb30BaHMeM Toro, ato 6" — § — GopeseBckast (DyHKIHS
toibko ot T (cBoitctBo 4 u3 1.11), moay<anm

MI(6— 0%)(6" — 0)] = MM[(9 — 6°)(6" - 6)/T] =
— M{(6"~6)M[(6-6%)/T]} = M{(6"—0)[M(8/T) 6"} =
= MO0 =0.

IIosTomy X o X X
DO = M(0 — 6%)* + DO* > Do*,

[pUYeM PABEHCTBO BO3MOXKHO B TOM ¥ TOJBKO TOM CIIydae,
ectm M(6 — 6%)2 = 0, re. § = 6* ¢ BepoaTHOCTBIO 1.
O

Onpenesnenune 12.7. Crarucruka T HasbpiBaeTCs HOJI-
HOW, eciu s Jii0b0it bopeseBckoit pyHKImu f

u3 Mf(T(x))=0 V0O creayer f(T(x)) =0
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C BEPOATHOCTBHIO 1.

Ipumep 3. llycts 1,22, ... ,2y — BBHIOOPKA U3 pacipe-
nenenust Beprysu ¢ mapamerpom p. [ToMEuM, 910 ; MOXKeT
pPacCMATPUBATLCST KaK THUCIO YCIEXOB B 4-M WCIBITAHUH, P —
BEPOATHOCTDH YCIIEXa. B KadeCcTBe BO3MOXKHBIX 3HAQUEHUH mIa-
pamerpa p paccmorpuMm MHOXKecTBO B = (0,1). OyHKIMS
PaBIOION00MsT €CTh

L(x/p) = p'(1 —p)" "

n

ITo dakropusanmonnoii reopeme Heitmana p = > x; — jo-
i=1

crarouHas craructuka. Korma p mpoberaer P = (0, 1), mepe-

MEHHAA Y = l%p upoberaer (0,00). Ecan

Mf(u) =Y f(R)CEp (1 —p)"F =
k=0

n

=1 -p)" > f(k)CEYF =0,

k=0

n
T0 17151 Beex 7y € (0,00) Muorounen Y. f(k)CFy* obpamaer-
k=0
cst B HOb. IlosTomy BCe ero koabduIMeHTE paBHBI HYJIIO,

orkyna f(k) =0, k=0,n.3naunr, Vp € (0,1)

P{f(p)=0}= > Plu=k}=) Plu=k}=1
k: f(k)=0 k=0

CJ’[eILOBaTeJ'[bHO, M — TIOJTHadA JOCTATOYHAA CTATUCTUKA.
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Teopema 12.8. Ecau docmamounas cmamucmuka T
— NOAKAA, MO A00GA HECMEUWEHHAL OUEHKN NPOU3BOALHOY
dynrxyuu b(0), sasucawas moavko om T, eduncmeenna c
geposammuocmsio 1.

HJokaszarenancrtso. [ycrs f1(T) u fo(T) — ase
HecMereHnble oteHkn b(6), T.e.

Mfi(T) = b(0), M fo(T) = b(0).

Torma M[f1(T) — f2(T)] = 0, orkyaa, B CHIY I[OJIHOTHI
T, crenyer, aro f1(T) — fo(T) = 0 c¢ BepogrHOCTBIO 1.

O

Teopema 12.9. Ecau T — noanas docmamounas cma-
mucmuxka, 0 — Hecmewennaa ouenka napamempa 6, mo
0* = M(0/T) — eduncmeennas sdpexmusnas ouenka na-
pamempa 0.

Hoxkasareanbcrso. [lycrs 6 — mobast JpyTras HecMe-
mennas ouerka , 0% = M(0/T). [To mynxTam 1),2) Teope-
mbl Konmoroposa-Biekyamma-Pao 0* u 6* — mecmerennbie
ottenku 6, 3apucsitiiue Tobk0 oT T. Ilo Teopeme 12.8

~ ~

0* = 0* ¢ BeposiTHOCTBIO 1. (12.3)

ITo nyukry 3) Teopembr Kommoroposa-Baekysmnna-Pao u n3
(12.3)

Do* = Do* < Do,
Te. 0 spdexTuBHa. PaBencTBO BO3MOXKHO JUIH TOTIA, KO-

rIa,

0 =0* c BeposiTHOCTBIO 1. (12.4)

Cpasmmpas (12.3) wu (12.4), momywaem, 9TO DPaBeHCTBO
BO3MOYKHO JIUIIb B Cjiydae, Korga 0% = 6 ¢ BeposaTHOCTHIO 1,
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T.e. 3 heKTUBHAS OIEHKa §* eIUHCTBEHHA C BEPOSITHOCTHIO
1. O

Ipumep 4. llycts 21,29, ... , T, — BHIOOPKA U3 pacupe-
nenenust bepry/in ¢ mapamerpoMm p. B kauecTBe OIEHKHU P
BO3BMEM Z1, T.€. 9HCJIO YCIEXOB B IepBOM mcnbiTanun. Ode-
BugHO, Mx1 = p, T.e. 1 — HECMEIIEeHHAs OIeHKa p. Tak Kak
OHa HE 3aBUCUT OT M, TO X1 il r1 # p, T.€. ITA OIEHKA, HE
SIBJISISICH JTa2Ke COCTOSITEILHON, 0UeHb IIoxasi. Pamee Mul y6e-
AWJINCH B TOM, 9TO /J, — IIOJIHad JOCTaTOYHAaA CTATUCTHUKA. HO
teopeme 12.9 p = M (x1/u) — enuacrsennas 3 eKTuBHAS
OeHKa P. HO CBOMiCTBaM yCJTOBHbIX MaTEMATUYECKUX OXKHU-
TaHW

p=M(u/p) = (sz/u) ZM i/ i) = n-M (w1 /),

orkyma p = M(x1/p) = & — ormocuTenbHas wacTora ycrme-
Xa. DTa OIEHKA HECMEIIEHHAs, COCTOATeTbHAsA U HpdeKTus-
Hadd.
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Tpumoxxenus

Ilpunaoxkenune 1. Jloka3aTebCTBO T€OPEMBI
I'nmusenko-KanuTennu.

Teopema  I'muBenko-Kauremnu.  Imnupuveckas
Pyrruua pacnpedesenui nNOYMU HAGEPHOE PABHOMEPHO
cxodumcea K meopemuseckol GynKUuL pacnpedesenua:

P{smﬂfﬁuﬂ—lWxﬂ—ao pn n_+x§::L
z€R

JdokaszarTeasncrtTs o llyers Fxr) —
HenpepbiBHAsT QYHKIUA. 3aQUKCUPYEM MTPOU3BOILHOE £ >

0 Buma ¢ = %, rne N — marypajbHOe Unciao. B cm-
Jly CBOWCTB (YHKIMM PACIpEeIeeHus CyIIeCTBYIOT 29 =
—00, 21, 22, ---, ZN—1, ZN = 400 Takme, uro F(zy) =
0, F(z1) = %, ..., F(z) = %, ..., F(zn) = 1. [losTomy

st 2 € [k, Zk+1)

Fi(2)— P(2) < Fi(eri1) — F(z) = Fy (k) — Flzign) +e,
(TT11.1)

Fy(2) = F(z) 2 Fy(2k) — Fze41) = Fy(20) — Fzi) — €.
(I11.2)
Mycrs Ay = {w: F;(2) — F(z)}. Ilo ycunennomy 3a-
KoHy Gousbinux gnces B hopme Bopenst P(Ay) = 1. Ilosromy

N
Ve=%>0uVwe (| Ay =A I ng=no(w) takoe, aro
k=0
V n > ng BBIIOIHSIETCS HEPABEHCTBO
|Fr(z) — F(21)| <e, k=0,N. (T11.3)

Temepy u3 (II1.1), (I11.2) un (I11.3) crexyer, ato V & > 0
nvweA Ino(w) rakoe, aro V n > np(w) BbinonHgeTCS
HEPABEHCTBO

|F*(2) — F(2)] < 2.

137



[Mpumoxenune 1

Dto o3navaer, uro P(A) =1 0.

OTrmernM, 9TO mJTst JOKA3ATETHCTBA TEOPEMBI B CJIyUae
Pa3pBIBHON (DYHKIIMM HAJI0 KCHOJIB30BATH TO, YTO MHOXKE-
CTBa TO4YeK HernpepbiBHOCTH (yHKIMKU F' BCIOLY IJIOTHO B
PaCIIUPEHHON YMCI0BOM MPAMOM.
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Tpumoxxenus

Ilpunaoxkenune 2. /Ioka3aTeibCTBO TEOPEMBI O
CBOCTBaxX perieHns YyPaBHEHUS TTPaBI0II0I00usI.

HperZLHO.HO}KI/IM BBITOJTHEHHBIMUW CICAYIOIINE YCITOBUA.
1. ITapamerp 6 u ero ucruaHOE 3HauUeHue g jIeKAT BHY-
Tpu unarepsaia (01,602), B KOTOPOM CyLIECTBYIOT MPOU3BO/I-
Op 02p 93p
HbBIE 90> 202 203 -
2. HomycTtumo mByKpaTHOe IubdepeHInpoBaHNe IO

+oo
suaxoM unrerpana [ p(z/0)dz = 1.
—oo
2
30 = M(ZE)|_, > o || <
=bo

H(zx), MH() <M, rne M ue 3aBucur or 6.

Teopema 112.1. Ecau swnoanenn ycaosua 1,2,3, mo
ypasHeHue npasdonodobus

dL(z/9)

o9 0

umeem pewenue 0, asasouleeca cocmoamesvhoti ouenkod
Op. Ima ouenra MAKCUMAALHO20 NPa6AONOIobUA ACUMNMO-
MUYECKU HOPMAALHG € NGPAMEMPOMU (Ho,m) U GCUM-
nmomuyecky aphexmusna.

JHdokasaTeabCTB O. YpaBHEHNe TPABIOTOI00MST
PABHOCHJIBHO CJIEJIYIOIEMY YDABHEHUIO st JiorapudMude-
CKOM (DYHKIIMY TTPABAONON00MS:

10L O0lnL ~0lmp(z/0)

Lo 06 ]; 06 =0 (I2.1)

Olnp(z/0)
00

Paznoxum o ¢opmyse Teityiopa B OKpecTHOCTH
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[Mpunoxkernue 2

To4ukH Bp:
Olnp Olnp 0*Inp (6 —6p)?
gmp _omp s 4 W= s o
90~ 00 lo—a, T g7 o, T2 (@),
(T12.2)

rae 0| < 1. Pazgenus (I12.1) #Ha n n ucnoas3yst pa3ioKeHne
(112.2), noayumnm
10lnL

n 00
rie

1
= Bo+ Bi(6 — o) + 50 - Ba(6 — 60)?,  (I12.3)

By = L3 Onptan/9)

n i 00 ‘9:90’

1 = ?Inp(xy/0)
Bi=_2 06?2 ‘9:90’

n
k=1

ITockonbky

060  pov’
821np_8 10p _182p 1 /0p 2_182p Oln p\ 2
002 %(5%) - 5@]?(%) - Eﬁ_<w> ’
TO yMHO)Kas 00e JacTH IIOJIYUEHHOIO PaBeHCTBa Ha P U UH-
Terpupys mo r € R, momxyawmm:

7082lnp(x/9)
Tp(x/@)dx:

Fotp(ase) [ Onpla/o)y?
:/%d@«_ / (P2 e o). (1124)
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Tpumoxxenus

B cuny ycnoeusi 2) Teopembl

T 02p(n/6) 2 %1

— 00 — 00

[TosTomy mpu BBITIONHEHUH ycioBus 2) teopembl u3 (112.4)
MOJIy9aeM eIre OIHO Bhipaxkenwe g muagopmanuu mo Du-
mepy o mapamerpe 6y B HaOJIIOIEHUN:

i00) = M (PR

00
o p(e/0)N2
= /( n](;(;/ )) p(x/e)dx‘gzeoz
_ +Ooc??lnp(w/@) . 9%Inp(x/0)
= __/ 502 p(:):/@)dx‘ezeo = _MT‘H:HO'

[To 3akony Gosbiux 4dncen B popme XUHIMHA
BOHMBOZO, Bl —>MBl :—i(eo),

By — MBy, |MBs| < M.

[Iycte Teneps b > 0 u € > 0 dbukcuposansl. Beibupaem ng
TAKWM, 9TOOBI IPU BCEX N > N

g 1(90) £

P{|By| > h? — P{By>-— s

{IBol = W7} < 3, {1> 2}<3’
P{|By| > 2M} < % (T12.5)
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[Mpunoxkernue 2

O6o3naunm depe3 S coObITHE, COCTOSINEE B TOM, UTO OJIHO-
BPEMEHHO BBINIOJIHAIOTCA HEpaBEHCTBaA

i(0o)
2 b

|Bo| <h*, By <-— | By| < 2M.

B cuny (I12.5) P(S) <emn P(S) >1—e. llpu =0y = h
ypasuenue (I12.3) npuobperaer Bum

1
Bo ¥ Bih + 5532# = 0. (T12.6)
B muoOxkecTBe S

1
By + 5532# < (M +1)h?,

i(6o) .
SAT4T) 3HAK JIeBOit uacTn (T12.6) onpenensiercs
190IlnL

snakoMm uyiena FBih. Tax kak - Z55~ HENPEPBIBHO 3aBUCUT
or 0, To B unrepsane (6y — h,0p + h) mpu n > ng ¢ Bepo-
ATHOCTBIO OOJbIeil mau paBHON 1 — £ CyIIECTByeT KOpPEeHb
6. Taxum 0bpa3oM, MbI JI0KA3ajU TEPBYI0 9acTb TEOPEMBI.
IlepenmniemM paBeHCTBO

uapu h <

. BoS -
Bo + By1(6 — ;) + 72(9 —6,)> =0
B CJIEAYIOLIEeM BHUJE:
1 Ol p(ak/6)
. . V/ni(6o) kzzjl 90 g—p,
(0 — 60)\/ni(6o) = . . (I12.7)
—D_ 15B, 0t
iB0) ~ 29°27%(00)

Yucmrens B (T12.7) 1m0 meHTpasBHON TPEIETBHON TeOpeme
ACHMITOTHYeCKH HOopMaseH ¢ mapamerpamu (0,1), a 3Hame-
HATEJb [IPU N — 00 CXOAUTCs 110 BeposTHocTu K 1. [TosTomy
ciyuaiinas seauauna, (0 —0p)/ni(0p) acuMITOTHIECKH HOD-
masbaa ¢ mapamerpavu (0,1), 9T0 U J0KA3BIBAET TEOpeMmy.
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