
 1 

ʄʠʥʠʩʪʝʨʩʪʚʦ ʦʙʨʘʟʦʚʘʥʠʷ ʈʝʩʧʫʙʣʠʢʠ ɹʝʣʘʨʫʩʴ 

 

 

ʋʯʨʝʞʜʝʥʠʝ ʦʙʨʘʟʦʚʘʥʠʷ 

çɻʦʤʝʣʴʩʢʠʡ ʛʦʩʫʜʘʨʩʪʚʝʥʥʳʡ ʫʥʠʚʝʨʩʠʪʝʪ 

ʠʤʝʥʠ ʌʨʘʥʮʠʩʢʘ ʉʢʦʨʠʥʳè 

 

 

 

ʃ.ʅ. ʄɸʈʏɽʅʂʆ 

 

 

 

 

 

 

ʄɸʊɽʄɸʊʀʏɽʉʂʀʁ ɸʅɸʃʀɿ 

 

ʊʝʢʩʪʳ ʣʝʢʮʠʡ 

ʜʣʷ ʩʪʫʜʝʥʪʦʚ ʬʠʟʠʯʝʩʢʦʛʦ ʬʘʢʫʣʴʪʝʪʘ 

 

ɺ ʧʷʪʠ ʯʘʩʪʷʭ 

 

ʏʘʩʪʴ ʯʝʪʚʝʨʪʘʷ 

 

ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠ ʠʥʪʝʛʨʘʣʴʥʦʝ ʠʩ-

ʯʠʩʣʝʥʠʝ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ 

 

 

 

 

 

 

 

 

 

 

ɻʦʤʝʣʴ 2006 

 



 2 

ʋɼʂ 517 (075.8) 

ɹɹʂ 22. 161 ʗ 73 

ʄ 30 

 

ʈʝʮʝʥʟʝʥʪʳ: 

ʃ.ʇ. ɸʚʜʘʰʢʦʚʘ, ʜʦʮʝʥʪ, ʢʘʥʜʠʜʘʪ ʬʠʟʠʢʦ-ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ 
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ʄ30 ʄʘʪʝʤʘʪʠʯʝʩʢʠʡ ʘʥʘʣʠʟ [ʪʝʢʩʪ] : [ʪʝʢʩʪʳ ʣʝʢʮʠʡ ʜʣʷ ʩʪʫ-

ʜʝʥʪʦʚ ʬʠʟʠʯʝʩʢʦʛʦ ʬʘʢʫʣʴʪʝʪʘ. ʏ.4.: ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠ 

ʠʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ] 

/ʃ.ʅ. ʄʘʨʯʝʥʢʦ: ʄʠʥ-ʚʦ ʦʙʨ. ʈɹ. ï ɻʦʤʝʣʴ: çʋʆ ɻɻʋ ʠʤ. ʌ. 

ʉʢʦʨʠʥèr, 2006. ï 281 ʩ. 
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ʥʦʩʪʠ çʌʠʟʠʯʝʩʢʘʷ ʵʣʝʢʪʨʦʥʠʢʘè. ɺ ʯʝʪʚʝʨʪʦʡ ʯʘʩʪʠ ʩʦʜʝʨʞʠʪʩʷ 

ʤʘʪʝʨʠʘʣ ʧʦ ʪʝʤʘʤ çɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ ʬʫʥʢʮʠʠ 

ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭè ʠ çʀʥʪʝʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ ʬʫʥʢʮʠʠ 

ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭè. 
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ɺɺɽɼɽʅʀɽ 

 

ʅʘʩʪʦʷʱʝʝ ʫʯʝʙʥʦʝ ʧʦʩʦʙʠʝ çɼʠʬʬʝʨʝʥʮʠʘʣʴʥʦʝ ʠ ʠʥʪʝ-

ʛʨʘʣʴʥʦʝ ʠʩʯʠʩʣʝʥʠʝ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭè ʷʚʣʷʝʪ-

ʩʷ ʯʝʪʚʝʨʪʦʡ ʯʘʩʪʴʶ ʪʝʢʩʪʦʚ ʣʝʢʮʠʡ ʧʦ ʤʘʪʝʤʘʪʠʯʝʩʢʦʤʫ ʘʥʘʣʠ-

ʟʫ ʜʣʷ ʩʪʫʜʝʥʪʦʚ ʬʠʟʠʯʝʩʢʦʛʦ ʬʘʢʫʣʴʪʝʪʘ. ʀʭ ʩʦʜʝʨʞʘʥʠʝ ʚʢʣʶ-

ʯʘʝʪ ʤʘʪʝʨʠʘʣ ʚʪʦʨʦʛʦ ʩʝʤʝʩʪʨʘ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʫʯʝʙʥʦʡ ʧʨʦ-

ʛʨʘʤʤʦʡ ʧʦ ʜʘʥʥʦʡ ʜʠʩʮʠʧʣʠʥʝ.  

ʂʘʢ ʠ ʚ ʧʨʝʜʳʜʫʱʠʭ ʯʘʩʪʷʭ, ʚʥʘʯʘʣʝ ʢʘʞʜʦʡ ʣʝʢʮʠʠ ʩʬʦʨʤʫ-

ʣʠʨʦʚʘʥʳ ʦʩʥʦʚʥʳʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤʳʝ ʚʦʧʨʦʩʳ, ʦʪʨʘʞʘʶʱʠʝ ʝʝ 

ʩʦʜʝʨʞʘʥʠʝ. ɼʘʣʝʝ ʧʨʠʚʦʜʷʪʩʷ ʦʧʨʝʜʝʣʝʥʠʷ ʦʩʥʦʚʥʳʭ ʧʦʥʷʪʠʡ, 

ʬʦʨʤʫʣʠʨʦʚʢʠ ʪʝʦʨʝʤ ʠ ʩʣʝʜʩʪʚʠʡ ʠʟ ʥʠʭ, ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ 

ʥʘʠʙʦʣʝʝ ʚʘʞʥʳʭ ʪʝʦʨʝʤ. ʊʝʦʨʝʪʠʯʝʩʢʠʝ ʧʦʣʦʞʝʥʠʷ ʠʣʣʶʩʪʨʠ-

ʨʫʁ ʪʩʷ ʨʝʰʝʥʠʷʤʠ ʟʘʜʘʯ, ʤʥʦʛʠʝ ʠʟ ʢʦʪʦʨʳʭ ʠʤʝʶʪ ʧʨʠʢʣʘʜʥʫʶ 

ʥʘʧʨʘʚʣʝʥʥʦʩʪʴ. ʂʘʞʜʘʷ ʣʝʢʮʠʷ ʠʤʝʝʪ ʩʚʦʶ ʥʫʤʝʨʘʮʠʶ ʦʧʨʝʜʝ-

ʣʝʥʠʡ, ʪʝʦʨʝʤ, ʨʠʩʫʥʢʦʚ ʠ ʪʘʙʣʠʮ. ɺ ʢʦʥʮʝ ʢʘʞʜʦʡ ʣʝʢʮʠʠ 

ʩʬʦʨʤʫʣʠʨʦʚʘʥʳ ʚʦʧʨʦʩ,r ʧʦʟʚʦʣʷʶʱʠʝ ʦʙʫʯʘʝʤʦʤʫ ʦʨʛʘʥʠʟʦ-

ʚʘʪʴ ʩʘʤʦʢʦʥʪʨʦʣʴ ʟʥʘʥʠʡ. ʇʦʩʢʦʣʴʢʫ ʦʙʲʝʤ ʧʦʩʦʙʠʷ ʥʝ ʧʦʟʚʦ-

ʣʷʝʪ ʧʨʠʚʝʩʪʠ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʚʩʝʭ ʫʪʚʝʨʞʜʝʥʠʡ, ʪʦ ʯʠʪʘʪʝʣʶ 

ʧʨʝʜʣʘʛʘʝʪʩʷ ʚʦʩʧʦʣʴʟʦʚʘʪʴʩʷ ʫʯʝʙʥʠʢʘʤʠ, ʧʨʠʚʝʜʝʥʥʳʤʠ ʚ 

ʩʧʠʩʢʝ ʣʠʪʝʨʘʪʫʨʳ. 

ʇʦʩʦʙʠʝ ʨʝʢʦʤʝʥʜʫʝʪʩʷ ʜʣʷ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʩʪʫʜʝʥʪʘʤʠ ʧʨʠ 

ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʤ ʠʟʫʯʝʥʠʠ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʥʘʣʠʟʘ, ʷʚʣʷʝʪʩʷ 

ʦʩʥʦʚʦʡ ʜʣʷ ʧʦʜʛʦʪʦʚʢʠ ʢ ʩʜʘʯʝ ʵʢʟʘʤʝʥʦʚ ʠ ʟʘʯʝʪʦʚ.  

ɸʚʪʦʨ ʥʘʜʝʝʪʩʷ, ʯʪʦ ʧʦʩʦʙʠʝ ʙʫʜʝʪ ʧʦʣʝʟʥʳʤ ʠ ʜʣʷ ʧʨʝʧʦʜʘ-

ʚʘʪʝʣʝʡ ʚ ʨʘʙʦʪʝ ʩʦ ʩʪʫʜʝʥʪʘʤʠ, ʠ ʩ ʙʣʘʛʦʜʘʨʥʦʩʪʴʶ ʚʦʩʧʨʠʤʝʪ 

ʚʩʝ ʢʨʠʪʠʯʝʩʢʠʝ ʟʘʤʝʯʘʥʠʷ ʠ ʧʦʞʝʣʘʥʠʷ, ʥʘʧʨʘʚʣʝʥʥʳʝ ʥʘ 

ʫʣʫʯʰʝʥʠʝ ʝʛʦ ʩʦʜʝʨʞʘʥʠʷ. 
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ʃʝʢʮʠʷ 1. ʇʈʆʉʊʈɸʅʉʊɺʆ 
n

R  

 

1. ʆʧʨʝʜʝʣʝʥʠʝ n-ʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 

2. ʉʭʦʜʠʤʦʩʪʴ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʪʦʯʝʢ ʚ n-ʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥ-

ʩʪʚʝ. 

3. ʆʩʥʦʚʥʳʝ ʧʦʜʤʥʦʞʝʩʪʚʘ ʧʨʦʩʪʨʘʥʩʪʚʘ n
R . 

4. ɿʘʤʢʥʫʪʳʝ ʤʥʦʞʝʩʪʚʘ. 

 

1. ʆʧʨʝʜʝʣʝʥʠʝ n-ʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. ʇʨʠ ʠʟʫʯʝʥʠʠ ʤʥʦ-

ʛʠʭ ʬʠʟʠʯʝʩʢʠʭ ʧʨʦʮʝʩʩʦʚ ʯʘʩʪʦ ʧʨʠʭʦʜʠʪʴʩʷ ʠʤʝʪʴ ʜʝʣʦ ʩ ʪʘ-

ʢʠʤʠ ʬʫʥʢʮʠʦʥʘʣʴʥʳʤʠ ʟʘʚʠʩʠʤʦʩʪʷʤʠ, ʚ ʢʦʪʦʨʳʭ ʯʠʩʣʦʚʳʝ 

ʟʥʘʯʝʥʠʷ ʦʜʥʦʡ ʠʟ ʥʠʭ ʧʦʣʥʦʩʪʴʶ ʦʧʨʝʜʝʣʷʝʪʩʷ ʟʥʘʯʝʥʠʷʤʠ ʥʝ-

ʩʢʦʣʴʢʠʭ ʜʨʫʛʠʭ.  

ʇʨʠʤʝʨʳ. 

1. ʊʝʤʧʝʨʘʪʫʨʘ T  ʪʝʣʘ ʚ ʜʘʥʥʳʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ t  ʤʦʞʝʪ 

ʤʝʥʷʪʴʩʷ ʦʪ ʪʦʯʢʠ ʢ ʪʦʯʢʝ. ʂʘʞʜʘʷ ʪʦʯʢʘ ʦʧʨʝʜʝʣʷʝʪʩʷ ʪʨʝʤʷ 

ʢʦʦʨʜʠʥʘʪʘʤʠ zyx ,, . ɽʩʣʠ ʧʨʠ ʵʪʦʤ ʫʯʠʪʳʚʘʪʴ ʚʨʝʤʷ, ʪʦ ʪʝʤʧʝ-

ʨʘʪʫʨʘ ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ ʟʘʚʠʩʠʪ ʦʪ ʯʝʪʳʨʝʭ ʧʝʨʝʤʝʥʥʳʭ 

( )tzyxTT ,,,= . 

2. ʇʨʠ ʠʟʫʯʝʥʠʠ ʟʚʫʢʦʚʳʭ ʢʦʣʝʙʘʥʠʡ ʛʘʟʘ ʧʣʦʪʥʦʩʪʴ r ʠ ʝʛʦ 

ʜʘʚʣʝʥʠʝ P  ʦʧʨʝʜʝʣʷʶʪʩʷ ʟʥʘʯʝʥʠʷʤʠ ʧʝʨʝʤʝʥʥʳʭ tzyx ,,, .  

3. ʆʙʲʝʤ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ ʝʩʪʴ ʬʫʥʢʮʠʷ ʪʨʝʭ ʧʝʨʝʤʝʥʥʳʭ 

zyx ,, , ʪ.ʝ. ( )zyxVV ,,= . 

ɼʣʷ ʠʟʫʯʝʥʠʷ ʪʘʢʠʭ ʟʘʢʦʥʦʤʝʨʥʦʩʪʝʡ ʚʚʦʜʠʪʩʷ ʧʦʥʷʪʠʝ 

ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʠ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʘʧʧʘʨʘʪ ʜʣʷ 

ʠʩʩʣʝʜʦʚʘʥʠʷ ʪʘʢʠʭ ʬʫʥʢʮʠʡ. 

ʆʧʨʝʜʝʣʝʥʠʝ 1. n-ʤʝʨʥʳʤ ʘʨʠʬʤʝʪʠʯʝʩʢʠʤ ʪʦʯʝʯ-

ʥʳʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ ʫʧʦʨʷʜʦʯʝʥ-

ʥʳʭ ʥʘʙʦʨʦʚ (
nxxx ;...;; 21
) ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ 1x , 2x , ... , nx  ʠ 

ʦʙʦʟʥʘʯʘʝʪʩʷ 
n

R , ʘ ʝʛʦ ʵʣʝʤʝʥʪʳ  ï ʪʦʯʢʘʤʠ ʠʣʠ ʚʝʢʪʦʨʘʤʠ 

ʧʨʦʩʪʨʘʥʩʪʚʘ 
n

R  ( n-ʤʝʨʥʳʤʠ ʪʦʯʢʘʤʠ ʠʣʠ n-ʤʝʨʥʳʤʠ  ʚʝʢʪʦ-

ʨʘʤʠ). ʏʠʩʣʘ 1x , 2x , ... , nx  ʥʘʟʳʚʘʶʪʩʷ  ʢʦʦʨʜʠʥʘʪʘʤʠ ʪʦʯʢʠ 

(ʚʝʢʪʦʨʘ) (
nxxx ;...;; 21
). 

ʊʦʯʢʠ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n

R  ʦʙʦʟʥʘʯʘʶʪʩʷ ( )nxxxM ;...;; 21
 ʠʣʠ 

( )nxxxx ,...,, 21= . ʊʦʯʢʘ ( )0;...;0;0O  ʥʘʟʳʚʘʝʪʩʷ ʥʘʯʘʣʦʤ ʢʦʦʨʜʠ-

ʥʘʪ. ɼʣʷ n-ʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ (n  ï ʧʨʦʠʟʚʦʣʴʥʦʝ) ʚʚʦʜʠʪʩʷ 
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ʧʦʥʷʪʠʝ ʨʘʩʩʪʦʷʥʠʷ ʤʝʞʜʫ ʜʚʫʤʷ ʪʦʯʢʘʤʠ. 

ʆʧʨʝʜʝʣʝʥʠʝ 2. ʈʘʩʩʪʦʷʥʠʝʤ (ʤʝʪʨʠʢʦʡ) ( )',xxr  ʤʝʞ-

ʜʫ ʜʚʫʤʷ ʪʦʯʢʘʤʠ ( )nxxxx ;...;; 21=  ʠ ( )nxxxx ¡¡¡= ;...;;' 21
 n-ʤʝʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʘʟʳʚʘʝʪʩʷ ʯʠʩʣʦ 

( ) ( ) ( ) ( ) ( )ä
=

¡-=¡-++¡-+¡-=
n

i

iinn xxxxxxxxxx
1

222

22

2

11 ...';r . 

ʈʘʩʩʪʦʷʥʠʝ ( )';xxr  ʤʝʞʜʫ ʜʚʫʤʷ ʪʦʯʢʘʤʠ ( )nxxxx ;...;; 21=  ʠ 

( )nxxxx ¡¡¡= ;...;;' 21
 n-ʤʝʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ n

R  ʦʙʣʘʜʘʝʪ ʩʚʦʡ-

ʩʪʚʘʤʠ: 

1) ʨʝʬʣʝʢʪʠʚʥʦʩʪʴ: ( ) 0'; =xxr  ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ 

'xx= ; 

2) ʩʠʤʤʝʪʨʠʯʥʦʩʪʴ: ( ) ( )xxxx ;''; rr = ; 

3) ʪʨʘʥʟʠʪʠʚʥʦʩʪʴ: ( ) ( ) ( )''''
;'';; xxxxxx rrr +¢ . 

ɽʩʣʠ ʧʦʣʦʞʠʪʴ 1=n , ʪʦ ʧʦʣʫʯʘʝʪʩʷ ʬʦʨʤʫʣʘ ʨʘʩʩʪʦʷʥʠʷ 

ʤʝʞʜʫ ʜʚʫʤʷ ʪʦʯʢʘʤʠ ʥʘ ʧʨʷʤʦʡ (ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
1

R ): 

( ) '

11', xxxx -=r , ʧʨʠ 2=n  ï ʬʦʨʤʫʣʘ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʨʘʩʩʪʦʷ-

ʥʠʷ ʤʝʞʜʫ ʜʚʫʤʷ ʪʦʯʢʘʤʠ ʥʘ ʧʣʦʩʢʦʩʪʠ (ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
2

R ): 

( ) ( ) ( )2'

22

2'

11'; xxxxxx -+-=r , 

ʧʨʠ 3=n  ï ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
3

R : 

( ) ( ) ( ) ( )2'

33

2'

22

2'

11'; xxxxxxxx -+-+-=r . 

ɸʨʠʬʤʝʪʠʯʝʩʢʦʝ n-ʤʝʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ, ʚ ʢʦʪʦʨʦʤ ʦʧʨʝʜʝ-

ʣʝʥʦ ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʜʚʫʤʷ ʪʦʯʢʘʤʠ, ʥʘʟʳʚʘʶʪ ʤʝʪʨʠʯʝʩʢʠʤ 

ʧʨʦʩʪʨʘʥʩʪʚʦʤ 
n

R  (ʝʚʢʣʠʜʦʚʳʤ ʧʨʦʩʪʨʘʥʩʪʚʦʤ). 

ʇʨʠ 3,2,1=n  ʤʝʞʜʫ ʪʦʯʢʘʤʠ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n

R  ʠ ʯʠʩʣʦʚʦʡ 

ʧʨʷʤʦʡ R  (ʢʦʦʨʜʠʥʘʪʥʦʡ ʧʣʦʩʢʦʩʪʴʶ 
2

R , ʢʦʦʨʜʠʥʘʪʥʳʤ ʧʨʦ-

ʩʪʨʘʥʩʪʚʦʤ 
3

R ) ʫʩʪʘʥʦʚʣʝʥʦ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʩʦʦʪʚʝʪʩʪʚʠʝ, 

ʢʦʪʦʨʦʝ ʧʦʟʚʦʣʷʝʪ ʠʟʫʯʘʪʴ ʨʝʘʣʴʥʳʝ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ ʦʙʲʝʢʪʳ 

ʘʥʘʣʠʪʠʯʝʩʢʠ. ʇʨʠ 3>n  ʧʨʦʩʪʨʘʥʩʪʚʦ 
n

R  ʷʚʣʷʝʪʩʷ ʘʙʩʪʨʘʢʮʠ-

ʝʡ, ʧʨʠ ʢʦʪʦʨʦʡ ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʧʨʦʠʟʚʦʣʴʥʳʝ ʧʦʜʤʥʦʞʝ-

ʩʪʚʘ ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʝ ʥʝʢʦʪʦʨʳʤ ʫʩʣʦʚʠ-

ʷʤ, ʢʘʢ ʦʧʨʝʜʝʣʝʥʥʳʝ çʬʠʛʫʨʳè. ʆʥʠ ʟʘʜʘʁ ʪʩʷ ʘʥʘʣʠʪʠʯʝʩʢʠ 

ʪʘʢ ʞʝ, ʢʘʢ ʚ 
2

R  ʠ 
3

R , ʪ.ʝ. ʩ ʧʦʤʦʱʴʶ ʫʨʘʚʥʝʥʠʡ, ʥʝʨʘʚʝʥʩʪʚ ʠ 
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ʠʭ ʩʠʩʪʝʤ, ʢʦʪʦʨʳʤ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʢʦʦʨʜʠʥʘʪʳ ʵʪʠʭ ʪʦʯʝʢ. 

 

2. ʉʭʦʜʠʤʦʩʪʴ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʪʦʯʝʢ ʚ n-ʤʝʨʥʦʤ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝ. ʇʫʩʪʴ ( )¤
=1mmx , ( )m

n

mm

m xxxx ;...;; 21= , ï ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʴ ʪʦʯʝʢ ʤʝʪʨʠʯʝʩʢʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ n
R .  

ʆʧʨʝʜʝʣʝʥʠʝ 3. ɻʦʚʦʨʷʪ, ʯʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ 

( )¤
=1mmx  ʩʭʦʜʠʪʩʷ ʢ ʪʦʯʢʝ a , ( )naaaa ;...;; 21=  (ʠʤʝʝʪ ʧʨʝʜʝʣ a ), 

ʝʩʣʠ ( ) 0;lim =
¤­

axm
m
r . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: axm
m

=
¤­

lim . 

ʆʧʨʝʜʝʣʝʥʠʝ 4. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ ( )¤
=1mmx  

ʥʘʟʳʚʘʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʡ, ʝʩʣʠ RÍ$C  ʠ XaÍ$  ʪʘʢʠʝ, ʯʪʦ ʜʣʷ 

ʣʶʙʦʛʦ NÍm   ʚrʧʦʣʥʝʥʦ ʥʝʨʘʚʝʥʩʪʚʦ ( )Caxm ¢;r . 

ʉʚʦʡʩʪʚʘ ʩʭʦʜʷʱʠʭʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ 

1. ɽʩʣʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )¤
=1mmx , ( )m

n

mm

m xxxx ;...;; 21= , ʠʤʝ-

ʝʪ ʧʨʝʜʝʣ, ʪʦ ʦʥʘ ʦʛʨʘʥʠʯʝʥʘ. 

2. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )¤
=1mmx , ( )m

n

mm

m xxxx ;...;; 21= , ʥʝ ʤʦʞʝʪ 

ʩʭʦʜʠʪʴʩʷ ʢ ʜʚʫʤ ʨʘʟʣʠʯʥʳʤ ʪʦʯʢʘʤ.  

3. ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ ( )¤
=1mmx , 

( )m

n

mm

m xxxx ;...;; 21= , ʩʭʦʜʠʣʘʩʴ ʢ ʧʨʝʜʝʣʫ ( ) n

naaaa RÍ= ;...;; 21 , 

ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʚʳʧʦʣʥʷʣʠʩʴ ʨʘʚʝʥʩʪʚʘ 

11lim ax
m

m
=

¤­
, 22lim ax

m

m
=

¤­
, ... , n

m

n
m

ax =
¤­

lim . 

4. ɽʩʣʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ ( )¤
=1mmx  ʤʝʪʨʠʯʝʩʢʦʛʦ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ 
n

R  ʩʭʦʜʠʪʩʷ, ʪʦ ʦʥʘ ʷʚʣʷʝʪʩʷ ʬʫʥʜʘʤʝʥʪʘʣʴʥʦʡ.  

ɿʘʤʝʯʘʥʠʝ. ʆʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʤʝʪ-

ʨʠʯʝʩʢʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʝʚʝʨʥʦ. ʌʫʥʜʘʤʝʥʪʘʣʴʥʘʷ ʧʦʩʣʝʜʦʚʘ-

ʪʝʣʴʥʦʩʪʴ ʤʦʞʝʪ ʠ ʥʝ ʙʳʪʴ ʩʭʦʜʷʱʝʡʩʷ. 

ʆʧʨʝʜʝʣʝʥʠʝ 5. ʄʝʪʨʠʯʝʩʢʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ 
n

R  ʥʘʟʳʚʘ-

ʝʪʩʷ ʧʦʣʥʳʤ, ʝʩʣʠ ʣʶʙʘʷ ʬʫʥʜʘʤʝʥʪʘʣʴʥʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 

ʝʛʦ ʪʦʯʝʢ ʩʭʦʜʠʪʩʷ. 

ɺ ʩʠʣʫ ʢʨʠʪʝʨʠʷ ʂʦʰʠ ʩʭʦʜʠʤʦʩʪʠ ʯʠʩʣʦʚʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʠ ʧʨʦʩʪʨʘʥʩʪʚʦ R  ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʷʚʣʷʝʪʩʷ ʧʦʣʥʳʤ. 

ʊʝʦʨʝʤʘ 1. ʇʨʦʩʪʨʘʥʩʪʚʦ 
n

R  ï ʧʦʣʥʦʝ. 
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Ʒ ʇʫʩʪʴ ( )¤
=1mmx , ( )m

n

mm

m xxxx ;...;; 21= , ï ʬʫʥʜʘʤʝʥʪʘʣʴʥʘʷ ʧʦ-

ʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ ʚ n
R . ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ʬʫʥʜʘʤʝʥʪʘʣʴ-

ʥʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 0>"e  ()eN$  ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʣʶʙʳʭ 

()eNml >,  ʚʳʧʦʣʥʝʥʦ ʥʝʨʘʚʝʥʩʪʚʦ ( )er <ml xx , . 

ʈʘʩʩʤʦʪʨʠʤ ʯʠʩʣʦʚʳʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ( )¤
=1m

m

kx , 

nk ,...,2,1= . ʊʦʛʜʘ ( )er <¢- ml

m

k

l

k xxxx , , nk ,...,2,1= . ɿʥʘʯʠʪ, 

ʯʠʩʣʦʚʳʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ( )¤
=1m

m

kx , nk ,...,2,1= , ʷʚʣʷʶʪʩʷ 

ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʤʠ. ɺ ʩʠʣʫ ʢʨʠʪʝʨʠʷ ʂʦʰʠ ʦʥʠ ʷʚʣʷʶʪʩʷ ʩʭʦ-

ʜʷʱʠʤʠʩʷ. ʇʦ ʩʚʦʡʩʪʚʫ 3 ʩʭʦʜʠʪʩʷ ʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ 

( )¤
=1mmx  ʚ n

R . ƹ 

 

3. ʆʩʥʦʚʥʳʝ ʧʦʜʤʥʦʞʝʩʪʚʘ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n

R . 

ʆʧʨʝʜʝʣʝʥʠʝ 6. ʄʥʦʞʝʩʪʚʦ ʪʦʯʝʢ ( ) n

nxxxx RÍ= ;...;; 21 , 

ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʢʘʞʜʦʡ ʠʟ ʢʦʪʦʨʳʭ ʜʦ ʬʠʢʩʠʨʦʚʘʥʥʦʡ ʪʦʯʢʠ 

( )00

2

0

1

0
;...;; nxxxx ¡=  ʥʝ ʧʨʝʚʦʩʭʦʜʠʪ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ r , 

ʥʘʟʳʚʘʝʪʩʷ n-ʤʝʨʥʳʤ ʟʘʤʢʥʫʪʳʤ ʰʘʨʦʤ ʨʘʜʠʫʩʦʤ r  ʩ ʮʝʥ-

ʪʨʦʤ ʚ ʪʦʯʢʝ 0x . 

ʆʙʦʟʥʘʯʘʝʪʩʷ:  

[ ] ( ) ( ) ( )
ý
ü
û

í
ì
ë ¢-++-+-Í=

22020

22

20

11, ...
0

rxxxxxxxB nn

n

rx R , 

ʠʣʠ [ ] ( ){ }rxxxB
n

rx ¢Í= 0, ,
0

rR . 

ɺ ʯʘʩʪʥʦʩʪʠ, 

1) ʧʨʠ 1=n  ʠʤʝʝʤ  

[ ] { }{ }rxxrxrxxxB rx +¢¢-=¢-= 000,0
, 

ʪ.ʝ. ʦʜʥʦʤʝʨʥʳʡ ʟʘʤʢʥʫʪʳʡ ʰʘʨ ï ʵʪʦ ʦʪʨʝʟʦʢ ʜʣʠʥʦʡ r2  ʩ 

ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ 0x ; 

2) ʧʨʠ 2=n  ʠʤʝʝʤ  

[ ] ( )( ) ( ){ }22

0

2

0;, ,
00

ryyxxyxB ryx ¢-+-= , 

ʪ.ʝ. ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʷʚʣʷʝʪʩʷ ʢʨʫʛʦʤ ʨʘʜʠʫʩʦʤ r  ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯ-

ʢʝ ( )000 ; yxP ;  

3) ʧʨʠ 3=n   
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[ ] ( )( ) ( ) ( ){ }22

0

2

0

2

0, ,,
0

rzzyyxxzyxMB rM ¢-+-+-= , 

ʪ.ʝ. ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʷʚʣʷʝʪʩʷ ʰʘʨʦʤ ʨʘʜʠʫʩʘ r  ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ 

( )0000 ;; zyxM . 

ʆʧʨʝʜʝʣʝʥʠʝ 7. ʆʪʢʨʳʪʳʤ n-ʤʝʨʥʳʤ ʰʘʨʦʤ ʩ ʮʝʥ-

ʪʨʦʤ ʚ ʪʦʯʢʝ 0x  ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ x  ʧʨʦʩʪʨʘʥʩʪʚʘ 

n
R , ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʢʘʞʜʦʡ ʠʟ ʢʦʪʦʨʳʭ ʜʦ ʪʦʯʢʠ 0x  ʤʝʥʴʰʝ r : 

( ) rxx <0,r . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: ( ) ( ){ }rxxxB
n

rM <Í= 0, ,
0

rR . 

ʆʧʨʝʜʝʣʝʥʠʝ 8. ʄʥʦʞʝʩʪʚʦ ʪʦʯʝʢ 
n

x RÍ , ʫʜʦʚʣʝʪʚʦʨʷ-

ʶʱʠʭ ʫʩʣʦʚʠʶ ( ) rxx =0,r , ʥʘʟʳʚʘʝʪʩʷ n-ʤʝʨʥʦʡ ʩʬʝʨʦʡ ʨʘʜʠ-

ʫʩʦʤ r  ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ 0x . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: ( ){ }rxxx
n

=Í 0,rR  

ʆʧʨʝʜʝʣʝʥʠʝ 9. e-ʦʢʨʝʩʪʥʦʩʪʴʶ ʪʦʯʢʠ 

( )00

2

0

10 ;...;; nxxxx =  ʥʘʟʳʚʘʝʪʩʷ ʦʪʢʨʳʪʳʡ n -ʤʝʨʥʳʡ ʰʘʨ ʨʘʜʠʫ-

ʩʦʤ e ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ 0x . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: 

( ) ( ){ }ere <=, 00 ,xxxxU . 

ɺ ʯʘʩʪʥʦʩʪʠ, 

1) ʧʨʠ 1=n  e-ʦʢʨʝʩʪʥʦʩʪʴ ( ){ }eee +<<-=, 000 xxxxxU , 

ʪ.ʝ. ʦʢʨʝʩʪʥʦʩʪʴʶ ʪʦʯʢʠ 0x  ʷʚʣʷʝʪʩʷ ʠʥʪʝʨʚʘʣ ( )ee +- 00 ;xx ; 

2) ʧʨʠ 2=n  e-ʦʢʨʝʩʪʥʦʩʪʴ  

( ) ( ) ( ) ( )
ý
ü
û

í
ì
ë

<-+-Í= ryyxxyxMMU
2

0

2

0

2

0 ;, Re ,  

ʪ.ʝ. e-ʦʢʨʝʩʪʥʦʩʪʴʶ ʪʦʯʢʠ 
0M  ʙʫʜʝʪ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ ʦʪʢʨʳʪʦ-

ʛʦ ʢʨʫʛʘ ʨʘʜʠʫʩʦʤ e ʩ ʮʝʥʪʨʦʤ ʚ ʵʪʦʡ ʪʦʯʢʝ. 

ʆʧʨʝʜʝʣʝʥʠʝ 10. ʄʥʦʞʝʩʪʚʦ ʪʦʯʝʢ ( )nxxxx ;...;; 21=  ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ 
n

R , ʢʦʦʨʜʠʥʘʪʳ ʢʦʪʦʨʳʭ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʝʨʘʚʝʥ-

ʩʪʚʘʤ 1

0

11 dxx ¢- , 2

0

22 dxx ¢- , é, nnn dxx ¢-
0

, ʥʘʟrʚʘʝʪʩʷ n-

ʤʝʨʥʳʤ ʟʘʤʢʥʫʪʳʤ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʦʤ ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ 

( )00

2

0

10 ;...;; nxxxx = . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: 

[ ]=021 ;,...,, xddd n
P  
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( ){ }nn

n

n dxxdxxdxxxxx ¢-¢-¢-Í=
0

22

0

221

0

1121 ,...,,,...,, R   

ɸʥʘʣʦʛʠʯʥʦ ʦʪʢʨʳʪʦʤʫ n-ʤʝʨʥʦʤʫ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʫ ʦʧʨʝʜʝ-

ʣʷʝʪʩʷ ʦʪʢʨʳʪʳʡ n-ʤʝʨʥʳʡ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ. 

ʆʧʨʝʜʝʣʝʥʠʝ 11. ʄʥʦʞʝʩʪʚʦ ʪʦʯʝʢ ( )nxxxx ;...;; 21=  ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ n
R , ʢʦʦʨʜʠʥʘʪʳ ʢʦʪʦʨʳʭ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʥʝʨʘʚʝʥ-

ʩʪʚʘʤ dxx ¢-
0

11 , dxx ¢-
0

22 , é, dxx nn ¢-
0 , ʥʘʟʳʚʘʝʪʩʷ n-

ʤʝʨʥʳʤ ʦʪʢʨʳʪʳʤ ʢʫʙʦʤ ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ 

( )00

2

0

10 ;...;; nxxxx = . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: 

( ) ( ){ }dxxdxxdxxxxxP n

n

nxd <-<-<-Í=
0

2

0

22

0

1121; ,...,,,...,,
0

R

. 

ʆʧʨʝʜʝʣʝʥʠʝ 12. ɺʩʷʢʠʡ n-ʤʝʨʥʳʡ ʦʪʢʨʳʪʳʡ ʧʘʨʘʣʣʝ-

ʣʝʧʠʧʝʜ  

( )=021 ;,...,, xddd n
P  

( ){ }nn

n

n dxxdxxdxxxxx <-<-<-Í=
0

22

0

221

0

1121 ,...,,,...,, R  

ʥʘʟʳʚʘʝʪʩʷ ʧʨʷʤʦʫʛʦʣʴʥʦʡ ʦʢʨʝʩʪʥʦʩʪʴʶ ʪʦʯʢʠ 

( )00

2

0

10 ;...;; nxxxx = . 

ʃʝʤʤʘ 1. ʃʶʙʘʷ e-ʦʢʨʝʩʪʥʦʩʪʴ ( )0xU ,e  ʪʦʯʢʠ 

( )00

2

0

10 ;...;; nxxxx =  ʩʦʜʝʨʞʠʪ ʥʝʢʦʪʦʨʫʶ ʧʨʷʤʦʫʛʦʣʴʥʫʶ ʦʢʨʝʩʪ-

ʥʦʩʪʴ [ ]021 ;,...,, xddd n
P  ʠ ʥʘʦʙʦʨʦʪ. 

ɹʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ. 

ʆʧʨʝʜʝʣʝʥʠʝ 13. ʇʨʦʢʦʣʦʪʦʡ e-ʦʢʨʝʩʪʥʦʩʪʴʶ ʪʦʯʢʠ 
n

x RÍ0  ʨʘʜʠʫʩʦʤ e ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ 
n

x RÍ , ʫʜʦ-

ʚʣʝʪʚʦʨʷʶʱʠʭ ʥʝʨʘʚʝʥʩʪʚʫ ( )er << 0,0 xx . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: 

( ) ( ){ }ere <<Í=, 00 ,0 xxxxU
n

R
A

. 

ʀʟ ʦʧʨʝʜʝʣʝʥʠʷ ʧʨʦʢʦʣʦʪʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ n
x RÍ0  ʩʣʝ-

ʜʫʝʪ, ʯʪʦ ʵʪʘ ʦʢʨʝʩʪʥʦʩʪʴ ʩʦʩʪʦʠʪ ʠʟ ʤʥʦʞʝʩʪʚʘ ʪʦʯʝʢ ʦʪʢʨʳʪʦʛʦ 

n-ʤʝʨʥʦʛʦ ʰʘʨʘ, ʠʩʢʣʶʯʘʷ ʝʛʦ ʮʝʥʪʨ. 

 

4. ɿʘʤʢʥʫʪʳʝ ʤʥʦʞʝʩʪʚʘ. ʇʫʩʪʴ G  ï ʥʝʢʦʪʦʨʦʝ ʤʥʦʞʝʩʪʚʦ 
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ʧʨʦʩʪʨʘʥʩʪʚʘ n
R .  

ʆʧʨʝʜʝʣʝʥʠʝ 14. ʊʦʯʢʘ ( )nxxxx ;...;; 21=  ʥʘʟʳʚʘʝʪʩʷ 

ʚʥʫʪʨʝʥʥʝʡ ʪʦʯʢʦʡ ʤʥʦʞʝʩʪʚʘ G, ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ e-

ʦʢʨʝʩʪʥʦʩʪʴ ( )xU ,e  ʪʦʯʢʠ x, ʮʝʣʠʢʦʤ ʧʨʠʥʘʜʣʝʞʘʱʘʷ ʤʥʦʞʝ-

ʩʪʚʫ G . ʄʥʦʞʝʩʪʚʦ n
G RË  ʥʘʟʳʚʘʝʪʩʷ ʦʪʢʨʳʪʳʤ, ʝʩʣʠ ʚʩʝ 

ʝʛʦ ʪʦʯʢʠ ʚʥʫʪʨʝʥʥʠʝ. 

ʆʧʨʝʜʝʣʝʥʠʝ 15. ʊʦʯʢʘ ( )nxxxx ;...;; 21=  ʥʘʟʳʚʘʝʪʩʷ ʛʨʘ-

ʥʠʯʥʦʡ ʪʦʯʢʦʡ ʤʥʦʞʝʩʪʚʘ G, ʝʩʣʠ ʚ ʣʶʙʦʡ e-ʦʢʨʝʩʪʥʦʩʪʠ 

( )xU ,e  ʪʦʯʢʠ x  ʩʦʜʝʨʞʘʪʩʷ ʪʦʯʢʠ, ʢʘʢ ʧʨʠʥʘʜʣʝʞʘʱʠʝ ʤʥʦʞʝ-

ʩʪʚʫ G, ʪʘʢ ʠ ʥʝ ʧʨʠʥʘʜʣʝʞʘʱʠʝ ʝʤʫ. ʄʥʦʞʝʩʪʚʦ ʛʨʘʥʠʯʥʳʭ 

ʪʦʯʝʢ ʥʘʟʳʚʘʝʪʩʷ ʛʨʘʥʠʮʝʡ ʤʥʦʞʝʩʪʚʘ G  ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ Gµ . 

ɻʨʘʥʠʯʥʘʷ ʪʦʯʢʘ ʤʦʞʝʪ ʢʘʢ ʧʨʠʥʘʜʣʝʞʘʪʴ ʤʥʦʞʝʩʪʚʫ G, ʪʘʢ 

ʠ ʥʝ ʧʨʠʥʘʜʣʝʞʘʪʴ ʝʤʫ. 

ʆʧʨʝʜʝʣʝʥʠʝ 16. ʊʦʯʢʘ ( )nxxxx ;...;; 21=  ʥʘʟʳʚʘʝʪʩʷ ʧʨʝ-

ʜʝʣʴʥʦʡ ʪʦʯʢʦʡ ʤʥʦʞʝʩʪʚʘ G, ʝʩʣʠ ʚ ʣʶʙʦʡ e-ʦʢʨʝʩʪʥʦʩʪʴ 

( )xU ,e  ʪʦʯʢʠ x  ʩʦʜʝʨʞʘʪʩʷ ʪʦʯʢʠ ʤʥʦʞʝʩʪʚʘ G, ʦʪʣʠʯʥʳʝ ʦʪ 

x. ʊʦʯʢʘ ( )nxxxx ;...;; 21= , ʥʝ ʷʚʣʷʶʱʘʷʩʷ ʧʨʝʜʝʣʴʥʦʡ ʪʦʯʢʦʡ 

ʤʥʦʞʝʩʪʚʘ G, ʥʘʟʳʚʘʝʪʩʷ ʠʟʦʣʠʨʦʚʘʥʥʦʡ ʪʦʯʢʦʡ ʤʥʦʞʝʩʪʚʘ G . 

ɽʩʣʠ ʪʦʯʢʘ ( )nxxxx ;...;; 21=  ʷʚʣʷʝʪʩʷ ʠʟʦʣʠʨʦʚʘʥʥʦʡ ʪʦʯʢʦʡ 

ʤʥʦʞʝʩʪʚʘ G, ʪʦ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʘʷ  e-ʦʢʨʝʩʪʥʦʩʪʴ ( )xU ,e  ʪʦʯ-

ʢʠ x, ʚ ʢʦʪʦʨʦʡ ʥʝʪ ʪʦʯʝʢ ʤʥʦʞʝʩʪʚʘ G, ʦʪʣʠʯʥʳʝ ʦʪ x .  

ʆʧʨʝʜʝʣʝʥʠʝ 17. ʄʥʦʞʝʩʪʚʦ nG RË  ʥʘʟʳʚʘʝʪʩʷ ʟʘ-

ʤʢʥʫʪʳʤ, ʝʩʣʠ ʦʥʦ ʩʦʜʝʨʞʠʪ ʚʩʝ ʩʚʦʠ ʧʨʝʜʝʣʴʥʳʝ ʪʦʯʢʠ. ʄʥʦ-

ʞʝʩʪʚʦ, ʢʦʪʦʨʦʝ ʧʦʣʫʯʘʝʪʩʷ, ʝʩʣʠ ʧʨʠʩʦʝʜʠʥʠʪʴ ʢ ʤʥʦʞʝʩʪʚʫ G  

ʚʩʝ ʝʛʦ ʧʨʝʜʝʣʴʥʳʝ ʪʦʯʢʠ, ʥʘʟʳʚʘʝʪʩʷ ʟʘʤʳʢʘʥʠʝʤ G . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: G . 

ʇʨʠʤʝʨ. ( ) [ ]rxrx BB ,, 00
= . 

ʆʧʨʝʜʝʣʝʥʠʝ 18. ʄʥʦʞʝʩʪʚʦ n
G RË  ʥʘʟʳʚʘʝʪʩʷ ʦʛʨʘ-

ʥʠʯʝʥʥʳʤ, ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʡ n-ʤʝʨʥʳʡ ʰʘʨ, ʢʦʪʦʨʳʡ ʩʦ-

ʜʝʨʞʠʪ ʚʥʫʪʨʠ ʩʝʙʷ ʚʩʝ ʪʦʯʢʠ ʤʥʦʞʝʩʪʚʘ G . 

ʆʧʨʝʜʝʣʝʥʠʝ 19. ʄʥʦʞʝʩʪʚʦ  

G ( ) () () (){ }bajjj ¢¢==== ttxtxtxxxxP nnn ;,...,;...;; 221121 , 

ʛʜʝ ()tij , ni ,...,2,1= , ʥʝʧʨʝʨʳʚʥʳʝ ʬʫʥʢʮʠʠ ʥʘ ʦʪʨʝʟʢʝ [ ]ba; , 

ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʢʨʠʚʦʡ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n

R , 
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ʩʦʝʜʠʥʷʶʱʝʡ ʢʦʥʮʳ () () ()( )ajajaj nP ;...;; 211
 ʠ 

() () ()( )bjbjbj nP ;...;; 212
. 

ʆʧʨʝʜʝʣʝʥʠʝ 20. ʄʥʦʞʝʩʪʚʦ n
G RË  ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡ-

ʥʦ ʩʚʷʟʥʳʤ (ʩʚʷʟʥʳʤ), ʝʩʣʠ ʣʶʙʳʝ ʜʚʝ ʪʦʯʢʠ ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ 

ʤʦʞʥʦ ʩʦʝʜʠʥʠʪʴ ʥʝʧʨʝʨʳʚʥʦʡ ʢʨʠʚʦʡ G, ʮʝʣʠʢʦʤ ʧʨʠʥʘʜʣʝ-

ʞʘʱʝʡ ʵʪʦʤʫ ʤʥʦʞʝʩʪʚʫ. 

ʆʧʨʝʜʝʣʝʥʠʝ 21. ʆʪʢʨʳʪʦʝ ʩʚʷʟʥʦʝ ʤʥʦʞʝʩʪʚʦ ʥʘʟʳʚʘ-

ʝʪʩʷ ʦʙʣʘʩʪʴʶ, ʦʙʲʝʜʠʥʝʥʠʝ ʦʙʣʘʩʪʠ ʠ ʝʝ ʛʨʘʥʠʮʳ ʥʘʟʳʚʘʝʪʩʷ 

ʟʘʤʢʥʫʪʦʡ ʦʙʣʘʩʪʴʶ. 

ʆʧʨʝʜʝʣʝʥʠʝ 22. ʄʥʦʞʝʩʪʚʦ n
G RË  ʥʘʟʳʚʘʝʪʩʷ ʢʦʤ-

ʧʘʢʪʦʤ ʚ 
n

R , ʝʩʣʠ ʠʟ ʣʶʙʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʪʦʯʝʢ ( )¤
=1mmx  

ʤʦʞʥʦ ʚʳʜʝʣʠʪʴ ʧʦʜʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ, ʩʭʦʜʷʱʫʶʩʷ ʢ ʪʦʯʢʝ, 

ʧʨʠʥʘʜʣʝʞʘʱʝʡ ʤʥʦʞʝʩʪʚʫ G . 

ʇʨʠʤʝʨ. ʆʪʨʝʟʦʢ [ ]ba;  ʝʩʪʴ ʢʦʤʧʘʢʪ ʚ R, ʘ ʧʨʦʤʝʞʫʪʦʢ 

[ )ba;  ʥʝ ʷʚʣʷʝʪʩʷ ʢʦʤʧʘʢʪʦʤ ʚ R . 

ʅʘ ʧʨʦʩʪʨʘʥʩʪʚʦ 
n

R  ʦʙʦʙʱʘʝʪʩʷ ʪʝʦʨʝʤʘ ɹʦʣʴʮʘʥʦï

ɺʝʡʝʨʰʪʨʘʩʩʘ. 

ʊʝʦʨʝʤʘ 2. ʀʟ ʣʶʙʦʡ ʦʛʨʘʥʠʯʝʥʥʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʪʦ-

ʯʝʢ ʧʨʦʩʪʨʘʥʩʪʚʘ 
n

R  ʤʦʞʥʦ ʚʳʜʝʣʠʪʴ ʩʭʦʜʷʱʫʶʩʷ ʧʦʜʧʦʩʣʝ-

ʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ. 

ʉʣʝʜʩʪʚʠʝ. ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʤʥʦʞʝʩʪʚʦ n
G RË  ʙʳʣʦ ʢʦʤ-

ʧʘʢʪʦʤ, ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʤʥʦʞʝʩʪʚʦ G  ʙʳʣʦ 

ʦʛʨʘʥʠʯʝʥʥʳʤ ʠ ʟʘʤʢʥʫʪʳʤ. 

 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʷ: n-ʤʝʨʥʦʛʦ ʘʨʠʬʤʝʪʠʯʝʩʢʦʛʦ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ, ʨʘʩʩʪʦʷʥʠʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n

R , n-ʤʝʨʥʦʛʦ ʝʚʢʣʠʜʦʚʘ 

ʧʨʦʩʪʨʘʥʩʪʚʘ. 

2. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʷ: n-ʤʝʨʥʦʛʦ ʦʪʢʨʳʪʦʛʦ ʰʘʨʘ, n-

ʤʝʨʥʦʛʦ ʟʘʤʢʥʫʪʦʛʦ ʰʘʨʘ, n-ʤʝʨʥʦʡ ʩʬʝʨʳ, n-ʤʝʨʥʦʛʦ ʧʘʨʘʣ-

ʣʝʣʝʧʠʧʝʜʘ (ʦʪʢʨʳʪʦʛʦ ʠ ʟʘʤʢʥʫʪʦʛʦ), n-ʤʝʨʥʦʛʦ ʢʫʙʘ, e-

ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n

R . 

3. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʷ ʚʥʫʪʨʝʥʥʝʡ ʪʦʯʢʠ ʤʥʦʞʝʩʪʚʘ. ʄʦʞʝʪ 

ʣʠ ʚʥʫʪʨʝʥʥʷʷ ʪʦʯʢʘ ʥʝ ʧʨʠʥʘʜʣʝʞʘʪʴ ʤʥʦʞʝʩʪʚʫ? 

4. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʛʨʘʥʠʯʥʦʡ ʪʦʯʢʠ ʤʥʦʞʝʩʪʚʘ. ʄʦʞʝʪ ʣʠ 

ʪʦʯʢʘ ʦʜʥʦʚʨʝʤʝʥʥʦ ʙʳʪʴ ʚʥʫʪʨʝʥʥʝʡ ʠ ʛʨʘʥʠʯʥʦʡ ʜʣʷ ʥʝʢʦʪʦ-

ʨʦʛʦ ʤʥʦʞʝʩʪʚʘ? 
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5. ʂʘʢʠʝ ʪʦʯʢʠ ʤʥʦʞʝʩʪʚʘ ʥʘʟʳʚʘʶʪʩʷ ʧʨʝʜʝʣʴʥʳʤʠ? 

6. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʦʪʢʨʳʪʦʛʦ ʠ ʟʘʤʢʥʫʪʦʛʦ ʤʥʦʞʝʩʪʚʘ. 

7. ʏʪʦ ʷʚʣʷʝʪʩʷ ʛʨʘʥʠʮʝʡ n-ʤʝʨʥʦʛʦ ʟʘʤʢʥʫʪʦʛʦ ʰʘʨʘ ʠ ʧʘ-

ʨʘʣʣʝʣʝʧʠʧʝʜʘ. 

8. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʷ: ʦʛʨʘʥʠʯʝʥʥʦʛʦ ʤʥʦʞʝʩʪʚʘ, ʥʝʧʨʝʨʳʚ-

ʥʦʡ ʢʨʠʚʦʡ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n

R , ʩʚʷʟʥʦʛʦ ʤʥʦʞʝʩʪʚʘ. ʗʚʣʷʶʪʩʷ 

ʣʠ ʩʚʷʟʥʳʤʠ ʤʥʦʞʝʩʪʚʘʤʠ n-ʤʝʨʥʘʷ ʩʬʝʨʘ, n-ʤʝʨʥʳʡ ʰʘʨ, 

ʧʨʷʤʘʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ n
R ? 

9. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʷ ʦʪʢʨʳʪʦʡ ʠ ʟʘʤʢʥʫʪʦʡ ʦʙʣʘʩʪʠ. ʇʨʠʚʝ-

ʜʠʪʝ ʧʨʠʤʝʨʳ. 

10. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʢʦʤʧʘʢʪʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ n
R . 
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ʃʝʢʮʠʷ 2. ʇʈɽɼɽʃ ʀ ʅɽʇʈɽʈʓɺʅʆʉʊʔ  

ʌʋʅʂʎʀʀ ʅɽʉʂʆʃʔʂʀʍ ʇɽʈɽʄɽʅʅʓʍ 

 

1. ʇʦʥʷʪʠʝ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ.  

2. ʆʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. 

3. ʇʦʚʪʦʨʥʳʝ ʧʨʝʜʝʣʳ. 

4. ʅʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. 

 

1. ʇʦʥʷʪʠʝ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. ʇʫʩʪʴ n
G RË  ï 

ʧʨʦʠʟʚʦʣʴʥʦʝ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ n-ʤʝʨʥʦʛʦ ʝʚʢʣʠʜʦʚʘ ʧʨʦʩʪʨʘʥ-

ʩʪʚʘ. 

ʆʧʨʝʜʝʣʝʥʠʝ 1. ɽʩʣʠ ʧʨʘʚʠʣʦ f  ʢʘʞʜʦʡ ʪʦʯʢʝ 

( )Gxxxx n Í= ;...;; 21
 ʩʪʘʚʠʪ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʥʝʢʦʪʦʨʦʝ ʚʧʦʣʥʝ 

ʦʧʨʝʜʝʣʝʥʥʦʝ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ () ( )nxxxfxfu ,...,, 21== , ʪʦ 

ʛʦʚʦʨʷʪ, ʯʪʦ ʥʘ ʤʥʦʞʝʩʪʚʝ G  ʟʘʜʘʥʘ ʯʠʩʣʦʚʘʷ ʬʫʥʢʮʠʷ (ʠʣʠ 

ʦʪʦʙʨʘʞʝʥʠʝ) f  ʦʪ n ʧʝʨʝʤʝʥʥʳʭ. 

ʄʥʦʞʝʩʪʚʦ G  ʥʘʟʳʚʘʝʪʩʷ ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ, ()GfD = , 

ʘ ʤʥʦʞʝʩʪʚʦ (){ }GxxfuuE Í=Í= ,R  ï ʤʥʦʞʝʩʪʚʦʤ ʟʥʘʯʝ-

ʥʠʡ ʬʫʥʢʮʠʠ f . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: RR ­
n

f : ;  

()xfu= , ( )nxxxx ,...,, 21= ;  

( )nxxxfu ,...,, 21= . 

ɺ ʯʘʩʪʥʦʤ ʩʣʫʯʘʝ ʧʨʠ 2=n  ʬʫʥʢʮʠʶ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ʤʦʞ-

ʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʬʫʥʢʮʠʶ ( )yxfz ,=  ʪʦʯʝʢ ʧʣʦʩʢʦʩʪʠ 
2

R . 

ɿʥʘʯʝʥʠʝ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʧʨʠ 
0xx=  ʠ 

0yy=  ʦʙʦʟʥʘʯʘʝʪʩʷ 

( )00 , yxf , ( )0Mf , 
0

0

yy
xxz
=
=  ʠʣʠ 

0M
z . 

ʌʫʥʢʮʠʷ f  ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ x  ʠ y  ʤʦʞʝʪ ʙʳʪʴ ʟʘʜʘʥʘ ʘʥʘ-

ʣʠʪʠʯʝʩʢʠʤ, ʪʘʙʣʠʯʥʳʤ, ʛʨʘʬʠʯʝʩʢʠʤ ʠ ʜʨʫʛʠʤʠ ʩʧʦʩʦʙʘʤʠ. 

ɻʨʘʬʠʢ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ( )yxfz ,=  ʠʟʦʙʨʘʞʘʝʪʩʷ ʚ 

ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʨʠ ʚʳʙʨʘʥʥʦʡ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʝ 

ʢʦʦʨʜʠʥʘʪ Oxyz  ʢʘʢ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ 

( ) ( ){ }yxfzzyx ,;;
3
=Í=G R , 

ʢʦʪʦʨʦʝ ʝʩʪʴ ʥʝʢʦʪʦʨʘʷ ʧʦʚʝʨʭʥʦʩʪʴ ʚ 
3

R . ʇʨʦʝʢʮʠʝʡ ʵʪʦʡ ʧʦ-

ʚʝʨʭʥʦʩʪʠ ʥʘ ʧʣʦʩʢʦʩʪʴ Oxy  ʚ̫ʣʷʝʪʩʷ ʦʙʣʘʩʪʴ ()fD . 
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ʌʫʥʢʮʠʶ ʪʨʝʭ ʠ ʙʦʣʝʝ ʧʝʨʝʤʝʥʥʳʭ ʠʟʦʙʨʘʟʠʪʴ ʛʨʘʬʠʯʝʩʢʠ 

ʟʘʪʨʫʜʥʠʪʝʣʴʥʦ. 

ʇʨʠʤʝʨʳ. 

1. 22
yxz += . 

ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʵʪʦʡ ʬʫʥʢʮʠʠ () 2
R=fD , ʤʥʦʞʝʩʪʚʦ 

ʟʥʘʯʝʥʠʡ ()[ )+¤= ;0fE . ɻʨʘʬʠʢʦʤ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʚ ʧʨʦʩʪʨʘʥ-

ʩʪʚʝ 3
R  ʷʚʣʷʝʪʩʷ ʢʨʫʛʦʚʦʡ ʧʘʨʘʙʦʣʦʠʜ (ʨʠʩ.1). 

2. 
22

24 yxz --= . 

ʆʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ ()fD  ʵʪʦʡ ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ ʤʥʦʞʝ-

ʩʪʚʦ ʚʩʝʭ ʪʦʯʝʢ ʧʣʦʩʢʦʩʪʠ 
2

R , ʜʣʷ ʢʦʪʦʨʳʭ ʦʧʨʝʜʝʣʝʥʦ ʚʳʨʘʞʝ-

ʥʠʝ 
22

24 yx -- , ʪ.ʝ. 024
22
²-- yx . ʄʥʦʞʝʩʪʚʦ ʪʘʢʠʭ ʪʦʯʝʢ 

ʣʝʞʠʪ ʚʥʫʪʨʠ ʠ ʥʘ ʵʣʣʠʧʩʝ ʩ ʧʦʣʫʦʩʷʤʠ 2=a , 2=b  (ʥʘ ʨʠʩ.2), 

ʪ.ʝ. () ( )
îý

î
ü
û

îí

î
ì
ë

¢+Í= 1
24

;
22

2 yx
yxMfD R ). ʄʥʦʞʝʩʪʚʦ ʟʥʘʯʝʥʠʡ 

()[ ]2;0=fE . ɻʨʘʬʠʢʦʤ ʵʪʦʡ ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ ʚʝʨʭʥʷʷ ʯʘʩʪʴ ʵʣ-

ʣʠʧʩʦʠʜʘ. 

3. 
22

2

2

1 ...1 nxxxz ----= . 

              
                         ʈʠʩ.1.                ʈʠʩ.2. 

 

ʌʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ, ʝʩʣʠ 0...1
22

2

2

1 ²---- nxxx  ʠʣʠ 

1...
22

2

2

1 ¢+++ nxxx .  

ʆʪʩʶʜʘ  

(){ }1...);...;;(
22

2

2

121 ¢+++Í= n

n

n xxxxxxMfD R , 

ʪ.ʝ. ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ ()fD  ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ ʤʥʦ-

ʞʝʩʪʚʦ ʪʦʯʝʢ ʟʘʤʢʥʫʪʦʛʦ n-ʤʝʨʥʦʛʦ ʰʘʨʘ ʨʘʜʠʫʩʦʤ 1=r  ʩ ʮʝʥ-
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ʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ, ʘ ()[]1;0=fE ; 

4. ( )222
5ln zyxz ---= . ʌʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ, ʝʩʣʠ 

05
222
>--- zyx  ʠʣʠ 5

222
<-- zyx , ʦʪʢʫʜʘ  

() ( ){ }5;;
2223
<++Í= zyxzyxMfD R , 

ʪ.ʝ. ʦʙʣʘʩʪʴʶ ʦʧʨʝʜʝʣʝʥʠʷ ()fD  ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩʷ ʤʥʦ-

ʞʝʩʪʚʦ ʪʦʯʝʢ ʦʪʢʨʪrʦʛʦ ʪʨʝʭʤʝʨʥʦʛʦ ʰʘʨʘ ʨʘʜʠʫʩʦʤ 5, ʘ 

()( ]5ln;¤-=fE . 

ʌʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʤʦʛʫʪ ʙʳʪʴ ʟʘʜʘʥʳ ʷʚʥʦ 

(ʫʨʘʚʥʝʥʠʝʤ, ʨʘʟʨʝʰʝʥʥʳʤ ʦʪʥʦʩʠʪʝʣʴʥʦ ʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥ-

ʥʦʡ: ),( yxfz= , ),,( zyxfu= , ),...,,( 21 nxxxfu= ) ʣʠʙʦ ʥʝʷʚʥʦ 

(ʫʨʘʚʥʝʥʠʝʤ, ʥʝ ʨʘʟʨʝʰʝʥʥʳʤ ʦʪʥʦʩʠʪʝʣʴʥʦ ʟʘʚʠʩʠʤʦʡ ʧʝʨʝ-

ʤʝʥʥʦʡ). 

ʇʨʠʤʝʨ. ʌʫʥʢʮʠʷ z  ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ x  ʠ y, ʦʧʨʝʜʝʣʷʝʤʘʷ 

ʫʨʘʚʥʝʥʠʝʤ 016
22

=+-+ zyx  ʟʘʜʘʥʘ ʥʝʷʚʥʦ. ʂ ʷʚʥʦʤʫ ʟʘʜʘʥʠʶ 

ʵʪʦʡ ʬʫʥʢʮʠʠ ʤʦʞʥʦ ʧʝʨʝʡʪʠ, ʨʝʰʠʚ ʫʨʘʚʥʝʥʠʝ ʦʪʥʦʩʠʪʝʣʴʥʦ z  

(ʝʩʣʠ ʵʪʦ ʚʦʟʤʦʞʥʦ). ʊʦʛʜʘ 22
16 yxz ++= . 

ʆʧʨʝʜʝʣʝʥʠʝ 2. ʄʥʦʞʝʩʪʚʦ ʪʦʯʝʢ ( )nxxxx ,...,, 21=  ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ 
n

R , ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ ʫʨʘʚʥʝʥʠʶ ( ) cxxxf n =,...,, 21
, 

ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦʤ ʫʨʦʚʥʷ ʬʫʥʢʮʠʠ ( )nxxxfu ,...,, 21= , 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤ ʜʘʥʥʦʤʫ ʟʥʘʯʝʥʠʶ c . 

ɽʩʣʠ 2=n , ʪʦ ʤʥʦʞʝʩʪʚʦ ʫʨʦʚʥʷ  ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʠʝʡ ʫʨʦʚʥʷ, 

ʝʩʣʠ 3=n , ʪʦ ʤʥʦʞʝʩʪʚʦ ʫʨʦʚʥʷ  ʥʘʟʳʚʘʝʪʩʷ ʧʦʚʝʨʭʥʦʩʪʴʶ 

ʫʨʦʚʥʷ, ʝʩʣʠ 3>n , ʪʦ ʤʥʦʞʝʩʪʚʦ ʫʨʦʚʥʷ  ʥʘʟʳʚʘʝʪʩʷ ʛʠʧʝʨʧʦ-

ʚʝʨʭʥʦʩʪʴʶ ʫʨʦʚʥʷ. 

 

2. ʆʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. ʇʫʩʪʴ 

ʬʫʥʢʮʠʷ )(xfz= , ( )nxxxx ,...,, 21= , ʦʧʨʝʜʝʣʝʥʘ ʚ ʦʢʨʝʩʪʥʦʩʪʠ 

( )0,xU e . 

ʆʧʨʝʜʝʣʝʥʠʝ 2 (ʧʦ ɻʝʡʥʝ). ʏʠʩʣʦ A  ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʜʝ-

ʣʦʤ ʬʫʥʢʮʠʠ )(xfz=  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx = , ʝʩʣʠ ʜʣʷ ʣʶʙʦʡ 

ʩʭʦʜʷʱʝʡʩʷ ʢ 0x  ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʪʦʯʝʢ ( )¤
=1mmx , 

( )m

n

mm

m xxxx ;...;; 21= , ¤=,1m , ( )0xUxm ,Í e
A

, ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ 
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ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )( )¤
=1mmxf  ʟʥʘʯʝʥʠʡ ʬʫʥʢʮʠʠ ʩʭʦʜʠʪʩʷ ʢ A . 

ʉʠʤʚʦʣʠʯʝʩʢʘʷ ʟʘʧʠʩʴ: ()xfA
xx 0

lim
­

=  Ú  

Ú  ( )¤
=

"
1mmx , ( )0xUxm ,Í e , 0lim xxk

k
=

¤­
   ( ) ( )0lim xfxf m

k
=

¤­
. 

ɼʣʷ ʟʘʧʠʩʠ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ʠʩʧʦʣʴʟʫʝʪʩʷ ʪʘʢʞʝ ʦʙʦʟʥʘʯʝʥʠʝ: 

( )n

xx

xx

xx

xxxfA

nn

,...,,lim 21

..........
0

0
22

0
11

­

­

­

= . 

ʆʧʨʝʜʝʣʝʥʠʝ 3 (ʧʦ ʂʦʰʠ). ʏʠʩʣʦ A  ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʜʝ-

ʣʦʤ ʬʫʥʢʮʠʠ )(xfz=  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx = , ʝʩʣʠ ʜʣʷ ʣʶʙʦ-

ʛʦ 0>e  ʩʫʱʝʩʪʚʫʝʪ () 0>ed , ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʣʶʙʦʡ ʪʦʯʢʠ 

( )0xUx ,Í e
A

 ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ () e<-Axf . 

ʉʠʤʚʦʣʠʯʝʩʢʘʷ ʟʘʧʠʩʴ: ()xfA
xx 0

lim
­

=  Ú  

Ú  ( ):0 0xU ,$>" ee
A

( )0xUM ,Í" e
A

   () e<-Axf . 

ʕʢʚʠʚʘʣʝʥʪʥʦʩʪʴ ʦʧʨʝʜʝʣʝʥʠʡ ʧʨʝʜʝʣʘ ʧʦ ɻʝʡʥʝ ʠ ʧʦ ʂʦʰʠ 

ʜʦʢʘʟʳʚʘʝʪʩʷ ʪʘʢ ʞʝ, ʢʘʢ ʠ ʜʣʷ ʬʫʥʢʮʠʠ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ. 

ɽʩʣʠ ʬʫʥʢʮʠʷ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ( )yxfz ;=  ʦʧʨʝʜʝʣʝʥʘ ʚ 

ʦʢʨʝʩʪʥʦʩʪʠ ( )( )00,; yxU e
A

 ʠ ʯʠʩʣʦ A  ʷʚʣʷʝʪʩʷ ʧʨʝʜʝʣʦʤ ʧʨʠ 

( ) ( )00,, yxyx ­ , ʪʦ ( )yxfA

yy
xx

;lim

0

0
­
­

=  ʥʘʟʳʚʘʝʪʩʷ ʜʚʦʡʥʳʤ ʧʨʝʜʝ-

ʣʦʤ ʬʫʥʢʮʠʠ. 

ʆʪʤʝʪʠʤ, ʯʪʦ ʚ ʥʝʢʦʪʦʨʳʭ ʧʨʠʣʦʞʝʥʠʷʭ ʫʜʦʙʥʦ ʧʦʣʴʟʦʚʘʪʴʩʷ 

ʦʧʨʝʜʝʣʝʥʠʝʤ ʧʦ ʂʦʰʠ, ʚ ʜʨʫʛʠʭ ï ʧʦ ɻʝʡʥʝ. 

ʇʨʠ ʦʧʨʝʜʝʣʝʥʠʠ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ( )yxfz ;=  ʚ ʪʦʯʢʝ 

( )000 ; yxM  ʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ ʬʫʥʢʮʠʷ ʤʦʞʝʪ ʙʳʪʴ ʥʝ ʦʧʨʝʜʝʣʝʥʘ ʚ 

ʪʦʯʢʝ 
0M . ʇʦʵʪʦʤʫ ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ ( )Mf , ( )yxM ; , ʦʪʣʠʯʘ-

ʶʪʩʷ ʦʪ ʯʠʩʣʘ 0z  ʥʘ ʜʦʩʪʘʪʦʯʥʦ ʤʘʣʫʶ ʚʝʣʠʯʠʥʫ, ʝʩʣʠ ʪʦʯʢʘ M  

ʚʳʙʨʘʥʘ ʜʦʩʪʘʪʦʯʥʦ ʙʣʠʟʢʦ ʢ ʪʦʯʢʝ 
0M . ʀʟ ʦʧʨʝʜʝʣʝʥʠʷ ʧʨʝʜʝʣʘ 

ʬʫʥʢʮʠʠ ʧʦ ʂʦʰʠ ʧʦʣʫʯʘʝʤ ( ) ee +<<- 00 zMfz . ʉ ʛʝʦʤʝʪʨʠ-

ʯʝʩʢʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ, ʧʨʠʚʝʜʝʥʥʦʝ ʥʝʨʘʚʝʥʩʪʚʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ 

ʪʦʯʢʘ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʠ ( ) ( )yxfMfz ,==  ʠʟ ʦʢʨʝʩʪʥʦʩʪʠ 
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( )0MU ,d
A

 ʥʘʭʦʜʠʪʩʷ ʤʝʞʜʫ ʜʚʫʤʷ ʧʣʦʩʢʦʩʪʷʤʠ e-= 0zz  ʠ 

e+= 0zz . ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʧʨʝʜʝʣ ʬʫʥʢʮʠʠ ( )yxfz ;=  ʧʨʠ 

0xx­ , 
0yy­  ʦʧʨʝʜʝʣʷʝʪʩʷ ʧʦʚʝʜʝʥʠʝʤ ʬʫʥʢʮʠʠ ʚʙʣʠʟʠ ʪʦʯʢʠ 

( )000 ; yxM  ʠ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʟʥʘʯʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʵʪʦʡ ʪʦʯʢʝ. 

ʇʨʠʤʝʨʳ. 1. ɺʳʯʠʩʣʠʪʴ ʧʨʝʜʝʣ 
yx

yx

y
x -

-

­
­

33

0
0

lim , ʠʩʧʦʣʴʟʫʷ ʦʧʨʝ-

ʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʧʦ ɻʝʡʥʝ. 

ʈʝʰʝʥʠʝ. ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ 

() ( ){ }yxyxfD ¸Í=
2

; R . ɺʦʟʴʤʝʤ ʧʨʦʠʟʚʦʣʴʥʫʶ ʧʦʩʣʝʜʦʚʘ-

ʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ ( ) ( )( )¤
=

¤

=
=

11
;

kkkkk yxM , ʪʘʢʠʭ, ʯʪʦ 
kk yx ¸ , 

0­kx , 0­ky . ʊʦʛʜʘ 

( ) 22
33

kkkk

kk

kk
k yyxx

yx

yx
Mf ++=

-

-
= . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

( ) 0limlim
22

0
0

33

0
0

=++=
-

-

ö
÷

õ
æ
ç

å
­
­

¤­
­
­

kkkk

y
x

k
y
x

xyxx
yx

yx

k

k

. 

2. ɼʦʢʘʟʘʪʴ, ʧʦʣʴʟʫʷʩʴ ʦʧʨʝʜʝʣʝʥʠʝʤ ʧʨʝʜʝʣʘ ʧʦ ʂʦʰʠ, ʯʪʦ  

0lim
33

0
0

=
-

-

­
­ yx

yx

y
x

. 

ʈʝʰʝʥʠʝ. ɺʳʙʝʨʝʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʯʠʩʣʦ 0>e  ʠ ʥʘʡʜʝʤ 

()er , ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʣʶʙʦʡ ʪʦʯʢʠ ( ) ( )( )0;0;; d
A

UyxM Í  ʚʳʧʦʣʥʷ-

ʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ ( ) e<-0, yxf . ʊʘʢ ʢʘʢ ʜʣʷ ʣʶʙʦʡ ʪʦʯʢʠ 

()fDyxM Í);(  ʩʧʨʘʚʝʜʣʠʚʦ ʩʦʦʪʥʦʰʝʥʠʝ 

( ) 22
33

, yxyx
yx

yx
yxf ++=

-

-
= , 

ʪʦ 

( ) xyyxyxyxyxf ++¢++=-
2222

0, . 

ʆʮʝʥʠʤ yxÖ : 

( ) 02
22222
²+¢+-=- yxyxyxyx  Ý  ( )22

2

1
yxyx +¢Ö . 
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ( ) ( ) ( )er <=+¢- MOyxyxf ,
2

3

2

3
0,

222 . 

ʆʪʩʶʜʘ 

( ) er
3

2
, <MO , 

ʛʜʝ ( )MO;r  ï ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʪʦʯʢʠ ( )yxM ;  ʜʦ ʪʦʯʢʠ ( )0;0O . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʣʷ ʣʶʙʦʛʦ 0>e  ʩʫʱʝʩʪʚʫʝʪ ʯʠʩʣʦ 

() eed
3

2
=  ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʣʶʙʦʡ ʪʦʯʢʠ ( ) ( )0,; MUyxM dÍ  ʚr -

ʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ e<-
-

-
0

33

yx

yx
.  

ɿʥʘʯʠʪ, 0lim
33

0
0

=
-

-

­
­ yx

yx

y
x

 

ʇʦʩʢʦʣʴʢʫ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʡ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥ-

ʥʳʭ ʘʥʘʣʦʛʠʯʥʦ ʦʧʨʝʜʝʣʝʥʠʶ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ʦʜʥʦʛʦ ʧʝʨʝ-

ʤʝʥʥʦʛʦ, ʪʦ ʜʣʷ ʩʣʫʯʘʷ ʬʫʥʢʮʠʡ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ ʩʦʭʨʘʥʷʶʪ-

ʩʷ ʚʩʝ ʩʚʦʡʩʪʚʘ ʧʨʝʜʝʣʦʚ ʬʫʥʢʮʠʡ (ʢʨʦʤʝ ʪʝʭ, ʛʜʝ ʩʫʱʝʩʪʚʝʥʥʘ 

ʫʧʦʨʷʜʦʯʝʥʥʦʩʪʴ ʪʦʯʝʢ ʯʠʩʣʦʚʦʡ ʧʨʷʤʦʡ, ʥʘʧʨʠʤʝʨ, ʦʜʥʦʩʪʦ-

ʨʦʥʥʠʝ ʧʨʝʜʝʣʳ). 

3. ʇʦʚʪʦʨʥʳʝ ʧʨʝʜʝʣʳ. ɼʣʷ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʤʦʞʥʦ ʦʧʨʝ-

ʜʝʣʠʪʴ ʧʦʥʷʪʠʝ ʧʨʝʜʝʣʘ ʧʦ ʧʝʨʝʤʝʥʥʦʡ x, ʧʦʣʘʛʘʷ y  ʧʦʩʪʦʷʥ-

ʥʳʤ, ʠ ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʧʨʝʜʝʣ ʧʦ y, ʧʦʣʘʛʘʷ x  ʧʦʩʪʦʷʥʥʳʤ. 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʟʘʜʘʥʘ ʚ ʧʨʷʤʦʫʛʦʣʴʥʦʡ ʦʢʨʝʩʪʥʦ-

ʩʪʠ ( ) ( ){ }2010

2

210 ,,,, dyydxxyxddMU <-<-Í= R  ʪʦʯʢʠ 

( )000 , yxM  ʟʘ ʠʩʢʣʶʯʝʥʠʝʤ, ʙʳʪʴ ʤʦʞʝʪ, ʩʘʤʦʡ ʪʦʯʢʠ 

( )000 , yxM . ʀ ʧʫʩʪʴ ʜʣʷ ʢʘʞʜʦʛʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ y, ʫʜʦʚʣʝʪʚʦ-

ʨʷʶʱʝʛʦ ʫʩʣʦʚʠʶ 200 dyy <-< , ʧʨʠ 
0xx­  ʜʣʷ ʬʫʥʢʮʠʠ 

( )yxfz ,=  ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ 
x
ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ 

( ) ()ygyxf

ʬʠʢy
xx

=
­

;lim
0

. ʀ ʧʫʩʪʴ ʧʨʠ 
0yy­  ʜʣʷ ʬʫʥʢʮʠʠ ()yg ʩʫʝɦ-

ʩʪʚʫʝʪ ʧʨʝʜʝʣ () byg
yy

=
­ 0

lim . ʊʦʛʜʘ ʛʦʚʦʨʷʪ, ʯʪʦ ʩʫʱʝʩʪʚʫʝʪ ʧʦ-

ʚʪʦʨʥʳʡ ʧʨʝʜʝʣ b  ʜʣʷ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯʢʝ ( )000 , yxM . 
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ʆʙʦʟʥʘʯʘʝʪʩʷ: ( ) byxf
xxyy

=
­­

;limlim
00

.  

ɸʥʘʣʦʛʠʯʥʦ ʦʧʨʝʜʝʣʷʝʪʩʷ ʧʦʚʪʦʨʥʳʡ ʧʨʝʜʝʣ ( )yxf
yyxx

;limlim
00 ­­

. 

ʊʝʦʨʝʤʘ 1. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʦʧʨʝʜʝʣʝʥʘ ʚ ʥʝʢʦʪʦ-

ʨʦʡ ʧʨʷʤʦʫʛʦʣʴʥʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ( )210 ,, ddMU  ʪʦʯʢʠ 

( )000 , yxM , ʠ ʠʤʝʝʪ ʚ ʵʪʦʡ ʪʦʯʢʝ ʜʚʦʡʥʦʡ ʧʨʝʜʝʣ 

( ) byxf

yy
xx

=

­
­

;lim

0

0

. ʀ ʧʫʩʪʴ ʜʣʷ ʣʶʙʦʛʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ x , 

100 dxx <-< , ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ ( ) ()xhyxf

ʬʠʢx
yy

=
­

;lim
0

 ʠ ʜʣʷ ʣʶ-

ʙʦʛʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ y , 200 dyy <-< , ʩʫʱʝʩʪʚʫʝʪ ʧʨʝʜʝʣ 

( ) ()ygyxf

ʬʠʢy
xx

=
­

;lim
0

. ʊʦʛʜʘ ʧʦʚʪʦʨʥʳʝ ʧʨʝʜʝʣʳ ( )yxf
xxyy

;limlim
00 ­­

 ʠ 

( )yxf
yyxx

;limlim
00 ­­

 ʩʫʱʝʩʪʚʫʶʪ ʠ ʨʘʚʥʳ 

 ( ) ( )yxfyxf
yyxxxxyy

;limlim;limlim
0000 ­­­­

= . 

Ʒ ʊʘʢ ʢʘʢ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʠʤʝʝʪ ʚ ʪʦʯʢʝ ( )000 , yxM  ʧʨʝ-

ʜʝʣ b, ʪʦ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʧʨʝʜʝʣʘ ʠʤʝʝʤ 

( ) 0,lim

0

0

zyxf

yy
xx

=

­
­

 Ú  

Ú  () ( ) ddedde <-<<-<"=$>" 00 0,0;:0 yyxxyx  

( ) e<-Ý 0; zyxf  

ʆʪʩʶʜʘ ( ) ee +<<- 00 ; zyxfz . ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʚ ʧʨʷʤʦ-

ʫʛʦʣʴʥʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ( )210 ,, ddMU  ʪʦʯʢʠ ( )000 , yxM  ʟʥʘʯʝʥʠʝ 

ʬʫʥʢʮʠʠ ʦʪʣʠʯʘʝʪʩʷ ʦʪ b  ʥʝ ʙʦʣʝʝ ʯʝʤ ʥʘ e. ʅʦ ʪʦʛʜʘ ʧʨʝʜʝʣʳ 

()yg  ʠ ()xh  ʦʪʣʠʯʘʶʪʩʷ ʦʪ b  ʥʝ ʙʦʣʝʝ ʯʝʤ ʥʘ e. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʝʜʝʣʳ ʵʪʠʭ ʬʫʥʢʮʠʡ ʚ ʪʦʯʢʘʭ 0y  ʠ 0x  ʩʫ-

ʱʝʩʪʚʫʶʪ ʠ ʨʘʚʥ .r ƹ 

ɼʣʷ ʬʫʥʢʮʠʠ ( )nxxxfu ;...;; 21=  ʧʦʥʷʪʠʝ ʧʦʚʪʦʨʥʦʛʦ ʧʨʝʜʝʣʘ 

ʦʧʨʝʜʝʣʷʝʪʩʷ ʘʥʘʣʦʛʠʯʥʦ. 

 

4. ʅʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. ʇʦʥʷʪʠʝ ʥʝ-

ʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩ 

ʧʦʤʦʱʴʶ ʧʨʝʜʝʣʘ. 
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ʆʧʨʝʜʝʣʝʥʠʝ 4. ʌʫʥʢʮʠʷ ()xfu= , ( )nxxxx ,...,, 21= , 

ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx = , ʝʩʣʠ ʚʳʧʦʣ-

ʥʝʥʳ ʩʣʝʜʫʶʱʠʝ ʪʨʠ ʫʩʣʦʚʠʷ: 

1) ()xf  ʦʧʨʝʜʝʣʝʥʘ ʚ ʪʦʯʢʝ 0x  ʠ ʥʝʢʦʪʦʨʦʡ ʝʝ ʦʢʨʝʩʪʥʦʩʪʠ; 

2) ʩʫʱʝʩʪʚʫʝʪ ()xf
xx 0

lim
­

; 

3) () ( )0
0

lim xfxf
xx

=
­

. 

ɽʩʣʠ ʚ ʪʦʯʢʝ 0x  ʦʜʥʦ ʠʟ ʫʢʘʟʘʥʥʳʭ ʪʨʝʭ ʫʩʣʦʚʠʡ ʥʝ ʚʳʧʦʣʥʷ-

ʝʪʩʷ, ʪʦ ʦʥʘ ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʨʘʟʨʳʚʘ ʬʫʥʢʮʠʠ ()xfu= . 

ɼʣʷ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʜʚʫʭ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ ʪʦʯ-

ʢʠ ʨʘʟʨʳʚʘ ʤʦʛʫʪ ʙʳʪʴ ʠʟʦʣʠʨʦʚʘʥʥʳʤʠ ʠʣʠ ʦʙʨʘʟʦʚʳʚʘʪʴ ʣʠ-

ʥʠʶ ʨʘʟʨʳʚʘ. ɼʣʷ ʬʫʥʢʮʠʠ ),,( zyxfu=  ʪʨʝʭ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝ-

ʨʝʤʝʥʥʳʭ ʪʦʯʢʠ ʨʘʟʨʳʚʘ ʤʦʛʫʪ ʙʳʪʴ ʠʟʦʣʠʨʦʚʘʥʥʳʤʠ, ʦʙʨʘʟʦ-

ʚʳʚʘʪʴ ʣʠʥʠʶ ʠʣʠ ʧʦʚʝʨʭʥʦʩʪʴ ʨʘʟʨʳʚʘ. 

ʇʨʠʤʝʨʳ. ʅʘʡʪʠ ʪʦʯʢʠ ʨʘʟʨʳʚʘ ʩʣʝʜʫʶʱʠʭ  ʬʫʥʢʮʠʡ: 

1) 
( ) 22

4

1

yx
z

+-
= ; 2) 

yx
z

-
=

1
; 3) 

9

2
222
-++

=
zyx

u . 

ʈʝʰʝʥʠʝ. 1. ɼʘʥʥʘʷ ʬʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʥʘ 
2

R  ʚʩʶʜʫ, 

ʢʨʦʤʝ ʪʦʯʢʠ ( )0;4M , ʢʦʪʦʨʘʷ ʠ ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʨʘʟʨʳʚʘ ʬʫʥʢ-

ʮʠʠ. 

2. ɼʘʥʥʘʷ ʬʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʜʣʷ ʣʶʙʳʭ x , y, ʪʘʢʠʭ, ʯʪʦ 

yx¸ . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʷʤʘʷ yx=  ʷʚʣʷʝʪʩʷ ʣʠʥʠʝʡ ʨʘʟʨʳʚʘ 

ʬʫʥʢʮʠʠ. 

3. ʌʫʥʢʮʠʷ 
9

2
222
-++

=
zyx

u  ʦʧʨʝʜʝʣʝʥʘ ʜʣʷ ʣʶʙʳʭ x , y , 

z, ʪʘʢʠʭ, ʯʪʦ 9
222
¸++ zyx . ʉʬʝʨʘ ʩ ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨ-

ʜʠʥʘʪ ʠ ʨʘʜʠʫʩʦʤ 3 ʷʚʣʷʝʪʩʷ ʧʦʚʝʨʭʥʦʩʪʴʶ ʨʘʟʨʳʚʘ ʬʫʥʢʮʠʠ. 

ʆʩʥʦʚʥʳʝ ʪʝʦʨʝʤʳ ʦ ʩʚʦʡʩʪʚʘʭ ʥʝʧʨʝʨʳʚʥʳʭ ʚ ʥʝʢʦʪʦʨʦʡ 

ʪʦʯʢʝ ʬʫʥʢʮʠʡ (ʥʘʧʨʠʤʝʨ, ʪʝʦʨʝʤʘ ʦ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʩʫʤʤʳ ʥʝ-

ʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ) ʜʦʢʘʟʳʚʘʶʪʩʷ ʜʣʷ ʬʫʥʢʮʠʡ ʤʥʦʛʠʭ ʧʝʨʝ-

ʤʝʥʥʳʭ ʪʘʢ ʞʝ, ʢʘʢ ʠ ʜʣʷ ʬʫʥʢʮʠʠ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ. 

ʊʝʦʨʝʤʘ 2 (ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ). ʇʫʩʪʴ 

ʬʫʥʢʮʠʠ ()tx 11 j= , ()tx 22 j= , ... , ()tx nn j= , ( )ntttt ,...,, 21= , 

ʦʧʨʝʜʝʣʝʥʳ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 

( ) n

ntttt RÍ=
00

2

0

10 ;...;;  ʠ ʥʝʧʨʝʨʳʚʥʳ ʚ ʪʦʯʢʝ 
0t . ʌʫʥʢʮʠʷ 
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( )nxxxfu ,...,, 21=  ʦʧʨʝʜʝʣʝʥʘ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 

() () ()( ) n
tttx

n
RÍ= 00201 ;...;;

0
jjj  ʠ ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x . ʊʦʛʜʘ 

ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 
0t  ʦʧʨʝʜʝʣʝʥʘ ʩʣʦʞʥʘʷ ʬʫʥʢ-

ʮʠʷ () () () ()( )tttft
n
jjj ;...;; 21=F , ʧʨʠʯʝʤ ʬʫʥʢʮʠʷ ()tF  ʥʝʧʨʝʨʳʚ-

ʥʘ ʚ ʪʦʯʢʝ 
0t .  

ɹʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ. 

 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ʏʪʦ ʥʘʟʳʚʘʝʪʩʷ ʬʫʥʢʮʠʝʡ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ n
R . ʏʪʦ ʪʘʢʦʝ 

ʤʥʦʞʝʩʪʚʦ ʫʨʦʚʥʷ? 

2. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʦʧʨʝʜʝʣʝʥʠʷ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ ( )yxfz ,=  

ʚ ʪʦʯʢʝ ʧʦ ɻʝʡʥʝ ʠ ʧʦ ʂʦʰʠ. ʏʪʦ ʦʟʥʘʯʘʝʪ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴ ʵʪʠʭ 

ʦʧʨʝʜʝʣʝʥʠʡ? 

3. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʬʫʥʢʮʠʠ ʚ ʧʨʦʩʪʨʘʥ-

ʩʪʚʝ 
n

R  ʧʨʠ 
0MM­ . 

4. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʧʦʚʪʦʨʥʦʛʦ ʧʨʝʜʝʣʘ ʬʫʥʢʮʠʠ 

( )yxfz ,= . ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʧʦʚʪʦʨʥʦʛʦ ʧʨʝʜʝʣʘ ʜʣʷ ʬʫʥʢʮʠʠ 

( )nxxxfu ;...;; 21= . 

5. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʥʝʧʨʝʨʳʚʥʦʡ ʬʫʥʢʮʠʠ 

( )nxxxfu ,...,, 21=  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxM . ʂʘʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ 

ʦʙʣʘʜʘʶʪ ʥʝʧʨʝʨʳʚʥʳʝ ʬʫʥʢʮʠʠ? 
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ʃʝʢʮʠʷ 3. ʌʋʅʂʎʀʀ ʄʅʆɻʀʍ ʇɽʈɽʄɽʅʅʓʍ, 

ʅɽʇʈɽʈʓɺʅʓɽ ʅɸ ʄʅʆɾɽʉʊɺɸʍ 

 

1. ʅʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʠ ʥʘ ʢʦʤʧʘʢʪʘʭ. 

2. ʌʫʥʢʮʠʠ, ʥʝʧʨʝʨʳʚʥʳʝ ʥʘ ʣʠʥʝʡʥʦ ʩʚʷʟʥʳʭ ʤʥʦʞʝʩʪʚʘʭ. 

3. ʈʘʚʥʦʤʝʨʥʘʷ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʡ. 

 

1. ʅʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʠ ʥʘ ʢʦʤʧʘʢʪʘʭ. 

ʆʧʨʝʜʝʣʝʥʠʝ 1. ʌʫʥʢʮʠʷ ()xfu= , ( )nxxxx ,...,, 21= , 

ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ ʥʘ ʤʥʦʞʝʩʪʚʝ G , ʝʩʣʠ ʚ ʢʘʞʜʦʡ ʧʨʝ-

ʜʝʣʴʥʦʡ ʪʦʯʢʝ ʤʥʦʞʝʩʪʚʘ 0x , ( )00

2

0

10 ;...;; nxxxx = . ʚʳʧʦʣʥʝʥʦ 

ʫʩʣʦʚʠʝ 

() ()0
0

lim xfxf

Gx
xx

=

Í
­

. 

ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʬʫʥʢʮʠʷ ()xfu=  ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʝʨʳʚʥʦʡ 

ʥʘ ʤʥʦʞʝʩʪʚʝ G, ʝʩʣʠ ʦʥʘ ʥʝʧʨʝʨʳʚʥʘ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʵʪʦʛʦ 

ʤʥʦʞʝʩʪʚʘ. 

ʊʝʦʨʝʤʘ 1 (ɺʝʡʝʨʰʪʨʘʩʩʘ). ʌʫʥʢʮʠʷ ( )nxxxfu ,...,, 21= , ʥʝ-

ʧʨʝʨʳʚʥʘʷ ʥʘ ʢʦʤʧʘʢʪʝ n
G RÍ  ʦʛʨʘʥʠʯʝʥʘ ʠ ʧʨʠʥʠʤʘʝʪ ʥʘ 

ʵʪʦʤ ʢʦʤʧʘʢʪʝ ʩʚʦʠ ʥʘʠʙʦʣʴʰʝʝ ʠ ʥʘʠʤʝʥʴʰʝʝ ʟʥʘʯʝʥʠʷ: 

() ()xfxf
GxÍ

=sup1 , ( ) ()xfxf
GxÍ

=inf2 . 

Ʒ ʇʫʩʪʴ nG RÍ  ʢʦʤʧʘʢʪ, ʪ.ʝ. ʦʛʨʘʥʠʯʝʥʥʦʝ ʠ ʟʘʤʢʥʫʪʦʝ 

ʤʥʦʞʝʩʪʚʦ. ʀ ʧʫʩʪʴ ʬʫʥʢʮʠʷ ()xfu=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ G  ʠ 

()xfM
GxÍ

=sup . ɺʳʙʝʨʝʤ ʯʠʩʣʦʚʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )¤
=1mmy  

ʪʘʢʫʶ, ʯʪʦ Mym
m

=
¤­

lim  ʠ Mym< , ,...2,1=m . 

ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ʚʝʨʭʥʝʡ ʛʨʘʥʠ ʩʫʱʝʩʪʚʫʶʪ ʪʘʢʠʝ ʪʦʯʢʠ 

( )Gxxxx
m

n

mm

m Í= ;...;; 21 , ,...2,1=m , ʯʪʦ 

( )Mxfy mm ¢< . 

ʇʦʵʪʦʤʫ ( ) Mxf m
m

=
¤­

lim . 

ʇʦʩʢʦʣʴʢʫ G  ʢʦʤʧʘʢʪ, ʪʦ ʠʟ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʪʦʯʝʢ 

( )¤
=1mmx  ʤʦʞʥʦ ʚʳʜʝʣʠʪʴ ʩʭʦʜʷʱʫʶʩʷ ʢ ʥʝʢʦʪʦʨʦʡ ʪʦʯʢʝ Gx Í0  

ʧʦʜʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )¤
=1kmk

x  ʪʘʢʫʶ, ʯʪʦ 0lim xx
km

k
=

¤­
. ɺ ʩʠʣʫ 

ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ ()xfu=  ʚ ʪʦʯʢʝ 0x , ʠʤʝʝʤ: 
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( ) ( )0lim xfxf
km

k
=

¤­
. 

ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ ( ) Mxf
km

k
=

¤­
lim . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ()Mxf =0
. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ +¤<M , ʪ.ʝ. 

ʬʫʥʢʮʠʷ ()xfu= , ( )nxxxx ,...,, 21= , ʦʛʨʘʥʠʯʝʥʘ ʩʚʝʨʭʫ ʠ ʧʨʠʥʠ-

ʤʘʝʪ ʥʘʠʙʦʣʴʰʝʝ ʟʥʘʯʝʥʠʝ ʥʘ ʤʥʦʞʝʩʪʚʝ G .  

ɸʥʘʣʦʛʠʯʥʦ ʜʦʢʘʟʳʚʘʝʪʩʷ ʦʛʨʘʥʠʯʝʥʥʦʩʪʴ  ʬʫʥʢʮʠʷ ()xfu=  

ʩʥʠʟʫ ʠ ʜʦʩʪʠʞʝʥʠʝ ʝʝ ʥʠʞʥʝʡ ʛʨʘʥʠ. ƹ 

ʇʨʠʤʝʨʳ. 1. ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ 
22

1

yx
z

+
= , ʦʙʣʘʩʪʴ 

ʦʧʨʝʜʝʣʝʥʠʷ ʢʦʪʦʨʦʡ ʝʩʪʴ 

() ( )( ) ( ){ }1010; ¢<Æ¢<= yxyxfD . 

ʄʥʦʞʝʩʪʚʦ ()fD  ʦʛʨʘʥʠʯʝʥʦ, ʥʦ ʥʝ ʟʘʤʢʥʫʪʦ. ɽʩʣʠ 0­x  ʠ 

0­y  ʦʜʥʦʚʨʝʤʝʥʥʦ, ʪʦ ¤­z , ʪ.ʝ. ʬʫʥʢʮʠʷ ( )
22

1
,

yx
yxf

+
=  ʥʝ 

ʦʛʨʘʥʠʯʝʥʘ: 

( ) ( ) AMfyxMA >$" :; . 

2. ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ 
22

1

yx
e

z
+

= . 

ʆʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ ʵʪʦʡ ʬʫʥʢʮʠʠ () 2
R=fD . ʆʯʝʚʠʜʥʦ, 

ʯʪʦ 1sup =z , 0inf =z , ʧʨʠʯʝʤ ʪʦʯʥʘʷ ʚʝʨʭʥʷʷ ʛʨʘʥʴ ʜʦʩʪʠʛʘʝʪʩʷ 

ʚ ʪʦʯʢʝ ( )0;0M , ʘ ʪʦʯʥʘʷ ʥʠʞʥʷʷ ʛʨʘʥʴ ʥʝ ʜʦʩʪʠʛʘʝʪʩʷ ʚʚʠʜʫ ʥʝ-

ʦʛʨʘʥʠʯʝʥʥʦʩʪʠ ʤʥʦʞʝʩʪʚʘ ()fD . 

 

2. ʌʫʥʢʮʠʠ, ʥʝʧʨʝʨʳʚʥʳʝ ʥʘ ʩʚʷʟʥʳʭ ʤʥʦʞʝʩʪʚʘʭ. ɺ ʩʣʫʯʘʝ 

ʬʫʥʢʮʠʡ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ ʘʥʘʣʦʛʦʤ ʪʦʛʦ, ʯʪʦ ʚʩʷʢʘʷ ʥʝʧʨʝ-

ʨʳʚʥʘʷ ʥʘ ʥʝʢʦʪʦʨʦʤ ʧʨʦʤʝʞʫʪʢʝ ʬʫʥʢʮʠʷ, ʧʨʠʥʠʤʘʷ ʢʘʢʠʝ-

ʣʠʙʦ ʟʥʘʯʝʥʠʷ, ʧʨʠʥʠʤʘʝʪ ʠ ʣʶʙʦʝ ʧʨʦʤʝʞʫʪʦʯʥʦʝ, ʷʚʣʷʝʪʩʷ 

ʩʣʝʜʫʶʱʘʷ ʪʝʦʨʝʤʘ. 

ʊʝʦʨʝʤʘ 2. ʌʫʥʢʮʠʷ, ʥʝʧʨʝʨʳʚʥʘʷ ʥʘ ʣʠʥʝʡʥʦ ʩʚʷʟʥʦʤ ʤʥʦ-

ʞʝʩʪʚʝ, ʧʨʠʥʠʤʘʷ ʢʘʢʠʝ-ʣʠʙʦ ʜʚʘ ʟʥʘʯʝʥʠʷ, ʧʨʠʥʠʤʘʝʪ ʠ ʣʶʙʦʝ 

ʧʨʦʤʝʞʫʪʦʯʥʦʝ ʤʝʞʜʫ ʥʠʤʠ. 

Ʒ ʇʫʩʪʴ G  ï ʣʠʥʝʡʥʦ ʩʚʷʟʥʦʝ ʤʥʦʞʝʩʪʚʦ, n
G RÍ , ʬʫʥʢʮʠʷ 

( )nxxxfu ,...,, 21=  ʥʝʧʨʝʨʳʚʥʘ ʥʘ G. ʀ ʧʫʩʪʴ ʪʦʯʢʠ 
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( )11

2

1

11 ;...;; nxxxM = ,  ( )212

2

2

11 ;...;; nxxxM = GÍ , ʜʣʷ ʢʦʪʦʨʳʭ 

( ) aMf =1
, ( )bMf =2

. ʊʦʛʜʘ ʩʫɦ ʝʩʪʚʫʝʪ ʪʘʢʘʷ ʢʨʠʚʘʷ 

() () (){ }ba ¢¢====G ttxxtxxtxx nn ,;...;; 2211
,  

ʣʝʞʘʱʘʷ ʚ G , ʯʪʦ 1M  ʷʚʣʷʝʪʩʷ ʝʝ ʥʘʯʘʣʦʤ, 
2M  ï ʝʝ ʢʦʥʮʦʤ. 

ʌʫʥʢʮʠʷ () () ()( ) ()tftxtxtxfu n == ,...,, 21
, ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʦʪ-

ʨʝʟʢʝ [ ]ba;  ʢʘʢ ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʷ ʥʝʧʨʝʨʳʚʥʳʭ ʬʫʥʢʮʠʡ ( )Mf , 

()tx1
, ()tx2, , é, ()txn . ʂʨʦʤʝ ʪʦʛʦ, 

() () () ()( ) axxxff n == aaaa ,...,, 21
, 

() () () ()( )bxxxff n == bbbb ,...,, 21
. 

ʇʦʵʪʦʤʫ, ʚ ʩʠʣʫ ʪʝʦʨʝʤʳ ʦ ʧʨʦʤʝʞʫʪʦʯʥʳʭ ʟʥʘʯʝʥʠʷʭ ʥʝʧʨʝ-

ʨʳʚʥʳʭ ʥʘ ʦʪʨʝʟʢʝ ʬʫʥʢʮʠʡ, ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ [ ]ba;0Ít , ʯʪʦ 

() () () ()( ) ctxtxtxftf n == 002010 ,...,, . 

ʇʦʣʘʛʘʷ () () ()( )002010 ,...,, txtxtxM n
, ʧʦʣʫʯʠʤ ( ) cMf =0

. ƹ 

ʉʣʝʜʩʪʚʠʝ. ʌʫʥʢʮʠʷ, ʥʝʧʨʝʨʳʚʥʘʷ ʥʘ ʟʘʤʳʢʘʥʠʠ ʣʠʥʝʡʥʦ 

ʩʚʷʟʥʦʛʦ ʤʥʦʞʝʩʪʚʘ, ʧʨʠʥʠʤʘʷ ʢʘʢʠʝ-ʣʠʙʦ ʜʚʘ ʟʥʘʯʝʥʠʷ, ʧʨʠʥʠ-

ʤʘʝʪ ʠ ʣʶʙʦʝ ʧʨʦʤʝʞʫʪʦʯʥʦʝ ʤʝʞʜʫ ʥʠʤʠ. 

ɹʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ. 

ʀʟ ʪʝʦʨʝʤʳ 2, ʚ ʯʘʩʪʥʦʩʪʠ, ʩʣʝʜʫʝʪ, ʯʪʦ ʝʩʣʠ 1M  ʠ 
2M  ï ʪʦʯ-

ʢʠ ʤʥʦʞʝʩʪʚʘ G  ʠ ( ) 01 <Mf , ʘ ( ) 02 >Mf , ʪʦ ʥʘ ʤʥʦʞʝʩʪʚʝ G  

ʩʫʱʝʩʪʚʫʝʪ ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ ʦʜʥʘ ʪʦʯʢʘ 
0M , ʪʘʢʘʷ, ʯʪʦ 

( ) 00 =Mf . 

 

3. ʈʘʚʥʦʤʝʨʥʘʷ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʡ. 

ʆʧʨʝʜʝʣʝʥʠʝ 2. ʌʫʥʢʮʠʷ ()xfu= , ( )nxxxx ,...,, 21= , 

ʥʘʟʳʚʘʝʪʩʷ ʨʘʚʥʦʤʝʨʥʦ-ʥʝʧʨʝʨʳʚʥʦʡ ʥʘ ʤʥʦʞʝʩʪʚʝ G , n
G RÍ , 

ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ 0>e  ʩʫʱʝʩʪʚʫʝʪ () 0>ed , ʪʘʢʦʝ, ʯʪʦ ʜʣʷ ʣʶ-

ʙʳʭ ʜʚʫʭ ʪʦʯʝʢ ( )''

2

'

1

'
;...;; nxxxx =  ʠ ( )''''

2

'

1

''
;...;; nxxxx =  ʤʥʦʞʝʩʪʚʘ 

G, ʥʘʭʦʜʷʱʠʭʩʷ ʥʘ ʨʘʩʩʪʦʷʥʠʠ, ʤʝʥʴʰʝʤ d, ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘ-

ʚʝʥʩʪʚʦ () () e<-
'''

xfxf : 

0>"e  () 0>$ ed : Gxx Í"
'''

,  ( )dr <
'''

,xx    () () e<-
'''

xfxf . 

ɿʘʤʝʯʘʥʠʝ. ʌʫʥʢʮʠʷ, ʥʝʧʨʝʨʳʚʥʘʷ ʥʘ ʤʥʦʞʝʩʪʚʝ, ʥʝ ʦʙʷʟʘ-

ʪʝʣʴʥʦ ʙʫʜʝʪ ʨʘʚʥʦʤʝʨʥʦ ʥʝʧʨʝʨʳʚʥʦʡ ʥʘ ʵʪʦʤ ʤʥʦʞʝʩʪʚʝ.  
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ʇʦʩʪʨʦʠʤ ʦʪʨʠʮʘʥʠʝ: ʬʫʥʢʮʠʷ ()xfu= , ( )nxxxx ,...,, 21= , ʥʝ 

ʷʚʣʷʝʪʩʷ ʨʘʚʥʦʤʝʨʥʦ-ʥʝʧʨʝʨʳʚʥʦʡ ʥʘ ʤʥʦʞʝʩʪʚʝ G, ʝʩʣʠ 

00>$e  ʪʘʢʦʝ, ʯʪʦ 0>"d  ʩʫʱʝʩʪʚʫʶʪ ʵʣʝʤʝʥʪʳ 

( )''

2

'

1

'
;...;; nxxxx =  ʠ ( )''''

2

'

1

''
;...;; nxxxx =  ʤʥʦʞʝʩʪʚʘ G  ʪʘʢʠʝ, ʯʪʦ 

( )dr <
'''

,xx , ʥʦ () () e²-
'''

xfxf . 

ʇʨʠʤʝʨ. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ 2
xy=  ʥʝ ʷʚʣʷʝʪʩʷ ʨʘʚʥʦ-

ʤʝʨʥʦ ʥʝʧʨʝʨʳʚʥʦʡ ʥʘ ʠʥʪʝʨʚʘʣʝ  ( )+¤;0 .  

ʈʝʰʝʥʠʝ. ʇʫʩʪʴ 10 =e .  

ɼʣʷ ʣʶʙʦʛʦ 0>d  ʚʦʟʴʤʝʤ 
d

1
1=M  ʠ 

2

1
2

d

d
+=M . 

ʊʦʛʜʘ ( ) d
dd

dd
r <=ö

÷

õ
æ
ç

å
+-=

22

11
, 21 MM . 

ʇʨʠ ʵʪʦʤ 

( ) ( ) =ö
÷

õ
æ
ç

å
--Öö

÷

õ
æ
ç

å
++=ö

÷

õ
æ
ç

å
+-ö

÷

õ
æ
ç

å
=-

2

11

2

11

2

11
22

21

d

dd

d

dd

d

dd
MfMf

1
2

11

2
²ö
÷

õ
æ
ç

å
++=
d

dd

d
. 

ɿʥʘʯʠʪ, ʬʫʥʢʮʠʷ 2
xy=  ʥʝ ʷʚʣʷʝʪʩʷ ʨʘʚʥʦʤʝʨʥʦ ʥʝʧʨʝʨʳʚ-

ʥʦʡ. 

ʊʝʦʨʝʤʘ 3 (ʂʘʥʪʦʨʘ). ʌʫʥʢʮʠʷ ()xfu= , ( )nxxxx ,...,, 21= , ʥʝ-

ʧʨʝʨʳʚʥʘʷ ʥʘ ʢʦʤʧʘʢʪʝ G , n
G RÍ , ʨʘʚʥʦʤʝʨʥʦ-ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʵʪʦʤ ʢʦʤʧʘʢʪʝ. 

Ʒ ɼʦʢʘʟʳʚʘʝʤ ʤʝʪʦʜʦʤ ʦʪ ʧʨʦʪʠʚʥʦʛʦ. 

ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()xfu= , ( )nxxxx ,...,, 21= , ʥʝʧʨʝʨʳʚʥʘ ʥʘ 

ʢʦʤʧʘʢʪʝ G , ʥʦ ʥʝ ʨʘʚʥʦʤʝʨʥʦ ʥʝʧʨʝʨʳʚʥʘ ʥʘ ʵʪʦʤ ʢʦʤʧʘʢʪʝ. 

ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʪʦʯʝʢ ( )¤
=1mmx , 

( )Gxxxx
m

n

mm

m Í= ;...;; 21 . ʊʦʛʜʘ 00>$e  ʪʘʢʦʝ, ʯʪʦ 0>"d  ʥʘʡʜʫʪ-

ʩʷ ʪʦʯʢʠ mx  ʠ lx AÍ  ʪʘʢʠʝ, ʯʪʦ ( )
m

xx lm

1
, <r , ʥʦ 

( ) () 0e²- lm xfxf . 
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ʊʘʢ ʢʘʢ G  ï ʢʦʤʧʘʢʪ, ʪʦ ʠʟ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ( )¤
=1mmx  ʤʦʞ-

ʥʦ ʚʳʜʝʣʠʪʴ ʧʦʜʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ( )¤
=1kmk

x , ʩʭʦʜʷʱʫʶʩʷ ʢ ʥʝ-

ʢʦʪʦʨʦʡ ʪʦʯʢʝ Gx Í0 , ( )00

2

0

10 ;...;; nxxxx = . 

ʀʩʧʦʣʴʟʫʷ ʥʝʨʘʚʝʥʩʪʚʦ ʪʨʝʫʛʦʣʴʥʠʢʘ, ʧʦʣʫʯʘʝʤ  

( ) ( ) ( ) ( ) 0,
1

,,,0 000 ­+<+¢¢ xx
m

xxxxxx
kkkkk m

k

mmmm rrrr  

ʧʨʠ ¤­k . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ( ) 0lim xxf
km

k
=

¤­
. 

ʇʦʩʢʦʣʴʢʫ ʬʫʥʢʮʠʷ ()xfu=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 0x , ʪʦ  

( ) ( ) 0limlim xxfxf
kk l

k
m

k
==

¤­¤­
. 

ʇʦʣʘʛʘʷ 
kmm= , ʧʦʣʫʯʘʝʤ ( ) () 0e²- lm xfxf

k
. 

ʇʝʨʝʭʦʜʷ ʚ ʥʝʨʘʚʝʥʩʪʚʝ ʢ ʧʨʝʜʝʣʫ ʧʨʠ ¤­k , ʧʦʣʫʯʘʝʤ ʧʨʦ-

ʪʠʚʦʨʝʯʠʝ: 

( ) ( ) 00 000 >²-= eMfMf . 

ʇʦʣʫʯʝʥʥʦʝ ʧʨʦʪʠʚʦʨʝʯʠʝ ʜʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʬʫʥʢʮʠʷ ()xfu= , 

( )nxxxx ,...,, 21= , ʜʦʣʞʥʘ ʙʳʪʴ ʨʘʚʥʦʤʝʨʥʦ ʥʝʧʨʝʨʳʚʥʦʡ ʥʘ ʤʥʦ-

ʞʝʩʪʚʝ G. ƹ 

ʆʧʨʝʜʝʣʝʥʠʝ 3. ʂʦʣʝʙʘʥʠʝʤ ( )Gf ;w  ʬʫʥʢʮʠʠ ()xfu= , 

( )Gxxxx n Í= ,...,, 21
, ʥʘʟʳʚʘʝʪʩʷ ʚʝʨʭʥʷʷ ʛʨʘʥʴ ʚʩʝʚʦʟʤʦʞʥʳʭ 

ʨʘʟʥʦʩʪʝʡ ʟʥʘʯʝʥʠʡ ʬʫʥʢʮʠʠ f : 

( ) () ()xfxfGf
Gxx

-=
Í

'

;
'

sup;w , 

ʛʜʝ ( )Gxxxx n Í=
''

2

'

1

'
;...;; . 

ʆʧʨʝʜʝʣʝʥʠʝ 4. ɼʠʘʤʝʪʨʦʤ ʤʥʦʞʝʩʪʚʘ G  ʥʘʟʳʚʘʝʪʩʷ 

ʚʝʨʭʥʷʷ ʛʨʘʥʴ ʨʘʩʩʪʦʷʥʠʡ ʤʝʞʜʫ ʪʦʯʢʘʤʠ ʤʥʦʞʝʩʪʚʘ n
G RÍ . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: ( )xxG
Gxx

;supdiam
'

;
'

r
Í

=  ʠʣʠ () ( )xxG
Gxx

;supd
'

;
'

r
Í

= . 

ʈʘʚʥʦʤʝʨʥʘʷ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʬʫʥʢʮʠʠ ()xfu= , 

( )nxxxx ,...,, 21= , ʥʘ ʤʥʦʞʝʩʪʚʝ n
G RÍ  ʦʟʥʘʯʘʝʪ, ʯʪʦ ʢʦʣʝʙʘʥʠʝ 

ʬʫʥʢʮʠʠ ʥʘ ʣʶʙʦʤ ʤʥʦʞʝʩʪʚʝ ʜʦʩʪʘʪʦʯʥʦʛʦ ʤʘʣʦʛʦ ʜʠʘʤʝʪʨʘ  

ʩʢʦʣʴ ʫʛʦʜʥʦ ʤʘʣʦ. 
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ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

 

1. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ ʥʘ 

ʢʦʤʧʘʢʪʘʭ.  

2. ʂʘʢʠʝ ʬʫʥʢʮʠʠ ʥʝʧʨʝʨʳʚʥʳ ʥʘ ʣʠʥʝʡʥʦ ʩʚʷʟʥʳʭ ʤʥʦʞʝ-

ʩʪʚʘʭ?  

3. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʨʘʚʥʦʤʝʨʥʦʡ ʥʝʧʨʝʨʳʚʥʦʩʪʠ 

ʬʫʥʢʮʠʠ. ɺ ʯʝʤ ʩʫʪʴ ʪʝʦʨʝʤʳ ʂʘʥʪʦʨʘ? 

4. ʂʘʢʦʝ ʯʠʩʣʦ ʥʘʟʳʚʘʝʪʩʷ ʢʦʣʝʙʘʥʠʝʤ ʬʫʥʢʮʠʠ 

( )nxxxfu ,...,, 21= ? 
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ʃʝʢʮʠʷ 4. ʏɸʉʊʅʓɽ ʇʈʆʀɿɺʆɼʅʓɽ 

 

1. ʏʘʩʪʥʳʝ ʠ ʧʦʣʥʳʝ ʧʨʠʨʘʱʝʥʠʷ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. 

2. ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ. 

3. ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʠ ʤʝʭʘʥʠʯʝʩʢʠʡ ʩʤʳʩʣ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ 

ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. 

4. ʂʘʩʘʪʝʣʴʥʘʷ ʧʣʦʩʢʦʩʪʴ ʠ ʥʦʨʤʘʣʴ ʢ ʧʦʚʝʨʭʥʦʩʪʠ. 

 

1. ʏʘʩʪʥʳʝ ʠ ʧʦʣʥʳʝ ʧʨʠʨʘʱʝʥʠʷ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ  ʧʝʨʝ-

ʤʝʥʥʳʭ. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ( )nxxxfu ,...,, 21=  ʦʧʨʝʜʝʣʝʥʘ ʚ ʦʢʨʝʩʪ-

ʥʦʩʪʠ ʪʦʯʢʠ ( )00

2

0

10 ;...;; nxxxx = . 

ɼʘʜʠʤ ʧʝʨʝʤʝʥʥʦʡ 0

1x  ʧʨʠʨʘʱʝʥʠʝ 
1xD , ʘ ʟʥʘʯʝʥʠʷ 0

2x , 0

3x , 

... , 0

nx  ʦʩʪʘʚʠʤ ʙʝʟ ʠʟʤʝʥʝʥʠʷ.  

ʆʧʨʝʜʝʣʝʥʠʝ 1. ʏʘʩʪʥʳʤ ʧʨʠʨʘʱʝʥʠʝʤ ʬʫʥʢʮʠʠ 

( )nxxxfu ,...,, 21=  ʧʦ ʧʝʨʝʤʝʥʥʦʡ 1x  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx =  

ʥʘʟʳʚʘʝʪʩʷ ʧʨʠʨʘʱʝʥʠʝ 

() ( ) ( )00

2

0

1

00

21

0

10 ;...;;;...;;
1 nnx xxxfxxxxfxf -D+=D . 

ɸʥʘʣʦʛʠʯʥʦ ʦʧʨʝʜʝʣʷʶʪʩʷ ʯʘʩʪʥʳʝ ʧʨʠʨʘʱʝʥʠʷ ()02
xfxD , 

()03
xfxD , ... , ()0xf

nxD  ʧʦ ʧʝʨʝʤʝʥʥʳʤ 2x , ... , nx  ʚ ʪʦʯʢʝ 

( )00

2

0

10 ;...;; nxxxx = . 

 

 
ʈʠʩ.1. ʏʘʩʪʥʳʝ ʠ ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʷ  

ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ 

 

ʆʧʨʝʜʝʣʝʥʠʝ 2. ʇʦʣʥʳʤ ʧʨʠʨʘʱʝʥʠʝʤ ʬʫʥʢʮʠʠ 

( )nxxxfu ,...,, 21=  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx =  ʥʘʟʳʚʘʝʪʩʷ ʨʘʟʥʦʩʪʴ  

() ( ) ( )00

2

0

1

0

2

0

21

0

10 ;...;;;...;; nnn xxxfxxxxxxfxf -D+D+D+=D . 
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ɻʝʦʤʝʪʨʠʯʝʩʢʠ ʜʣʷ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʜʚʫʭ ʥʝʟʘʚʠʩʠʤʳʭ 

ʧʝʨʝʤʝʥʥʳʭ ʯʘʩʪʥʳʝ ʠ ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ 

( )00; yx  

( ) ( ) ( )000000 ,,, yxfyxxfyxfz xx -D+=D=D , 

( ) ( ) ( )000000 ,,, yxfyyxfyxfz yy -D+=D=D  

( ) ( ) ( )000000 ,,, yxfyyxxfyxfz -D+D+=D=D  

ʤʦʞʥʦ ʠʟʦʙʨʘʟʠʪʴ ʦʪʨʝʟʢʘʤʠ 
11BA , 22BA  ʠ 33BA  (ʨʠʩ.1). 

ʇʨʠʤʝʨ. ʅʘʡʪʠ ʯʘʩʪʥʳʝ ʠ ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʷ ʬʫʥʢʮʠʠ 
2

xyz=  ʚ ʪʦʯʢʝ ( )2;10M , ʝʩʣʠ 1,0=Dx , 2,0=Dy . 

ʈʝh ʝʥʠʝ. ʀʤʝʝʤ 

( ) ( )( ) xyyxyxxyxfyxxfzx D=-D+=-D+=D
2

0

2

00

2

000000 ,; ,  

( )
4,01,02

2

2;1
=Ö=D zx . 

ɸʥʘʣʦʛʠʯʥʦ 

( ) ( ) ( ) =-D+=-D+=D
2

00

2

000000 ,, yxyyxyxfyyxfzy  

2

0002 yxyyx D+D= , 

( )
84,02,02,0212

2

2;1
=+ÖÖÖ=Dzy . 

ʊʦʛʜʘ  

( ) ( )( )( ) =-D+D+=-D+D+=D
2

00

2

000000 ,; yxyyxxyxfyyxxfz  

324,1212,21,1
22
=Ö-Ö= . 

 

2. ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ. 

ʅʘʧʦʤʠʥʘʥʠʝ.  ʇʨʦʠʟʚʦʜʥʘʷ ʬʫʥʢʮʠʠ ()xfy=  ʦʜʥʦʡ 

ʧʝʨʝʤʝʥʥʦʡ ʭʘʨʘʢʪʝʨʠʟʫʝʪ ʩʢʦʨʦʩʪʴ ʠʟʤʝʥʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ 

x. ɺ ʩʣʫʯʘʝ ʜʚʫʭ ʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʤʦʞʥʦ ʛʦʚʦʨʠʪʴ ʦ 

ʩʢʦʨʦʩʪʠ ʠʟʤʝʥʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ ʪʦʣʴʢʦ ʚ ʟʘʜʘʥʥʦʤ ʥʘʧʨʘʚ-

ʣʝʥʠʠ, ʪʘʢ ʢʘʢ ʩʢʦʨʦʩʪʴ ʠʟʤʝʥʝʥʠʷ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝ-

ʤʝʥʥʳʭ ʚ ʪʦʯʢʝ ʧʦ ʨʘʟʣʠʯʥʳʤ ʥʘʧʨʘʚʣʝʥʠʷʤ ʤʦʞʝʪ ʙʳʪʴ ʥʝ 

ʦʜʠʥʘʢʦʚʘ. 

ʆʧʨʝʜʝʣʝʥʠʝ 3. ʏʘʩʪʥʦʡ ʧʨʦʠʟʚʦʜʥʦʡ ʬʫʥʢʮʠʠ 

( )nxxxfu ,...,, 21=  ʧʦ ʧʝʨʝʤʝʥʥʦʡ 1x  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx =  

ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʜʝʣ ʦʪʥʦʰʝʥʠʷ ʯʘʩʪʥʦʛʦ ʧʨʠʨʘʱʝʥʠʷ ʬʫʥʢʮʠʠ 

()01
xfxD  ʢ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʤʫ ʧʨʠʨʘʱʝʥʠʶ ʘʨʛʫʤʝʥʪʘ 1xD , ʢʦ-

ʛʜʘ 
1xD  ʧʨʦʠʟʚʦʣʴʥʳʤ ʦʙʨʘʟʦʤ ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣ :ʁ 
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( ) ( )
1

00

2

0

1

00

21

0

1

0

;...;;;...;;
lim

1 x

xxxfxxxxf nn

x D

-D+

­D
. 

ʆʙʦʟʥʘʯʘʝʪʩʷ: 

0
1 xx

x

f

=
µ

µ
, 

0
1

'

xx
xf
=

. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʠʤʝʝʤ: 

() ( ) ( )
1

00

2

0

1

00

21

0

1

0
1

0

0

;...;;;...;;
limlim

1

1

1
0

x

xxxfxxxxf

x

xf

x

f nn

x

x

x
x D

-D+
=

D

D
=

µ

µ

­D­D
. 

ɸʥʘʣʦʛʠʯʥʦ ʦʧʨʝʜʝʣʷʶʪʩʷ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ 
2x

f

µ

µ
, 

3x

f

µ

µ
, 

... , 
nx

f

µ

µ
 ʧʦ ʧʝʨʝʤʝʥʥʳʤ 2x , ... , nx  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx = . 

ʏʘʩʪʥʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʦʧʨʝ-

ʜʝʣʷʝʪʩʷ ʢʘʢ ʧʨʦʠʟʚʦʜʥʘʷ ʬʫʥʢʮʠʠ ʦʜʥʦʡ ʠʟ ʵʪʠʭ ʧʝʨʝʤʝʥʥʳʭ 

ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʚʩʝ ʦʩʪʘʣʴʥʳʝ ʧʝʨʝʤʝʥʥʳʝ ʦʩʪʘʶʪʩʷ ʧʦʩʪʦʷʥ-

ʥʳʤʠ. ɺʩʣʝʜʩʪʚʠʝ ʵʪʦʛʦ, ʚʩʝ ʧʨʘʚʠʣʘ ʠ ʬʦʨʤʫʣʳ ʜʠʬʬʝʨʝʥʮʠʨʦ-

ʚʘʥʠʷ, ʩʧʨʘʚʝʜʣʠʚʳʝ ʜʣʷ ʧʨʦʠʟʚʦʜʥʳʭ ʬʫʥʢʮʠʡ ʦʜʥʦʡ ʧʝʨʝʤʝʥ-

ʥʦʡ, ʠʤʝʶʪ ʤʝʩʪʦ ʠ ʜʣʷ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. ʆʜʥʘʢʦ ʚʦ ʚʩʝʭ 

ʵʪʠʭ ʧʨʘʚʠʣʘʭ ʠ ʬʦʨʤʫʣʘʭ ʧʨʠ ʥʘʭʦʞʜʝʥʠʠ ʯʘʩʪʥʦʡ ʧʨʦʠʟʚʦʜ-

ʥʦʡ ʧʦ ʢʘʢʦʡ-ʣʠʙʦ ʧʝʨʝʤʝʥʥʦʡ ʚʩʝ ʦʩʪʘʣʴʥʳʝ ʧʝʨʝʤʝʥʥʳʝ ʩʯʠ-

ʪʘʶʪʩʷ ʧʦʩʪʦʷʥʥʤrʠ. 

ʇʨʠʤʝʨʳ. 1. ʅʘʡʪʠ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʡ  

1) ( )22
sin yxxz ++= , 2) ( )zyxxyu --+= ln ,  

3) ( )xtzxyu -+=
2

sin . 

ʈʝʰʝʥʠʝ.  

1. ʏʘʩʪʥʫʶ ʧʨʦʠʟʚʦʜʥʫʶ 
x

z

µ

µ
 ʚʳʯʠʩʣʷʝʤ ʢʘʢ ʧʨʦʠʟʚʦʜʥʫʶ 

ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʧʦ ʧʝʨʝʤʝʥʥʦʡ x, ʩʯʠʪʘʷ y  ʧʦʩʪʦʷʥʥʦʡ. ʊʦʛʜʘ 

( )2cos2 yxx
x

z
++=

µ

µ
. 

ɸʥʘʣʦʛʠʯʥʦ 

( )2
cos2 yxy

y

z
++=

µ

µ
. 

2. ʏʘʩʪʥʫʶ ʧʨʦʠʟʚʦʜʥʫʶ 
x

u

µ

µ
 ʚʳʯʠʩʣʷʝʤ ʢʘʢ ʧʨʦʠʟʚʦʜʥʫʶ 
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ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʧʦ ʧʝʨʝʤʝʥʥʦʡ x, ʩʯʠʪʘʷ, ʯʪʦ ʧʝʨʝʤʝʥʥʳʝ y , 

z  ʧʦʩʪʦʷʥʥʳ. ʇʦʣʫʯʠʤ 

zyx

yzyxy

zyx
y

x

u

--

+--
=

--
+=

µ

µ 11
2

. 

ɸʥʘʣʦʛʠʯʥʦ 

zyx

xzxyx

zyx
x

y

u

--

---
=

--
-=

µ

µ 11
2

, 

zyxz

u

--
-=

µ

µ 1
. 

3. ʀʤʝʝʤ: 

( ) ( )( ) ( )xtztytxtzxtzy
x

u
--=----=

µ

µ
2sincossin2 , 

x
y

u
=

µ

µ
,  

( ) ( ) ( )xtzxtzxtz
z

u
-=--=

µ

µ
2sincossin2 ,  

( ) ( )( ) ( )xtzxxxtzxtz
t

u
--=---=

µ

µ
2sincossin2 . 

 

3. ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʠ ʤʝʭʘʥʠʯʝʩʢʠʡ ʩʤʳʩʣ ʯʘʩʪʥʳʭ ʧʨʦʠʟ-

ʚʦʜʥʳʭ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ 

ʩʤʳʩʣ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ 

( )yxfz ,= . ɻʨʘʬʠʢʦʤ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʷʚʣʷʝʪʩʷ ʥʝʢʦʪʦʨʘʷ 

ʧʦʚʝʨʭʥʦʩʪʴ Q. ɺʦʟʴʤʝʤ ʪʦʯʢʫ ( ) ()fDyxP Í000 ; . ʅʘ ʵʪʦʡ ʧʦ-

ʚʝʨʭʥʦʩʪʠ ʝʡ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʪʦʯʢʘ ( )0000 ;; zyxM . ʇʝʨʝʩʝʯʝʤ ʛʨʘ-

ʬʠʢ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ ʧʣʦʩʢʦʩʪʴʶ 
0yy= . ɺ ʩʝʯʝʥʠʠ ʧʦʣʫʯʠʤ 

ʢʨʠʚʫʶ ( )0; yxfz=  (ʥʘ ʨʠʩ.2 ʵʪʦ ʢʨʠʚʘʷ BAM0
), ʢʦʪʦʨʫʶ ʤʦʞ-

ʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʛʨʘʬʠʢ ʬʫʥʢʮʠʠ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ 

( )0; yxfz=  ʚ ʧʣʦʩʢʦʩʪʠ 0yy= . ʊʦʛʜʘ, ʧʦ ʛʝʦʤʝʪʨʠʯʝʩʢʦʤʫ 

ʩʤʳʩʣʫ ʧʨʦʠʟʚʦʜʥʦʡ ʬʫʥʢʮʠʡ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ, ʟʥʘʯʝʥʠʝ 

ʯʘʩʪʥʦʡ ʧʨʦʠʟʚʦʜʥʦʡ 
x

z

µ

µ
 ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯʢʝ ( )000 ; yxP  

ʝʩʪʴ ʪʘʥʛʝʥʩ ʫʛʣʘ a, ʦʙʨʘʟʦʚʘʥʥʦʛʦ ʧʦʣʦʞʠʪʝʣʴʥʳʤ ʥʘʧʨʘʚʣʝ-

ʥʠʝʤ ʦʩʠ Ox  ʠ ʢʘʩʘʪʝʣʴʥʦʡ, ʧʨʦʚʝʜʝʥʥʦʡ ʚ ʪʦʯʢʝ ( )000 ; yxM  ʢ 
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ʣʠʥʠʠ ʧʝʨʝʩʝʯʝʥʠʷ ʧʦʚʝʨʭʥʦʩʪʠ ( )yxfz ,=  ʠ ʧʣʦʩʢʦʩʪʠ 
0yy=  

(ʩʤ. ʨʠʩ.2). 

 
ʈʠʩ.2. ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ 

 

ɸʥʘʣʦʛʠʯʥʦ ʦʧʨʝʜʝʣʷʝʪʩʷ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʯʘʩʪʥʦʡ 

ʧʨʦʠʟʚʦʜʥʦʡ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʧʦ y . 

ʄʝʭʘʥʠʯʝʩʢʠʡ ʩʤʳʩʣ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. 

ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ( )00, yxfx
¡  ʠ ( )00, yxf y

¡  ʭʘʨʘʢʪʝʨʠʟʫʶʪ ʩʢʦ-

ʨʦʩʪʴ ʠʟʤʝʥʝʥʠʷ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʜʘʥʥʦʡ ʪʦʯʢʝ ( )000 ; yxP , 

ʧʨʠʯʝʤ ( )00, yxfx
¡  ʟʘʜʘʝʪ ʩʢʦʨʦʩʪʴ ʠʟʤʝʥʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʥʘʧʨʘʚ-

ʣʝʥʠʠ ʧʨʷʤʦʡ 
0yy=  (ʠʣʠ, ʯʪʦ ʪʦ ʞʝ, ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʝʨʝʤʝʥʥʦʡ 

x), ( )00, yxf y
¡  ï ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʧʨʷʤʦʡ 0xx=  (ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʝ-

ʨʝʤʝʥʥʦʡ y ). 

 

4. ʂʘʩʘʪʝʣʴʥʘʷ ʧʣʦʩʢʦʩʪʴ ʠ ʥʦʨʤʘʣʴ ʢ ʧʦʚʝʨʭʥʦʩʪʠ. ɻʨʘʬʠ-

ʢʦʤ ʬʫʥʢʮʠʠ ʜʚʫʭ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ ( )yxfz ,=  ʚ ʧʨʦ-

ʩʪʨʘʥʩʪʚʝ 
3

R  ʷʚʣʷʝʪʩʷ ʥʝʢʦʪʦʨʘʷ ʧʦʚʝʨʭʥʦʩʪʴ Q  (ʨʠʩ.3). ɺʳʙʝ-

ʨʝʤ ʥʘ ʥʝʡ ʪʦʯʢʫ ( )0000 ;; zyxM . 

 
ʈʠʩ.3. ʂʘʩʘʪʝʣʴʥʘʷ ʧʣʦʩʢʦʩʪʴ 
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ʆʧʨʝʜʝʣʝʥʠʝ 4. ʂʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʴʶ ʢ ʧʦʚʝʨʭʥʦ-

ʩʪʠ Q  ʚ ʜʘʥʥʦʡ ʪʦʯʢʝ 
0M  ʥʘʟʳʚʘʝʪʩʷ ʧʣʦʩʢʦʩʪʴ, ʢʦʪʦʨʘʷ ʩʦ-

ʜʝʨʞʠʪ ʚʩʝ ʢʘʩʘʪʝʣʴʥʳʝ ʢ ʢʨʠʚʳʤ, ʧʨʦʚʝʜʝʥʥʳʤ ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ 

ʯʝʨʝʟ ʵʪʫ ʪʦʯʢʫ. 

ʅʘʡʜʝʤ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʢ ʧʦʚʝʨʭʥʦʩʪʠ 

( )yxfz ,=  ʚ ʪʦʯʢʝ 
0M . ɼʣʷ ʵʪʦʛʦ ʨʘʩʩʤʦʪʨʠʤ ʩʝʯʝʥʠʷ ʧʦʚʝʨʭ-

ʥʦʩʪʠ Q  ʧʣʦʩʢʦʩʪʷʤʠ 
0xx= , 

0yy= . ʃʠʥʠʷ ʧʝʨʝʩʝʯʝʥʠʷ 1L  ʧʦ-

ʚʝʨʭʥʦʩʪʠ Q  ʧʣʦʩʢʦʩʪʴʶ 
0xx=  ʟʘʜʘʝʪʩʷ ʩʠʩʪʝʤʦʡ ʫʨʘʚʥʝʥʠʡ 

( )

í
ì
ë

=

=

,

,,

0xx

yxfz
 

ʘ ʣʠʥʠʷ ʧʝʨʝʩʝʯʝʥʠʷ 2L  ʧʦʚʝʨʭʥʦʩʪʠ Q  ʧʣʦʩʢʦʩʪʴʶ 
0yy=  ï 

ʩʠʩʪʝʤʦʡ ʫʨʘʚʥʝʥʠʡ 

( )

í
ì
ë

=

=

.

,,

0yy

yxfz
 

ʋʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʳʭ 
1T  ʠ 2T  ʢ ʣʠʥʠʷʤ 1L  ʠ 2L  ʚ ʪʦʯʢʝ 

( )0000 ;; zyxM  ʠʤʝʶʪ ʚʠʜ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ 

( )( )í
ì
ë

-¡=-

=

,,

,
:

0000

0

1
yyyxfzz

xx
T

y

 

( )( )í
ì
ë

-¡=-

=

.,

,
:

0000

0

2
xxyxfzz

yy
T

x

 

ɿʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ a, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʢʘʩʘ-

ʪʝʣʴʥʳʝ 
1T  ʠ 2T . ʋʨʘʚʥʝʥʠʝ ʣʶʙʦʡ ʧʣʦʩʢʦʩʪʠ, ʧʨʦʭʦʜʷʱʝʡ ʯʝ-

ʨʝʟ ʪʦʯʢʫ 
0xx= , 

0yy= , ʠʤʝʝʪ ʚʠʜ 

( ) ( ) ( ) 0000 =-+-+- zzCyyBxxA  

ʠʣʠ ( ) ( )000 yy
C

B
xx

C

A
zz ----=- . 

ʂʘʩʘʪʝʣʴʥʳʝ 
1T  ʠ 2T  ʧʦʣʫʯʘʶʪʩʷ ʩʝʯʝʥʠʝʤ ʧʣʦʩʢʦʩʪʠ ʜʚʫʤʷ 

ʧʣʦʩʢʦʩʪʷʤʠ 
0xx= , 

0yy= . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴ-

ʥʦʡ 
1T  

( )

î
í

î
ì

ë

=

--=-

,

,

0

00

xx

yy
C

B
zz
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ʘ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ 2T  

( )

î
í

î
ì

ë

=

--=-

.0

00 ,

yy

xx
C

A
zz

 

ʉʨʘʚʥʠʚʘʷ ʢʦʵʬʬʠʮʠʝʥʪʳ ʧʨʠ 
0yy-  ʠ ʧʨʠ 

0xx-  ʚ ʬʦʨʤʫ-

ʣʘʭ, ʧʦʣʫʯʠʤ 

( )00, yxf
C

A
x
¡=- ,  

( )00, yxf
C

B
y
¡=- . 

ʇʦʜʩʪʘʚʣʷʷ ʵʪʠ ʟʥʘʯʝʥʠʷ ʚ ʫʨʘʚʥʝʥʠʝ ʧʣʦʩʢʦʩʪʠ, ʥʘʭʦʜʠʤ 

ʫʨʘʚʥʝʥʠʝ ʠʩʢʦʤʦʡ ʧʣʦʩʢʦʩʪʠ a, ʧʨʦʭʦʜʷʱʝʡ ʯʝʨʝʟ ʢʘʩʘʪʝʣʴ-

ʥʳʝ 
1T  ʠ 2T : 

( )( ) ( )( )( ) 0,, 0000000 =---Ö¡+-Ö¡ zzyyyxfxxyxf yx   

ʠʣʠ 

( )( ) ( )( )0000000 ,, yyyxfxxyxfzz yx -Ö¡+-Ö¡=- . 

ʆʧʨʝʜʝʣʝʥʠʝ 5. ʅʦʨʤʘʣʴʶ ʢ ʧʦʚʝʨʭʥʦʩʪʠ Q  ʚ ʜʘʥʥʦʡ 

ʪʦʯʢʝ ( )0000 ;; zyxM  ʥʘʟʳʚʘʝʪʩʷ ʧʨʤ̫ʘʷ, ʧʨʦʭʦʜʷʱʘʷ ʯʝʨʝʟ ʵʪʫ 

ʪʦʯʢʫ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʢ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ, ʧʨʦʚʝʜʝʥʥʦʡ ʚ 

ʜʘʥʥʦʡ ʪʦʯʢʝ ʧʦʚʝʨʭʥʦʩʪʠ. 

ʀʩʧʦʣʴʟʫʷ ʫʩʣʦʚʠʝ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʠ ʧʨʷʤʦʡ ʠ ʧʣʦʩʢʦʩʪʠ, 

ʢʘʥʦʥʠʯʝʩʢʠʝ ʫʨʘʚʥʝʥʠ ̫ʥʦʨʤʘʣʠ ʟʘʧʠʰʫʪʩʷ ʚ ʚʠʜʝ 

( )
( )

( )
( )

( )
1,,

0

00

0

00

0

-

-
=

¡

-
=

¡

- zz

yxf

yy

yxf

xx

yx

.  

ɿʘʤʝʯʘʥʠʝ. ʊʦʯʢʘ, ʚ ʢʦʪʦʨʦʡ 0=¡=¡=¡ zyx FFF  ʠʣʠ ʭʦʪʷ ʙʳ 

ʦʜʥʘ ʠʟ ʵʪʠʭ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʥʝ ʩʫʱʝʩʪʚʫʝʪ, ʥʘʟʳʚʘʝʪʩʷ 

ʦʩʦʙʦʡ ʪʦʯʢʦʡ ʧʦʚʝʨʭʥʦʩʪʠ. ɺ ʪʘʢʦʡ ʪʦʯʢʝ ʧʦʚʝʨʭʥʦʩʪʴ ʤʦʞʝʪ 

ʥʝ ʠʤʝʪʴ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

ʇʨʠʤʝʨ. ʅʘʡʪʠ ʫʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʠ ʥʦʨʤʘʣʠ 

ʢ ʧʦʚʝʨʭʥʦʩʪʠ 22
5 yxz --=  ʚ ʪʦʯʢʝ ( )3;1;10M . 

ʈʝʰʝʥʠʝ. ʋʨʘʚʥʝʥʠʝ ʧʦʚʝʨʭʥʦʩʪʠ ʟʘʜʘʥʦ ʷʚʥʦʡ ʬʫʥʢʮʠʝʡ. 

ɺʳʯʠʩʣʠʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ 
0M : 

xfx 2
'
-= ,  yf y 2

'
-= , 

( )
2

1,1

'
-=xf ,  

( )
2

1,1

'
-=yf . 



 37 

ʊʦʛʜʘ ʫʨʘʚʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʧʨʠʤʝʪ ʚʠʜ 

( ) ( )( ) 031212 =------ zyx  ʠʣʠ 0722 =-++ zyx . 

ʋʨʘʚʥʝʥʠʝ ʥʦʨʤʘʣʠ: 

1

3

2

1

2

1

-

-
=

-

-
=

-

- zyx
, 

ʠʣʠ  

1

3

2

1

2

1 -
=

-
=

- zyx
. 

 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ʂʘʢ ʦʧʨʝʜʝʣʷʶʪʩʷ ʯʘʩʪʥʳʝ ʠ ʧʦʣʥʳʝ ʧʨʠʨʘʱʝʥʠʷ ʬʫʥʢʮʠʠ 

ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ? 

2. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. 

3. ɺ ʯʝʤ ʩʦʩʪʦʠʪ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʠ ʤʝʭʘʥʠʯʝʩʢʠʡ ʩʤʳʩʣ 

ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ? 

4. ɺʳʚʝʜʠʪʝ ʫʨʘʚʥʝʥʠʷ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʠ ʥʦʨʤʘʣʠ ʢ 

ʧʦʚʝʨʭʥʦʩʪʠ. 
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ʃʝʢʮʠʷ 5. ɼʀʌʌɽʈɽʅʎʀʈʋɽʄʆʉʊʔ ʌʋʅʂʎʀʀ  

ʅɽʉʂʆʃʔʂʀʍ ʇɽʈɽʄɽʅʅʓʍ 

 

1. ʅʝʦʙʭʦʜʠʤʦʝ ʠ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ. 

2. ʇʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ ʠ ʝʛʦ 

ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ. 

3. ɼʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ. 

4. ʀʥʚʘʨʠʘʥʪʥʦʩʪʴ ʬʦʨʤʳ ʧʝʨʚʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʘ. 

 

1. ʅʝʦʙʭʦʜʠʤʦʝ ʠ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠ ̫ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ. 

ʅʘʧʦʤʠʥʘʥʠʝ. ʌʫʥʢʮʠʷ ()xfy=  ʥʘʟʳʚʘʝʪʩʷ ʜʠʬʬʝʨʝʥ-

ʮʠʨʫʝʤʦʡ ʚ ʪʦʯʢʝ 0x , ʝʩʣʠ ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢʮʠʠ ʧʨʝʜʩʪʘʚʠʤʦ ʚ 

ʚʠʜʝ ( ) () () ( )xoxxAxfxxf D+D=-D+ 000
. ʅʝʦʙʭʦʜʠʤʳʤ ʠ ʜʦʩʪʘ-

ʪʦʯʥʳʤ ʫʩʣʦʚʠʝʤ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ ()xfy=  ʚ 

ʪʦʯʢʝ 0x  ʷʚʣʷʝʪʩʷ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʧʨʦʠʟʚʦʜʥʦʡ: 

()
()

()0
0

0
0 lim xA

x

xf
xf

x
=

D

D
=¡

­D
. 

ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ( )yxfz ,= . ʇʫʩʪʴ 

( )yxfz ,=  ʦʧʨʝʜʝʣʝʥʘ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ( )0; PU d  ʪʦʯʢʠ ( )000 ; yxP . 

ʆʧʨʝʜʝʣʝʥʠʝ 1. ʌʫʥʢʮʠʷ ( )yxfz ,=  ʥʘʟʳʚʘʝʪʩʷ ʜʠʬʬʝ-

ʨʝʥʮʠʨʫʝʤʦʡ ʚ ʪʦʯʢʝ ( )000 ; yxP , ʝʩʣʠ ʝʝ ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʝ ʚ 

ʵʪʦʡ ʪʦʯʢʝ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ 

( ) ( ) yxyyxBxyxAz D+D+D+D=D ba0000 ,, ,   

 (1) 

ʛʜʝ A  ʠ B  ï ʥʝʢʦʪʦʨʳʝ ʧʦʩʪʦʷʥʥʳʝ, ʟʘʚʠʩʷʱʠʝ ʦʪ 0x  ʠ 0y ; 

( )yxDD= ,aa  ʠ ( )yxDD= ,bb  ï ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʬʫʥʢʮʠʠ ʦʪ 

xD  ʠ yD : ( ) 0,lim

0
0

=DD

­D
­D

yx

y
x
a , ( ) 0,lim

0
0

=DD

­D
­D

yx

y
x
b . 

ɼʘʥʥʦʝ ʨʘʚʝʥʩʪʚʦ ʚʳʨʘʞʘʝʪ ʫʩʣʦʚʠʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ 

ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯʢʝ ( )000 ; yxP .  

ʆʧʨʝʜʝʣʝʥʠʝ 2. ʌʫʥʢʮʠʷ ( )yxfz ,= , ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ 

ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ ʤʥʦʞʝʩʪʚʘ G, ʥʘʟʳʚʘʝʪʩʷ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ 

ʥʘ ʤʥʦʞʝʩʪʚʝ G . 

ʇʨʠʤʝʨ. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ 2
xyz=  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʥʘ 

ʚʩʝʡ ʧʣʦʩʢʦʩʪʠ Oxy .  



 39 

ʈʝʰʝʥʠʝ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʝ ʜʘʥʥʦʡ 

ʬʫʥʢʮʠʠ ʚ ʣʶʙʦʡ ʪʦʯʢʝ ( ) 2
; RÍyxP  ʠʤʝʝʪ ʚʠʜ 

( )( ) =-D+D+=D
22

xyyyxxz  

( ) ( )222
22 yxxyyxyyxyxy D+DD+D+D+D= . 

ʇʦʣʦʞʠʚ Ay =
2 , Bxy=2 , a=D+D

2
2 yyxy , b=Dyx , ʧʦʣʫ-

ʯʠʤ ʧʨʝʜʩʪʘʚʣʝʥʠʝ zD  ʚ ʚʠʜʝ ʫʩʣʦʚʠʷ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ, ʪʘʢ 

ʢʘʢ A  ʠ B  ʚ ʬʠʢʩʠʨʦʚʘʥʥʦʡ ʪʦʯʢʝ ( )000 ; yxP  ʷʚʣʷʶʪʩʷ ʧʦʩʪʦʷʥ-

ʥʳʤʠ, ʘ 0­a  ʠ 0­b  ʧʨʠ 0­Dx  ʠ 0­Dy . 

ʇʫʩʪʴ 22
yx D+D=r  ï ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʪʦʯʢʘʤʠ ( )000 ; yxP  

ʠ ( )yxP ; . ʆʯʝʚʠʜʥʦ, ʯʪʦ ʝʩʣʠ 0­Dx  ʠ 0­Dy , ʪʦ 0­r , ʠ 

ʥʘʦʙʦʨʦʪ, ʝʩʣʠ 0­r , ʪʦ 0­Dx  ʠ 0­Dy , ʘ ʩʣʝʜʦʚʘʪʝʣʴʥʦ, a 

ʠ b ʩʪʨʝʤʷʪʩʷ ʢ ʥʫʣʶ.  

ʊʦʛʜʘ ʩʫʤʤʫ yx D+D ba  ʤʦʞʥʦ ʧʝʨʝʧʠʩʘʪʴ ʚ ʚʠʜʝ 

()rrer
r

b
r

aba o
yx

yx =Ö=Ööö
÷

õ
ææ
ç

å D
Ö+

D
Ö=D+D , 

ʪʘʢ ʢʘʢ 1¢
D

r

x
, 1¢
D

r

y
 ʠ 0limlim

00
=öö
÷

õ
ææ
ç

å D
+

D
=
­­ r

b
r

ae
rr

yx
. 

ʉ ʫʯʝʪʦʤ ʵʪʦʛʦ ʫʩʣʦʚʠʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ ʚ ʪʦʯ-

ʢʝ ( )000 ; yxP  ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ 

()royBxAz +D+D=D ,    (2) 

ʛʜʝ 
22

yx D+D=r  ï ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʪʦʯʢʘʤʠ ( )000 ; yxP  ʠ 

( )yxP ; , ʧʨʠʯʝʤ 
()

0lim
0

=
­ r

r

r

o
. 

ʋʩʣʦʚʠʷ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ (1) ʠ (2) ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ 

ʪʦʯʢʝ ( )000 ; yxP  ʵʢʚʠʚʘʣʝʥʪʥʳ. 

ɺ ʨʘʚʝʥʩʪʚʘʭ (1) ʠ (2) ʩʣʘʛʘʝʤʦʝ yBxA D+D , ʣʠʥʝʡʥʦʝ ʦʪʥʦ-

ʩʠʪʝʣʴʥʦ xD  ʠ yD , ʥʘʟʳʚʘʝʪʩʷ ʛʣʘʚʥʦʡ ʯʘʩʪʴʶ ʧʨʠʨʘʱʝʥʠʷ 

ʬʫʥʢʮʠʠ, ʪʘʢ ʢʘʢ ʦʩʪʘʚʰʝʝʩʷ ʩʣʘʛʘʝʤʦʝ ()rba oyx =D+D  ʷʚʣ̫-

ʝʪʩʷ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʬʫʥʢʮʠʝʡ ʙʦʣʝʝ ʚʳʩʦʢʦʛʦ ʧʦʨʷʜʢʘ ʤʘʣʦ-

ʩʪʠ, ʯʝʤ 
22

yx D+D=r , ʧʨʠ 0­Dx  ʠ 0­Dy . 

ʊʝʦʨʝʤʘ 1 (ʩʚʷʟʴ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ ʠ ʥʝʧʨʝʨʳʚʥʦʩʪʠ). 

ɽʩʣʠ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ ( )000 ; yxP , 
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ʪʦ ʦʥʘ ʠ ʥʝʧʨʝʨʳʚʥʘ ʚ ʵʪʦʡ ʪʦʯʢʝ. 

Ʒ ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʬʫʥʢʮʠʠ, ʜʠʬʬʝʨʝʥʮʠʨʫ-

ʝʤʦʡ ʚ ʪʦʯʢʝ ( )000 ; yxP , ʝʝ ʧʨʠʨʘʱʝʥʠʝ ʧʨʝʜʩʪʘʚʠʤʦ ʚ ʚʠʜʝ 

yxyBxAz D+D+D+D=D ba , 

ʛʜʝ 0lim

0
0
=

­D
­D
a

y
x

; 0lim

0
0
=

­D
­D
b

y
x

; A , B  ï ʥʝʢʦʪʦʨʳʝ ʯʠʩʣʘ, ʥʝ ʟʘʚʠʩʷ-

ʱʠʝ ʦʪ xD  ʠ yD . 

ʉʣʝʜʦʚʘʪʝʣʥɹʦ,  

( ) 0limlim

0
0

0
0

=D+D+D+D=D

­D
­D

­D
­D

yxyBxAz

y
x

y
x

ba , 

ʘ ʵʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʬʫʥʢʮʠʷ ),( yxfz=  ʥʝʧʨʝʨʳʚʥʘ ʚ ʪʦʯʢʝ 

( )000 ; yxP . ƹ 

ʊʝʦʨʝʤʘ 2 (ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ 

ʬʫʥʢʮʠʠ). ɽʩʣʠ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ 

( )000 ; yxP , ʪʦ ʦʥʘ ʠʤʝʝʪ ʚ ʵʪʦʡ ʪʦʯʢʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ 

( )00, yxfx
¡  ʠ ( )00, yxf y

¡ , ʧʨʠʯʝʤ ( ) Ayxfx =¡
00, , ( ) Byxf y =¡

00, . 

Ʒ ʇʫʩʪʴ ʬʫʥʢʮʠʷ ( )yxf ,  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ 

( )000 ; yxP , ʪʦʛʜʘ ʝʝ ʧʨʠʨʘʱʝʥʠʝ ʧʨʝʜʩʪʘʚʠʤʦ ʚ ʚʠʜʝ (1). ʇʦʣʦ-

ʞʠʚ ʚ ʬʦʨʤʫʣʝ (1) 0=Dy , ʠʤʝʝʤ xxAzx D+D=D a . ʈʘʟʜʝʣʠʚ ʵʪʦ 

ʨʘʚʝʥʩʪʚʦ ʥʘ xD  ʠ ʧʝʨʝʡʜʷ ʢ ʧʨʝʜʝʣʫ ʧʨʠ 0­Dx , ʧʦʣʫʯʠʤ 

( )00
0

,lim yxfA
x

z
x

x

x

¡==
D

D

­D
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʚ ʪʦʯʢʝ ( )000 ; yxP  ʩʫʱʝʩʪʚʫʝʪ ʯʘʩʪʥʘʷ ʧʨʦʠʟ-

ʚʦʜʥʘʷ ( )0, yxfx
¡ . 

ɸʥʘʣʦʛʠʯʥʦ ʜʦʢʘʟʳʚʘʝʪʩʷ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʯʘʩʪʥʦʡ ʧʨʦʠʟʚʦʜ-

ʥʦʡ ( ) Byxf y =¡
00,  ʚ ʪʦʯʢʝ ( )000 ; yxP . ƹ 

ɿʘʤʝʯʘʥʠʝ. ʋʪʚʝʨʞʜʝʥʠʷ, ʦʙʨʘʪʥʳʝ ʫʪʚʝʨʞʜʝʥʠʷʤ ʪʝʦʨʝʤ 1 

ʠ 2 ʥʝʚʝʨʥʳ, ʪ.ʝ. ʠʟ ʥʝʧʨʝʨʳʚʥʦʩʪʠ ʬʫʥʢʮʠʠ, ʘ ʪʘʢʞʝ ʩʫʱʝʩʪʚʦ-

ʚʘʥʠʷ ʝʝ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ, ʝʱʝ ʥʝ ʩʣʝʜʫʝʪ ʜʠʬʬʝʨʝʥʮʠʨʫʝ-

ʤʦʩʪʴ ʬʫʥʢʮʠʠ. 

ʇʨʠʤʝʨ. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʬʫʥʢʮʠʷ ( ) 22
, yxyxf +=  ʥʝʧʨʝ-

ʨʳʚʥʘ ʚ ʪʦʯʢʝ ( )0;0O , ʥʦ ʥʝ ʠʤʝʝʪ ʚ ʵʪʦʡ ʪʦʯʢʝ ʯʘʩʪʥʳʭ ʧʨʦʠʟ-

ʚʦʜʥʳʭ. 

ʈʝʰʝʥʠʝ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, 
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( )
( )

x

x

x

x
f

xx
x

D

D
=

D

-+D+
=¡

­D­D 00
lim

000
lim0,0 . 

ʌʫʥʢʮʠʷ 
x

x

D

D
 ʥʝ ʠʤʝʝʪ ʧʨʝʜʝʣʘ ʧʨʠ 0­Dx . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

( )0,0xf¡  ʥʝ ʩʫʱʝʩʪʚʫʝʪ. 

ɸʥʘʣʦʛʠʯʥʦ ʜʦʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ ʥʝ ʩʫʱʝʩʪʚʫʝʪ ( )0,0yf¡ . 

ʊʝʦʨʝʤʘ 3 (ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ 

ʬʫʥʢʮʠʠ). ɽʩʣʠ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʠʤʝʝʪ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜ-

ʥʳʝ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ ( )000 ; yxP , ʥʝʧʨʝʨʳʚʥʳʝ ʚ 

ʩʘʤʦʡ ʵʪʦʡ ʪʦʯʢʝ, ʪʦ ʦʥʘ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ ( )000 ; yxP . 

Ʒ ʇʨʝʜʩʪʘʚʠʤ ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʩʣʝʜʫʶʱʝʤ 

ʚʠʜʝ: 

( ) ( ) ( )=-D+D+=D 000000 ,,, yxfyyxxfyxf  

( ) ( ) ( ) ( ).,,,, 00000000 yxfyyxfyyxfyyxxf -D++D+-D+D+=  

ɺʳʨʘʞʝʥʠʝ ( ) ( )yyxfyyxxf D+-D+D+ 0000 ,,  ʷʚʣʷʝʪʩʷ ʧʨʠʨʘ-

ʱʝʥʠʝʤ ʬʫʥʢʮʠʠ ʧʦ ʧʝʨʝʤʝʥʥʦʡ x. ʊʦʛʜʘ ʧʦ ʪʝʦʨʝʤʝ ʃʘʛʨʘʥʞʘ  

( ) ( ) ( )xyyfyyxfyyxxf x DD+¡=D+-D+D+ 00000 ,,, x , 

ʛʜʝ xxx D+<< 00 x .  

ɸʥʘʣʦʛʠʯʥʦ ( ) ( ) ( )yxfyxfyyxf y D¡=-D+ h,,, 00000 , ʛʜʝ 

yyy D+<< 00 h .  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

( ) ( ) ( )yxfxyyfyxf yx D¡+DD+¡=D hx ,,, 0000 . 

ʇʦ ʫʩʣʦʚʠʶ ʪʝʦʨʝʤʳ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ( )yxfx ,¡  ʠ ( )yxf y ,¡  

ʥʝʧʨʝʨʳʚʥʳ ʚ ʪʦʯʢʝ ( )000 ; yxP . ʊʦʛʜʘ 

( ) ( )000

0
0

,,lim yxfyyf xx

y
x

¡=D+¡

­D
­D

x , 

( ) ( )000
0

,,lim yxfxf yy
y

¡=¡
­D

h . 

ʀʟ ʧʦʩʣʝʜʥʠʭ ʨʘʚʝʥʩʪʚ, ʩʦʛʣʘʩʥʦ ʦʧʨʝʜʝʣʝʥʠʶ ʧʨʝʜʝʣʘ, ʩʣʝ-

ʜʫʝʪ, ʯʪʦ: 

( ) ( )ax +¡=D+¡
000 ,, yxfyyf xx

, 

( ) ( )bh +¡=¡
000 ,, yxfxf yy , 

ʛʜʝ a, b ï ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʳʝ ʬʫʥʢʮʠʠ ʧʨʠ 0­Dx , 0­Dy . 
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ʇʦʜʩʪʘʚʣʷʷ ʚʳʨʘʞʝʥʠʷ ʜʣʷ ( )yyfx D+¡
0,x , ( )h,0xf y

¡  ʚ ʬʦʨʤʫʣʫ, 

ʠʤʝʝʤ: 

( ) ( ) ( ) yxyyxfxyxfyxf yx D+D+D¡+D¡=D ba000000 ,,, . 

ɿʥʘʯʠʪ, ʬʫʥʢʮʠʷ ( )yxfz ,=  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ 

( )000 ; yxP . ƹ 

ʌʫʥʢʮʠʠ ʩ ʥʝʧʨʝʨʳʚʥʳʤʠ ʯʘʩʪʥʳʤʠ ʧʨʦʠʟʚʦʜʥʳʤʠ ʥʘʟʳʚʘ-

ʶʪʩʷ ʥʝʧʨʝʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʤʠ. 

ʇʨʠʤʝʨ. ʌʫʥʢʮʠʷ xy
exz

2
=  ʥʝʧʨʝʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ 

ʣʶʙʦʡ ʪʦʯʢʝ ( ) 2
; RÍyxP , ʪʘʢ ʢʘʢ ʝʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ 

( )xy

x eyxxz
2

2 +=¡  ʠ 
xy

y exz
3

=¡  ʚʩʶʜʫ ʥʝʧʨʝʨʳʚʥʳ. 

 

2. ʇʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ  ʧʝʨʝʤʝʥʥʳʭ 

ʠ ʝʛʦ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ. ɽʩʣʠ ʬʫʥʢʮʠʷ ( )yxfz ;=  ʜʠʬʬʝ-

ʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ ( )000 ; yxP , ʪʦ ʝʝ ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʝ ʚ ʵʪʦʡ 

ʪʦʯʢʝ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ 

( ) ( ) ( ) yxyyxfxyxfyxf yx D+D+D¡+D¡=D ba000000 ,,, . 

ʉʫʤʤʘ ʧʝʨʚʳʭ ʜʚʫʭ ʩʣʘʛʘʝʤʳʭ ʝʩʪʴ ʛʣʘʚʥʘʷ ʣʠʥʝʡʥʘʷ (ʦʪʥʦ-

ʩʠʪʝʣʴʥʦ xD  ʠ yD ) ʯʘʩʪʴ ʧʨʠʨʘɦ ʝʥʠʷ ʬʫʥʢʮʠʠ. 

ʆʧʨʝʜʝʣʝʥʠʝ 3. ɽʩʣʠ ʬʫʥʢʮʠʷ ( )yxfz ;=  ʜʠʬʬʝʨʝʥʮʠ-

ʨʫʝʤʘ ʚ ʪʦʯʢʝ ( )000 ; yxP , ʪʦ ʛʣʘʚʥʘʷ ʣʠʥʝʡʥʘʷ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʨʠ-

ʨʘʱʝʥʠʷ ʘʨʛʫʤʝʥʪʦʚ ʯʘʩʪʴ ʝʝ ʧʦʣʥʦʛʦ ʧʨʠʨʘʱʝʥʠʷ ʥʘʟʳʚʘʝʪʩʷ 

ʧʦʣʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʦʤ ʬʫʥʢʮʠʠ. 

ʆʙʦʟʥʘʯʘʝʪʩʷ: 

( )
( ) ( )yyxfxyxfdz yxyxP

D¡+D¡= 0000;
,,

00

 

ʠʣʠ 

( ) ( ) ( )yyxfxyxfyxdf yx D¡+D¡= 000000 ,,; . 

ʇʨʠʤʝʨ. ɽʩʣʠ yxz
2

= , ʪʦ yxxxydz D+D=
2

2  ( ) 2
; RÍ" yxP . 

ʇʨʠʨʘʱʝʥʠʷ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ xD  ʠ yD  ʥʘʟʳʚʘʶʪʩʷ 

ʜʠʬʬʝʨʝʥʮʠʘʣʘʤʠ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ x  ʠ y  ʠ ʦʙʦʟʥʘ-

ʯʘʶʪʩʷ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ dx ʠ dy . 

ʊʦʛʜʘ ʧʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ ʟʘʧʠʰʝʪʩʷ ʚ ʚʠʜʝ: 

( )
( ) ( )

dy
y

yxf
dx

x

yxf
yxdf

µ

µ
+

µ

µ
= 0000

00

,,
, . 
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ɺʳʨʘʞʝʥʠʷ 
( )

dx
x

yxf

µ

µ 00,
, 

( )
dy

y

yxf

µ

µ 00 ,
 ʥʘʟʳʚʘʶʪʩʷ ʯʘʩʪʥʳ-

ʤʠ ʜʠʬʬʝʨʝʥʮʠʘʣʘʤʠ ʬʫʥʢʮʠʠ ( )yxfz ;= . 

ʆʙʦʟʥʘʯʘʶʪʩʷ: zdx  ʠ zdy . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ,  

zdzddz yx += . 

ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʧʦʣʥʦʛʦ ʜʠʬʬʝʨʝʥ-

ʮʠʘʣʘ. ʋʯʠʪʳʚʘʷ, ʯʪʦ dxxxx =-=D 0
, dyyyy =-=D 0

, ʫʨʘʚ-

ʥʝʥʠʝ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ 

( ) ( )
dy

y

yxf
dx

x

yxf
zz

µ

µ
+

µ

µ
=- 0000

0

,,
. 

ʇʨʘʚʘʷ ʯʘʩʪʴ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʦʣʥʳʡ 

ʜʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯʢʝ ( )000 ; yxM , ʘ ʣʝʚʘʷ 

ʝʛʦ ʯʘʩʪʴ 0zz-  ï ʧʨʠʨʘʱʝʥʠʝ ʘʧʧʣʠʢʘʪʳ ʢʘʩʘʪʝʣʴʥʦʡ ʧʣʦʩʢʦʩʪʠ 

ʚ ʪʦʯʢʝ ʢʘʩʘʥʠʷ: ( )000 , yxdfzz =- . 

ʇʦʵʪʦʤʫ ʧʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯʢʝ 

( )000 ; yxP  ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʦʪʨʝʟʦʢ AB. 

 
ʈʠʩ.1. ɻʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ ʜʠʬʬʝʨʝʥʮʠʘʣʘ 

 

ɿʘʤʝʯʘʥʠʝ. ʆʧʨʝʜʝʣʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ ʠ 

ʧʦʣʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʘ ʦʙʦʙʱʘʶʪʩʷ ʥʘ ʩʣʫʯʘʡ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ 

ʧʝʨʝʤʝʥʥʳʭ ( )nxxxfu ,...,, 21=  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx = .  
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ʋʩʣʦʚʠʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ ʟʘʧʠʰʝʪʩʷ ʚ ʚʠʜʝ: 

()rodx
x

f
dx

x

f
dx

x

f
f n

n

+
µ

µ
++

µ

µ
+

µ

µ
=D ...2

2

1

1

, 

ʛʜʝ ( ) ( ) ( )22

2

2

1 ... nxxx D++D+D=r . 

ɼʠʬʬʝʨʝʥʮʠʘʣ ʬʫʥʢʮʠʠ ( )nxxxfu ,...,, 21=  ʠʤʝʝʪ ʚʠʜ: 

n

n

dx
x

f
dx

x

f
dx

x

f
df

µ

µ
++

µ

µ
+

µ

µ
= ...2

2

1

1

. 

 

4. ɼʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ. ʇʫʩʪʴ ( )vufz ;=  ï 

ʬʫʥʢʮʠʷ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ u  ʠ v, ʢʘʞʜʘʷ ʠʟ ʢʦʪʦʨʳʭ, ʚ ʩʚʦʶ 

ʦʯʝʨʝʜʴ, ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʝʡ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ x  ʠ y , 

ʪ.ʝ. ( )yxuu ,= , ( )yxvv ,= . ʊʦʛʜʘ ( )( )( ) ( )yxFyxvyxufz ,,,, ==  ï 

ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʷ ʜʚʫʭ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ x  ʠ y, ʘ ʧʝʨʝ-

ʤʝʥʥʳʝ u  ʠ v  ï ʧʨʦʤʝʞʫʪʦʯʥʳʝ ʧʝʨʝʤʝʥʥʳʝ. 

ʊʝʦʨʝʤʘ 4. ɽʩʣʠ ʬʫʥʢʮʠʷ ( )vufz ;=  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ 

ʪʦʯʢʝ ( )000 ;vuM , ʘ ʬʫʥʢʮʠʠ ( )yxuu ,=  ʠ ( )yxvv ,=  ʜʠʬʬʝʨʝʥ-

ʮʠʨʫʝʤʳ ʚ ʪʦʯʢʝ ( )000 ; yxP , ʪʦ ʩʣʦʞʥʘʷ ʬʫʥʢʮʠʷ ( )yxFz ;= , ʛʜʝ 

( )yxuu ,= ; ( )yxvv ,= , ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ ( )000 ; yxP , 

ʧʨʠʯʝʤ ʝʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʳʯʠʩʣʷʶʪʩʷ ʧʦ ʬʦʨʤʫʣʘʤ: 

x

v

v

z

x

u

u

z

x

z

µ

µ

µ

µ
+

µ

µ

µ

µ
=

µ

µ
, 

y

v

v

z

y

u

u

z

y

z

µ

µ

µ

µ
+

µ

µ

µ

µ
=

µ

µ
. 

Ʒɼʦʢʘʞʝʤ ʧʝʨʚʫʶ ʠʟ ʬʦʨʤʫʣ. ɺ ʪʦʯʢʝ ( )000 ; yxP  ʧʝʨʝʤʝʥʥʦʡ 

x  ʜʘʜʠʤ ʧʨʠʨʘʱʝʥʠʝ xD , ʩʦʭʨʘʥʠʚ 0y  ʧʦʩʪʦʷʥʥʦʡ. ʊʦʛʜʘ 

ʬʫʥʢʮʠʠ u  ʠ v  ʧʦʣʫʯʘʪ ʯʘʩʪʥʳʝ ʧʨʠʨʘʱʝʥʠʷ uxD , vxD , ʘ 

ʬʫʥʢʮʠʷ z  ï ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʝ zD  (ʪʘʢ ʢʘʢ uxD  ʠ vxD  ï ʧʨʠ-

ʨʘʱʝʥʠʷ ʧʦ ʦʙʦʠʤ ʧʨʦʤʝʞʫʪʦʯʥʳʤ ʘʨʛʫʤʝʥʪʘʤ). ʌʫʥʢʮʠʷ 

( )yxfz ;=  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ ( )000 ;vuM , ʧʦʵʪʦʤʫ ʝʝ 

ʧʨʠʨʘʱʝʥʠʝ ʚ ʵʪʦʡ ʪʦʯʢʝ ʧʨʝʜʩʪʘʚʠʤʦ ʚ ʚʠʜʝ: 

vuv
v

z
u

u

z
z xxxx D+D+D

µ

µ
+D

µ

µ
=D ba . 

ʈʘʟʜʝʣʠʤ ʜʘʥʥʦʝ ʨʘʚʝʥʩʪʚʦ ʥʘ 0̧Dx : 
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v
x

u
xx

v

v

z

x

u

u

z

x

z
xx

xx D
D
+D

D
+

D

D

µ

µ
+

D

D

µ

µ
=

D

D
ba

11
. 

ɽʩʣʠ 0­Dx , ʪʦ 0­Dux
 ʠ 0­Dvx

 ʚ ʩʠʣʫ ʥʝʧʨʝʨʳʚʥʦʩʪʠ 

ʬʫʥʢʮʠʡ ( )yxu ,  ʠ ( )yxv , , 

x

u

x

ux

x µ

µ
=

D

D

­D 0
lim , 

x

v

x

vx

x µ

µ
=

D

D

­D 0
lim , 

x

u
u

x

x
x

D

D
=D

D
aa

1
, 

x

v
v

x

x
x

D

D
=D

D
bb

1
. 

ʇʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ ʠ ʫʯʠʪʳʚʘʷ, ʯʪʦ 0lim
0

=
D

D

­D x

ux

x
a , 

0lim
0

=
D

D

­D x

vx

x
b , ʠʤʝʝʤ 

x

v

v

z

x

u

u

z

x

z

µ

µ

µ

µ
+

µ

µ

µ

µ
=

µ

µ
. 

ɸʥʘʣʦʛʠʯʥʦ ʜʦʢʘʟʳʚʘʝʪʩʷ 
y

v

v

z

y

u

u

z

y

z

µ

µ

µ

µ
+

µ

µ

µ

µ
=

µ

µ
. ƹ 

ɿʘʤʝʯʘʥʠʝ. ɼʣʷ ʬʫʥʢʮʠʠ ʪʨʝʭ ʧʝʨʝʤʝʥʥʳʭ ( )tvufw ,,= , 

ʢʘʞʜʘʷ ʠʟ ʢʦʪʦʨʳʭ, ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ, ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʝʡ ʥʝʟʘʚʠ-

ʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ x , y , z  ʪ.ʝ. ( )zyxuu ,,= , ( )zyxvv ,,= , 

( )zyxtt ,,=  ʠ ( )( )( )( ) ( )zyxFzyxtzyxvzyxufw ,,,,,,,,,, ==  ʯʘʩʪ-

ʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʳʯʠʩʣʷʶʪʩʷ ʧʦ ʬʦʨʤʫʣʘʤ 

x

t

t

w

x

v

v

w

x

u

u

w

x

w

µ

µ
Ö

µ

µ
+

µ

µ
Ö

µ

µ
+

µ

µ
Ö

µ

µ
=

µ

µ
, 

y

t

t

w

y

v

v

w

y

u

u

w

y

w

µ

µ
Ö

µ

µ
+

µ

µ
Ö

µ

µ
+

µ

µ
Ö

µ

µ
=

µ

µ
, 

z

t

t

w

z

v

v

w

z

u

u

w

z

w

µ

µ
Ö

µ

µ
+

µ

µ
Ö

µ

µ
+

µ

µ
Ö

µ

µ
=

µ

µ
. 

ɸʥʘʣʦʛʠʯʥʦ ʜʣʷ ʬʫʥʢʮʠʠ n , 3>n , ʧʝʨʝʤʝʥʥʳʭ. 

ʏʘʩʪʥʳʝ ʩʣʫʯʘʠ ʟʘʜʘʥʠʷ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ 

( )tvufw ,,= . 

1. ʇʫʩʪʴ ( )tvufw ,,= , ( )yxuu ,= , ( )yxvv ,= , ( )yxtt ,= .  

ʊʦʛʜʘ ( )( )( )( ) ( )yxFyxtyxvyxufw ,,,,,, == , ʷʚʣʷʝʪʩʷ ʩʣʦʞʥʦʡ 

ʬʫʥʢʮʠʝʡ ʪʦʣʴʢʦ ʜʚʫʭ ʘʨʛʫʤʝʥʪʦʚ, ʠ, ʟʥʘʯʠʪ, ʠʤʝʝʤ ʜʚʝ ʯʘʩʪʥʳʝ 
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ʧʨʦʠʟʚʦʜʥʳʝ 
x

w

µ

µ
, 

y

w

µ

µ
. 

2. ʇʫʩʪʴ ( )uyxfz ,,= , ()xyy= , ()xuu= .  

ʊʦʛʜʘ ()()( ) ()xFxuxyxfz == ,,  ï ʬʫʥʢʮʠʷ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ 

x. ʅʘʡʜʝʤ xz¡ ʧʦ ʦʙɦ ʝʡ ʬʦʨʤʫʣʝ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ ʩʣʦʞʥʦʡ 

ʬʫʥʢʮʠʠ: 

x

u

u

z

x

y

y

z

x

x

u

z

dx

dz

µ

µ

µ

µ
+

µ

µ

µ

µ
+

µ

µ

µ

µ
= . 

ʊʘʢ ʢʘʢ ()xyy=  ʠ ()xuu=  ï ʬʫʥʢʮʠʠ ʪʦʣʴʢʦ ʦʜʥʦʡ ʧʝʨʝʤʝʥ-

ʥʦʡ x, ʪʦ ʠʭ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʦʙʨʘʱʘʶʪʩʷ ʚ ʦʙʳʢʥʦʚʝʥʥʳʝ 

ʧʨʦʠʟʚʦʜʥʳʝ. ʂʨʦʤʝ ʪʦʛʦ, 1=
µ

µ

x

x
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

dx

du

u

z

dx

dy

y

z

x

z

dx

dz

µ

µ
+

µ

µ
+

µ

µ
= .  

ʇʨʦʠʟʚʦʜʥʘʷ 
dx

dz
 ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ ()()( )xuxyxfz ,,=  ʥʘʟr-

ʚʘʝʪʩʷ ʧʦʣʥʦʡ ʧʨʦʠʟʚʦʜʥʦʡ. 

ʄʝʞʜʫ ʯʘʩʪʥʦʡ 
x

z

µ

µ
 ʠ ʧʦʣʥʦʡ 

dx

dz
 ʧʨʦʠʟʚʦʜʥʳʤʠ ʠʤʝʝʪʩʷ ʩʫ-

ʱʝʩʪʚʝʥʥʦʝ ʨʘʟʣʠʯʠʝ. ʇʦʣʥʘʷ ʧʨʦʠʟʚʦʜʥʘʷ 
dx

dz
 ï ʵʪʦ ʦʙʳʢʥʦʚʝʥ-

ʥʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʦʪ z  ʢʘʢ ʬʫʥʢʮʠʠ x, ʘ 
x

z

µ

µ
 ʝʩʪʴ ʯʘʩʪʥʘʷ ʧʨʦʠʟ-

ʚʦʜʥʘʷ ʦʪ z  ʧʦ ʧʝʨʝʤʝʥʥʦʡ x, ʚʭʦʜʷʱʝʡ ʚ ʚʳʨʘʞʝʥʠʝ ʬʫʥʢʮʠʠ 

ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ, ʪ.ʝ. ʧʨʠ ʫʩʣʦʚʠʠ, ʯʪʦ ʜʨʫʛʠʝ ʧʝʨʝʤʝʥʥʳʝ (y  ʠ 

u  ʟʘʚʠʩʷʱʠʝ ʦʪ x, ʧʨʠ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʠ ʦʩʪʘʶʪʩʷ ʧʦʩʪʦʷʥ-

ʥʳʤʠ). 

ʇʨʠʤʝʨʳ. 1. ɺʳʯʠʩʣʠʪʴ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʩʣʦʞʥʦʡ 

ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ( ) vuvuf ln, Ö= , ʛʜʝ yxu -=3 ; 

22
yxv += . 

ʈʝʰʝʥʠʝ. ʀʤʝʝʤ 3=¡xu , xvx 2=¡ , 1-=¡yu , yvy 2=¡ , 

vfu ln=¡ , 
v

u
fv =¡ . 

ʉʣʝʜʦʚʘʪʝʣʥɹʦ, 
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( )
22

22 3
2ln32ln3

yx

yx
xyx

v

u
xv

x

v

v

f

x

u

u

f

x

f

+

-
++=+=

µ

µ

µ

µ
+

µ

µ

µ

µ
=

µ

µ
, 

( )
22

22 3
2ln2ln

yx

yx
yyx

v

u
yv

y

v

v

f

y

u

u

f

y

f

+

-
++-=+-=

µ

µ

µ

µ
+

µ

µ

µ

µ
=

µ

µ
. 

2. ʅʘʡʪʠ ʧʦʣʥʫʶ ʧʨʦʠʟʚʦʜʥʫʶ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ 

wvxz cossin= , ʛʜʝ ( )1ln
2
+= xv ; 2

1 xw --= . 

ʈʝʰʝʥʠʝ. ʇʦ ʬʦʨʤʫʣʝ ʠʤʝʝʤ 

=
-

-
+

+=
22

1
sinsin

1

2
coscoscossin

x

x
wvx

x

x
wvxwv

dx

dz
 

( )( ) ( )( ) +-+
+

+-+
22

2

2
22

1cos1lncos
1

2
1cos1lnsin xx

x

x
xx  

( )( ) =-+
-

+
22

2

2

1sin1lnsin
1

xx
x

x
. 

 

4. ʀʥʚʘʨʠʘʥʪʥʦʩʪʴ ʬʦʨʤʳ ʧʝʨʚʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʘ ʬʫʥʢʮʠʠ 

ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ. ʅʘʡʜʝʤ ʧʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ʩʣʦʞ-

ʥʦʡ ʬʫʥʢʮʠʠ ( )( )( )yxvyxufz ,,,=  ʚ ʪʦʯʢʝ ( )000 ; yxP . ʇʦʜʩʪʘʚʠʤ 

ʚʳʨʘʞʝʥʠʷ 
x

z

µ

µ
 ʠ 

y

z

µ

µ
, ʦʧʨʝʜʝʣʷʝʤʳʝ ʨʘʚʝʥʩʪʚʘʤʠ  

x

v

v

z

x

u

u

z

x

z

µ

µ

µ

µ
+

µ

µ

µ

µ
=

µ

µ
, 

y

v

v

z

y

u

u

z

y

z

µ

µ

µ

µ
+

µ

µ

µ

µ
=

µ

µ
. 

ʚ ʬʦʨʤʫʣʫ ʧʦʣʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʘ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝ-

ʨʝʤʝʥʥʳʭ dy
y

z
dx

x

z
dz

µ

µ
+

µ

µ
= . 

ʇʦʣʫʯʠʤ 

dy
y

v

v

z

y

u

u

z
dx

x

v

v

z

x

u

u

z
dz öö

÷

õ
ææ
ç

å

µ

µ

µ

µ
+

µ

µ

µ

µ
+ö

÷

õ
æ
ç

å

µ

µ

µ

µ
+

µ

µ

µ

µ
=  

ʠʣʠ 

öö
÷

õ
ææ
ç

å

µ

µ
+

µ

µ

µ

µ
+öö
÷

õ
ææ
ç

å

µ

µ
+

µ

µ

µ

µ
= dy

y

v
dx

x

z

v

z
dy

y

z
dx

x

u

u

z
dz . 
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ʊʘʢ ʢʘʢ dudy
y

u
dx

x

u
=

µ

µ
+

µ

µ
, dvdy

y

v
dx

x

v
=

µ

µ
+

µ

µ
, ʪʦ 

dv
v

z
du

u

z
dz

µ

µ
+

µ

µ
= . 

ɺʠʜʥʦ, ʯʪʦ ʬʦʨʤʘ ʟʘʧʠʩʠ ʧʦʣʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʘ ʬʫʥʢʮʠʠ 

ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʪʦʛʦ, ʷʚʣʷʶʪʩʷ ʣʠ u  ʠ v  ʥʝʟʘʚʠ-

ʩʠʤʳʤʠ ʧʝʨʝʤʝʥʥʳʤʠ, ʠʣʠ ʬʫʥʢʮʠʷʤʠ ʜʨʫʛʠʭ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝ-

ʨʝʤʝʥʥʳʭ. ɺ ʵʪʦʤ ʠ ʟʘʢʣʶʯʘʝʪʩʷ ʠʥʚʘʨʠʘʥʪʥʦʩʪʴ ʬʦʨʤʳ ʧʝʨ-

ʚʦʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʘ ʬʫʥʢʮʠʠ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ. 

 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ. 

ʂʘʢ ʩʚʷʟʘʥʳ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʠ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʩʪʴ ʬʫʥʢʮʠʠ 

( )yxfz ,= ? 

2. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʠ ʜʦʢʘʞʠʪʝ ʥʝʦʙʭʦʜʠʤʦʝ ʫʩʣʦʚʠʝ ʜʠʬʬʝ-

ʨʝʥʮʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ ( )yxfz ,= . 

3. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʠ ʜʦʢʘʞʠʪʝ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʜʠʬʬʝ-

ʨʝʥʮʠʨʫʝʤʦʩʪʠ ʬʫʥʢʮʠʠ ( )yxfz ,= . 

4. ʏʪʦ ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʥʳʤ ʜʠʬʬʝʨʝʥʮʠʘʣʦʤ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ 

ʧʝʨʝʤʝʥʥʳʭ? ɺ ʯʝʤ ʩʦʩʪʦʠʪ ʛʝʦʤʝʪʨʠʯʝʩʢʠʡ ʩʤʳʩʣ? 

5. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʧʨʘʚʠʣʦ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ ʩʣʦʞʥʦʡ 

ʬʫʥʢʮʠʠ. 

6. ɺ ʯʝʤ ʟʘʢʣʶʯʘʝʪʩʷ ʠʥʚʘʨʠʘʥʪʥʦʩʪʴ ʬʦʨʤʳ ʧʝʨʚʦʛʦ ʜʠʬʬʝ-

ʨʝʥʮʠʘʣʘ? 

 

 



 49 

ʃʝʢʮʠʷ 6. ʇʈʆʀɿɺʆɼʅɸʗ ʇʆ ʅɸʇʈɸɺʃɽʅʀʖ 

 

1. ʇʨʦʠʟʚʦʜʥʘʷ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ. 

2. ɻʨʘʜʠʝʥʪ. 

 

1. ʇʨʦʠʟʚʦʜʥʘʷ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ. ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ 

( )yxfz ,= , ʦʧʨʝʜʝʣʝʥʥʫʶ ʠ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʫʶ ʚ ʦʢʨʝʩʪʥʦʩʪʠ 

ʪʦʯʢʠ ( )000 ; yxP . ʠ ʧʫʩʪʴ ( )bacos;cos=l
C

 ï ʧʨʦʠʟʚʦʣʴʥʳʡ ʚʝʢ-

ʪʦʨ ʧʣʦʩʢʦʩʪʠ, ʦʪʣʠʯʥʳʡ ʦʪ ʥʫʣʝʚʦʛʦ, ʛʜʝ acos  ʠ bcos  ʥʘʧʨʘʚ-

ʣʷʶʱʠʝ ʢʦʩʠʥʫʩʳ ʚʝʢʪʦʨʘ l
C
. ʇʨʦʚʝʜʝʤ ʯʝʨʝʟ ʪʦʯʢʫ ( )000 ; yxP  

ʧʨʷʤʫʶ G ʪʘʢ, ʯʪʦʙʳ ʦʜʥʦ ʠʟ ʝʝ ʥʘʧʨʘʚʣʝʥʠʡ ʩʦʚʧʘʜʘʣʦ ʩ 

ʥʘʧʨʘʚʣʝʥʠʝʤ ʚʝʢʪʦʨʘ l
C

.  

 
ʈʠʩ.1. ʇʨʦʠʟʚʦʜʥʘʷ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ 

 

ɺʦʟʴʤʝʤ ʥʘ ʥʘʧʨʘʚʣʝʥʥʦʡ ʧʨʷʤʦʡ ʪʦʯʢʫ ( )yyxxP D+D+ 001 ; . 

ʊʦʛʜʘ 
22

10 yxlPP D+D°=D= ʝʩʪʴ ʧʨʠʨʘʱʝʥʠʝ ʚʜʦʣʴ ʧʨʷʤʦʡ G. 

ʌʫʥʢʮʠʷ ( )yxfz ,=  ʧʦʣʫʯʠʪ ʧʨʠ ʵʪʦʤ ʧʨʠʨʘʱʝʥʠʝ 

( ) ( )0000 ;; yxfyyxxfz -D+D+=D . 

ʆʧʨʝʜʝʣʝʥʠʝ 1. ʇʨʦʠʟʚʦʜʥʦʡ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʚʜʦʣʴ 

ʚʝʢʪʦʨʘ l
C

 ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯʢʝ ( )000 ; yxP  ʥʘʟʳʚʘʝʪʩʷ 

ʧʨʝʜʝʣ ʦʪʥʦʰʝʥʠʷ 
l

z

D

D
 ʧʨʠ 0­Dl . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: 
l

z

l

z

l D

D
=

µ

µ

­D 0
lim . 

ʊʝʦʨʝʤʘ 1. ɽʩʣʠ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ 

ʪʦʯʢʝ ( )000 ; yxP , ʪʦ ʧʨʦʠʟʚʦʜʥʘʷ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʚ ʵʪʦʡ ʪʦʯʢʝ 

ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 

ba coscos
y

z

x

z

l

z

µ

µ
+

µ

µ
=

µ

µ
. 
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Ʒ ʊʘʢ ʢʘʢ ʬʫʥʢʮʠʷ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ ( )000 ; yxP , ʪʦ 

ʝʝ ʧʨʠʨʘʱʝʥʠʝ ʚ ʵʪʦʡ ʪʦʯʢʝ ʚʜʦʣʴ ʧʨʷʤʦʡ G ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ 

ʚʠʜʝ: 

yxy
y

z
x

x

z
z D+D+D

µ

µ
+D

µ

µ
=D 21 aa , 

ʛʜʝ 01­a  ʠ 02­a  ʧʨʠ 0­Dl . 

ʈʘʟʜʝʣʠʤ ʦʙʝ ʯʘʩʪʠ ʵʪʦʛʦ ʨʘʚʝʥʩʪʚʘ ʥʘ lD, ʧʦʣʫʯʠʤ  

l

y

l

x

l

y

y

z

l

x

x

z

l

z

D

D
+

D

D
+

D

D

µ

µ
+

D

D

µ

µ
=

D

D
21 aa .  

ʋʯʠʪʳʚʘʷ, ʯʪʦ (ʨʠʩ.1), ʠʤʝʝʤ acos=
D

D

l

x
, bcos=
D

D

l

y
. 

ʇʦʵʪʦʤʫ 

baaaba coscoscoscos 21 ++
µ

µ
+

µ

µ
=

D

D

y

z

x

z

l

z
. 

ʇʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ ʧʨʠ 0­Dl , ʠʤʝʝʤ: 

ba coscos
y

z

x

z

l

z

µ

µ
+

µ

µ
=

µ

µ
.ƹ 

ɺ ʯʘʩʪʥʦʩʪʠ, ʧʨʠ 0=a  ʠ 
2

p
b=  ʠʤʝʝʤ 

x

z

l

z

µ

µ
=

µ

µ
, ʘ ʧʨʠ  

2

p
a=  

ʠ 0=b  ʠʤʝʝʤ 
y

z

l

z

µ

µ
=

µ

µ
.  

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʧʦ ʧʝʨʝʤʝʥʥʳʤ x  

ʠ y  ʷʚʣʷʶʪʩʷ ʯʘʩʪʥʳʤʠ ʩʣʫʯʘʷʤʠ ʧʨʦʠʟʚʦʜʥʦʡ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ. 

ʇʨʠʤʝʨ. ɺʳʯʠʩʣʠʪʴ ʧʨʦʠʟʚʦʜʥʫʶ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʬʫʥʢʮʠʠ 
22

xyxz +=  ʚ ʪʦʯʢʝ ( )2;10P  ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʝʢʪʦʨʘ 10PP , ʛʜʝ 

( )0;31P . 

ʈʝʰʝʥʠʝ. ʂʦʦʨʜʠʥʘʪʳ ʚʝʢʪʦʨʘ 10PP  ʨʘʚʥʳ  

( )( )2;220;1310 -=--=PP . 

ʊʦʛʜʘ ʜʣʠʥʘ ʚʝʢʪʦʨʘ ʝʩʪʴ  ( ) 2222
22

10 =-+=PP . 

ʂʦʦʨʜʠʥʘʪʳ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʚʝʢʪʦʨʘ ʝʩʪʴ  

ö
ö

÷

õ

æ
æ

ç

å
-=öö

÷

õ
ææ
ç

å
-=

2

2
;

2

2

22

2
;

22

2
l
C

. 
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ʆʪʩʶʜʘ 
2

2
cos =a  ʠ 

2

2
cos -=b . ʇʦʵʪʦʤʫ 

4

3p
a= . 

ɿʥʘʯʝʥʠʷ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʚ ʪʦʯʢʝ ( )2;10P  ʝʩʪʴ  

( )

( )
( )

62
2;1

2

2;1

=+=
µ

µ
yx

x

z
, 

( )
( )

42
2;1

2;1

==
µ

µ
xy

y

z
. 

ʊʦʛʜʘ ʧʨʦʠʟʚʦʜʥʘʷ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʨʘʚʥʘ 2=
µ

µ

l

z
. 

2. ɻʨʘʜʠʝʥʪ. 

ʆʧʨʝʜʝʣʝʥʠʝ 2. ɻʨʘʜʠʝʥʪʦʤ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯ-

ʢʝ ( )000 ; yxP  ʥʘʟʳʚʘʝʪʩʷ ʚʝʢʪʦʨ, ʢʦʦʨʜʠʥʘʪʳ ʢʦʪʦʨʦʛʦ ʨʘʚʥʳ ʩʦ-

ʦʪʚʝʪʩʪʚʫʶʱʠʤ ʯʘʩʪʥʳʤ ʧʨʦʠʟʚʦʜʥʳʤ 
x

z

µ

µ
 ʠ 

y

z

µ

µ
, ʚʟʷʪʳʤ ʚ ʪʦʯʢʝ 

( )000 ; yxP . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: öö
÷

õ
ææ
ç

å

µ

µ

µ

µ
=

y

z

x

z
f ;grad  ʠʣʠ öö

÷

õ
ææ
ç

å

µ

µ

µ

µ
=Ð

y

z

x

z
f ; . 

ɻʨʘʜʠʝʥʪ fÐ  ʬʫʥʢʮʠʠ ( )yxfz ,=  ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʩ ʧʦʤʦ-

ʱʴʶ ʢʦʦʨʜʠʥʘʪʥʳʭ ʚʝʢʪʦʨʦʚ i
C

 ʠ j
C

 ʚ ʚʠʜʝ j
y

f
i

x

f
f

CC

µ

µ
+

µ

µ
=Ð . 

ʀʩʧʦʣʴʟʫʷ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ ʚ ʢʦʦʨʜʠʥʘʪʥʦʡ 

ʬʦʨʤʝ, ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ fl
y

z

x

z
ÐÖ=

µ

µ
+

µ

µ
0coscos
G

ba , 

ʛʜʝ 
l

l
l C

C
C
=0 , 10 =l

C
. ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ 

ʚʝʢʪʦʨʦʚ ʨʘʚʥʦ jcos00 ÖÐÖ=ÐÖ flfl
GG

, ʛʜʝ jï ʫʛʦʣ ʤʝʞʜʫ ʚʝʢʪʦ-

ʨʘʤʠ 0l
C

 ʠ fÐ . ʉʨʘʚʥʠʚʘʷ, ʧʦʣʫʯʠʤ jcosÖÐ=
µ

µ
f

l

z
. ʆʪʩʶʜʘ ʩʣʝ-

ʜʫʝʪ, ʯʪʦ 
l

z

µ

µ
 ʠʤʝʝʪ ʥʘʠʙʦʣʴʰʫʶ ʜʣʠʥʫ ʧʨʠ 1cos =j , ʪ.ʝ. ʢʦʛʜʘ 

ʥʘʧʨʘʚʣʝʥʠʝ ʚʝʢʪʦʨʘ l
C

 ʩʦʚʧʘʜʘʝʪ ʩ ʥʘʧʨʘʚʣʝʥʠʝʤ ʚʝʢʪʦʨʘ fÐ .  

ɻʨʘʜʠʝʥʪ fÐ  ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯʢʝ ( )000 ; yxP  ʭʘʨʘʢʪʝ-

ʨʠʟʫʝʪ ʥʘʧʨʘʚʣʝʥʠʝ ʠ ʚʝʣʠʯʠʥʫ ʤʘʢʩʠʤʘʣʴʥʦʡ ʩʢʦʨʦʩʪʠ ʚʦʟʨʘʩ-

ʪʘʥʠʷ ʵʪʦʡ ʬʫʥʢʮʠʠ ʚ ʜʘʥʥʦʡ ʪʦʯʢʝ. 
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ɿʘʤʝʯʘʥʠʷ. 1. ʇʨʦʠʟʚʦʜʥʘʷ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʜʣʷ ʬʫʥʢʮʠʠ 

ʪʨʝʭ ʧʝʨʝʤʝʥʥʳʭ ( )zyxfu ,,=  ʠʤʝʝʪ ʚʠʜ: 

gba coscoscos
z

u

y

u

x

u

l

u

µ

µ
+

µ

µ
+

µ

µ
=

µ

µ
,  

ʛʜʝ acos , bcos , gcos  ʥʘʧʨʘʚʣʷʶʱʠʝ ʢʦʩʠʥʫʩʳ ʚʝʢʪʦʨʘ l
C

. 

2. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ()xfu= , ( )nxxxx ,...,, 21= , 2²n , ʦʧʨʝʜʝʣʝ-

ʥʘ ʠ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxx = . ʀ ʧʫʩʪʴ ʟʘʜʘʥ 

n-ʤʝʨʥʳʡ ʚʝʢʪʦʨ 0̧l
C

, ʝʜʠʥʠʯʥʳʡ ʚʝʢʪʦʨ 

( )n

l

l
l aaa cos;...;cos;cos 210 ==C

C
C

, ʛʜʝ 
1cosa, 

2cosa , ... , 
nacos  

ʥʘʧʨʘʚʣʷʶʱʠʝ ʢʦʩʠʥʫʩʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 
n

R . ʊʦʛʜʘ ʩʫʱʝʩʪʚʫʝʪ 

ʧʨʦʠʟʚʦʜʥʘʷ ʧʦ ʣʶʙʦʤʫ ʥʘʧʨʘʚʣʝʥʠʶ ʠ  

( ) ( ) ( ) ( )
n

nx

xf

x

xf

x

xf

l

xf
aaa cos...coscos 0

2

2

0
1

1

00

µ

µ
++

µ

µ
+

µ

µ
=

µ

µ
. 

2. ɻʨʘʜʠʝʥʪ () ()xfxf Ð=grad  ʬʫʥʢʮʠʠ ()xfu= , 

( )nxxxx ,...,, 21= , 2²n , ʦʧʨʝʜʝʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: 

()
( ) ( ) ( )

ö
ö

÷

õ

æ
æ

ç

å

µ

µ

µ

µ

µ

µ
=

nx

xf

x

xf

x

xf
xf 0

2

0

1

0 ;...;;grad . 

ʇʨʠʤʝʨ. ʅʘʡʪʠ ʛʨʘʜʠʝʥʪ ʬʫʥʢʮʠʠ 222
zyxu ++=  ʚ ʪʦʯʢʝ 

( )1;1;1P . 

ʈʝʰʝʥʠʝ.  ʅʘʭʦʜʠʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ 

x
x

f
2=

µ

µ
, y

y

f
2=

µ

µ
, z

z

f
2=

µ

µ
. 

ʊʦʛʜʘ 
( )

2
1;1;1

=
µ

µ

x

f
, 

( )

2

1;1;1

=
µ

µ

y

f
, 

( )

2
1;1;1

=
µ

µ

z

f
. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʛʨʘʜʠʝʥʪ ʬʫʥʢʮʠʠ ʨʘʚʝʥ  

()( )2;2;2grad =xf . 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʧʨʦʠʟʚʦʜʥʦʡ ʧʦ ʥʘʧʨʘʚʣʝ-

ʥʠʶ.  

2.ɼʦʢʘʞʠʪʝ ʬʦʨʤʫʣʫ ba coscos
y

z

x

z

l

z

µ

µ
+

µ

µ
=

µ

µ
. 
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ʃʝʢʮʠʷ 7. ʏɸʉʊʅʓɽ ʇʈʆʀɿɺʆɼʅʓɽ ʀ ɼʀʌʌɽʈɽʅ-

ʎʀɸʃʓ ɺʓʉʐʀʍ ʇʆʈʗɼʂʆɺ 

 

1. ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʠ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. 

2. ʊʝʦʨʝʤʘ ʦ ʨʘʚʝʥʩʪʚʝ ʩʤʝʰʘʥʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. 

3. ɼʠʬʬʝʨʝʥʮʠʘʣʳ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. 

 

1. ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʠ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʚʳʩʰʠʭ ʧʦʨʷʜ-

ʢʦʚ. ʇʫʩʪʴ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ʠʤʝʝʪ ʥʝʧʨʝ-

ʨʳʚʥʳʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ( )yxfx ,¡ , ( )yxf y ,¡  ʚ ʪʦʯʢʝ 

( ) ()fDyxP Í; . ʕʪʠ ʧʨʦʠʟʚʦʜʥʳʝ, ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ, ʷʚʣʷʶʪʩʷ 

ʬʫʥʢʮʠʷʤʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ x  ʠ y. ʌʫʥʢʮʠʠ ( )yxfx ,¡  ʠ 

( )yxf y ,¡  ʥʘʟʳʚʘʶʪʩʷ ʯʘʩʪʥʳʤʠ ʧʨʦʠʟʚʦʜʥʳʤʠ ʧʝʨʚʦʛʦ ʧʦʨʷʜ-

ʢʘ. ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʧʦ x  ʠ ʧʦ y  ʦʪ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ 

ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ, ʝʩʣʠ ʦʥʠ ʩʫʱʝʩʪʚʫʶʪ, ʥʘʟʳʚʘʶʪʩʷ ʯʘʩʪʥʳʤʠ 

ʧʨʦʠʟʚʦʜʥʳʤʠ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʦʪ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ʪʦʯʢʝ 

( )yxP ; . 

ʆʙʦʟʥʘʯʘʶʪʩʷ:  

2

2

x

z

µ

µ
, ( )yxfxx ,¡¡ , 

( )
2

2
,

x

yxf

µ

µ
, xxz¡¡ ï ʬʫʥʢʮʠʷ f  ʜʠʬʬʝʨʝʥʮʠʨʫʝʪ-

ʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʜʚʘ ʨʘʟʘ ʧʦ x ; 

yx

z

µµ

µ
2

, ( )yxfxy ,¡¡ , 
( )

yx

yxf

µµ

µ ,
2

, xyz¡¡ ï ʬʫʥʢʮʠʷ f  ʜʠʬʬʝʨʝʥʮʠʨʫ-

ʝʪʩʷ ʩʥʘʯʘʣʘ ʧʦ x, ʘ ʟʘʪʝʤ ʧʦ y ; 

xy

z

µµ

µ
2

, ( )yxf yx ,¡¡ ,
( )

xy

yxf

µµ

µ ,
2

, yxz¡¡ ï ʬʫʥʢʮʠʷ f  ʜʠʬʬʝʨʝʥʮʠʨʫ-

ʝʪʩʷ ʩʥʘʯʘʣʘ ʧʦ y, ʘ ʟʘʪʝʤ ʧʦ x ; 

2

2

y

z

µ

µ
, ( )yxf yy ,¡¡ ,

( )
2

2
,

y

yxf

µ

µ
, yyz¡¡ ï ʬʫʥʢʮʠʷ f  ʜʠʬʬʝʨʝʥʮʠʨʫʝʪ-

ʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʜʚʘ ʨʘʟʘ ʧʦ ʧʝʨʝʤʝʥʥʦʡ y . 

ʇʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʤʦʞʥʦ ʩʥʦʚʘ ʜʠʬʬʝʨʝʥʮʠʨʦ-

ʚʘʪʴ ʢʘʢ ʧʦ x, ʪʘʢ ʠ ʧʦ y. ɺ ʨʝʟʫʣʴʪʘʪʝ ʧʦʣʫʯʠʤ ʚʦʩʝʤʴ ʯʘʩʪ-

ʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʪʨʝʪʴʝʛʦ ʧʦʨʷʜʢʘ: 
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3

3

x

z

µ

µ
, 

yx

z

µµ

µ
2

3

, 
xyx

z

µµµ

µ
3

, 
2

3

yx

z

µµ

µ
, 

2

3

xy

z

µµ

µ
, 

yxy

z

µµµ

µ
3

, 
xy

z

µµ

µ
2

3

,
3

3

y

z

µ

µ
. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʘʩʪʥʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʦʪ ʧʨʦʠʟʚʦʜʥʦʡ ( )1-n -

ʛʦ ʧʦʨʷʜʢʘ ʥʘʟʳʚʘʝʪʩʷ ʯʘʩʪʥʦʡ ʧʨʦʠʟʚʦʜʥʦʡ n-ʛʦ ʧʦʨʷʜʢʘ ʠ 

ʦʙʦʟʥʘʯʘʝʪʩʷ 
n

n

x

f

µ

µ
, 

yx

f
n

n

µµ

µ
-1

, 
22

yx

f
n

n

µµ

µ
-

 ʠ ʪ.ʜ. 

ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ ʬʫʥʢʮʠʠ z, ʚʟʷʪʳʝ 

ʧʦ ʨʘʟʣʠʯʥʳʤ ʧʝʨʝʤʝʥʥʳʤ, ʥʘʧʨʠʤʝʨ 
yx

z

µµ

µ
2

, 
xy

z

µµ

µ
2

, 
xyx

z

µµµ

µ
3

, 

2

3

xy

z

µµ

µ
, 

2

3

xy

z

µµ

µ
 ʥʘʟʳʚʘʶʪʩʷ ʩʤʝʰʘʥʥʳʤʠ ʧʨʦʠʟʚʦʜʥʳʤʠ. 

ʇʨʠʤʝʨ. ʅʘʡʪʠ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʬʫʥʢ-

ʮʠʠ ( )22
sin yxz += . 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʠ ʥʝʧʨʝʨʳʚʥʘ ʥʘ 
2

R . 

ʅʘʡʜʝʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ 

( )22
cos2 yxx

x

z
+=

µ

µ
,  

( )22
cos2 yxy

y

z
+=

µ

µ
. 

ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʦʧʨʝʜʝʣʝʥʳ ʠ ʥʝʧʨʝ-

ʨʳʚʥʳ ʥʘ 
2

R . 

ɺʳʯʠʩʣʠʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ 

( )22
2

sin4 yxxy
yx

z
+-=

µµ

µ
,  

( )22
2

sin4 yxxy
xy

z
+-=

µµ

µ
. 

ɺʠʜʥʦ, ʯʪʦ ʩʤʝʰʘʥʥʳʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜ-

ʢʘ ʵʪʦʡ ʬʫʥʢʮʠʠ ʨʘʚʥʳ: 

yx

z

xy

z

µµ

µ
=

µµ

µ
22

. 

ɼʘʣʝʝ ʥʘʭʦʜʠʤ: 

( ) ( )22222

2

2

sin4cos2 yxxyx
x

x
+-+=

µ

µ
, 
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( ) ( )22222

2

2

sin4cos2 yxyyx
y

z
+-+=

µ

µ
. 

 

2. ʊʝʦʨʝʤʘ ʦ ʨʘʚʝʥʩʪʚʝ ʩʤʝʰʘʥʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. ʉʨʝʜʠ ʯʘʩʪ-

ʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʠʤʝʶʪʩʷ 

ʜʚʝ ʩʤʝʰʘʥʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ 
yx

f

µµ

µ
2

 ʠ 
xy

f

µµ

µ
2

. ɺʦʟʥʠʢʘʝʪ ʚʦʧʨʦʩ: 

ʟʘʚʠʩʠʪ ʣʠ ʨʝʟʫʣʴʪʘʪ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ ʬʫʥʢʮʠʡ ʥʝʩʢʦʣʴʢʠʭ 

ʧʝʨʝʤʝʥʥʳʭ ʦʪ ʧʦʨʷʜʢʘ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ ʧʦ ʨʘʟʥʳʤ ʧʝʨʝ-

ʤʝʥʥʳʤ. 

ʊʝʦʨʝʤʘ 1. ɽʩʣʠ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʠ ʝʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜ-

ʥʳʝ xf¡, yf¡, xyf ¡¡, yxf ¡¡ ʦʧʨʝʜʝʣʝʥʳ ʠ ʥʝʧʨʝʨʳʚʥʳ ʚ ʪʦʯʢʝ 

( )000 ; yxP  ʠ ʚ ʥʝʢʦʪʦʨʦʡ ʝʝ ʦʢʨʝʩʪʥʦʩʪʠ, ʪʦ 

( ) ( )0000 ,, yxfyxf yxxy
¡¡=¡¡ . 

Ʒ ʇʫʩʪʴ ʩʤʝʰʘʥʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ xyf ¡¡ ʠ yxf ¡¡ ʦʧʨʝʜʝʣʝʥʳ ʚ 

ʧʨʷʤʦʫʛʦʣʴʥʠʢʝ 

( ){ }de <-<-=P 00 ,; yyxxyx  

ʠ ʥʝʧʨʝʨʳʚʥʳ ʚ ʪʦʯʢʝ ( )000 ; yxP . 

ʈʘʩʩʤʦʪʨʠʤ ʚ ʧʨʷʤʦʫʛʦʣʴʥʠʢʝ P ʬʫʥʢʮʠʶ 

( ) ( ) ( ) ( ) ( )0000 ;;;;; yxfyxfyxfyxfyxg +--= . 

ʇʨʠ ʬʠʢʩʠʨʦʚʘʥʥʦʤ ( )dd +-Í 00 ; yyy  ʥʘ ʠʥʪʝʨʚʘʣʝ 

( )ee +- 00 ;xx  ʨʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ 

() ( ) ( )0;; ytfytft -=j , 

ʢʦʪʦʨʘʷ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʥʘ ʵʪʦʤ ʠʥʪʝʨʚʘʣʝ ʠ  

() ( ) ( )0
'''

;; ytfytft xx -=j . 

ʌʫʥʢʮʠʶ ( )yxg ;  ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ 

( ) () ()0; xxyxg jj -= . 

ʇʨʠʤʝʥʷʷ ʬʦʨʤʫʣʫ ʢʦʥʝʯʥʳʭ ʧʨʠʨʘʱʝʥʠʡ ʃʘʛʨʘʥʞʘ ʧʦ ʧʝ-

ʨʝʤʝʥʥʦʡ x, ʧʦʣʫʯʠʤ: 

( ) () () ( ) =DD+=-= xxxxxyxg 10

'

0; qjjj  

( ) ( )[ ] xyxxfyxxf xx DÖD+-D+= 010

'

10

'
;; qq , 

ʛʜʝ 10 1<<q . 

ʇʨʠʤʝʥʷʷ ʝʱʝ ʨʘʟ ʬʦʨʤʫʣʫ ʢʦʥʝʯʥʳʭ ʧʨʠʨʘʱʝʥʠʡ ʃʘʛʨʘʥʞʘ, 
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ʥʦ ʫʞʝ ʧʦ ʧʝʨʝʤʝʥʥʦʡ y, ʠʤʝʝʤ 

( ) ( ) yxyyxxfyxg xy DDÖD+D+= 2010

''
;; qq , 

ʛʜʝ 10 2<<q . 

ʇʨʠ ʬʠʢʩʠʨʦʚʘʥʥʦʤ ( )ee +-Í 00 ;xxx  ʥʘ ʠʥʪʝʨʚʘʣʝ 

( )dd +- 00 ; yy  ʨʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ 

() ( ) ( )ttty ;; 0xfxf -= . 

ɸʥʘʣʦʛʠʯʥʦ ʧʨʝʜʳʜʫʱʠʤ ʨʘʩʩʫʞʜʝʥʠʷʤ, ʧʦʣʫʯʠʤ 

( ) () ( ) ( ) =DD+=-= yyyyyyxg 30

'

0; qyyy  

( ) ( )[ ] =DÖD+-D+= yyyxfyyxf yy 300

'

30

'
;; qq  

( ) xyyyxxf yx DDÖD+D+= 3040

''
; qq , 

ʛʜʝ 10 3<<q , 10 4<<q . 

ʇʝʨʝʭʦʜʷ ʢ ʧʨʝʜʝʣʫ ʧʨʠ ( ) ( )0;0; ­DD yx  ʠ ʧʦʣʴʟʫʷʩʴ ʥʝʧʨʝ-

ʨʳʚʥʦʩʪʴʶ ʩʤʝʰʘʥʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʚ ʪʦʯʢʝ ( )000 ; yxP , ʧʦʣʫʯʘ-

ʝʤ ʨʘʚʝʥʩʪʚʦ  

( ) ( )0000 ,, yxfyxf yxxy
¡¡=¡¡ . ƹ 

 

ɿʘʤʝʯʘʥʠʝ. ɺʩʝ ʧʨʠʚʝʜʝʥʥʳʝ ʚʳʰʝ ʨʘʩʩʫʞʜʝʥʠʷ, ʘ ʪʘʢʞʝ 

ʪʝʦʨʝʤʘ 1 ʠʤʝʶʪ ʤʝʩʪʦ ʠ ʜʣʷ ʬʫʥʢʮʠʠ ʣʶʙʦʛʦ ʯʠʩʣʘ ʧʝʨʝʤʝʥ-

ʥʳʭ. 

ʇʨʠʤʝʨ. ʅʘʡʪʠ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʬʫʥʢ-

ʮʠʠ yx
exyzu
+

-= . 

ʈʝʰʝʥʠʝ. ʌʫʥʢʮʠʷ ʦʧʨʝʜʝʣʝʥʘ ʠ ʥʝʧʨʝʨʳʚʥʘ ʥʘ 
3

R . ɺr-

ʯʠʩʣʷʝʤ: 

yx
eyz

x

u +
-=

µ

µ
,  yx

exz
y

u +
-=

µ

µ
,  xy

z

u
=

µ

µ
, 

yx
e

x

u +
-=

µ

µ
2

2

,  
yx

ez
yx

u +
-=

µµ

µ
2

, y
zx

u
=

µµ

µ
2

, 

yx
e

y

u +
-=

µ

µ
2

2

,  x
zy

u
=

µµ

µ
2

,  0
2

2

=
µ

µ

z

u
. 

 

3. ɼʠʬʬʝʨʝʥʮʠʘʣʳ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ. ʉʣʫʯʘʡ 1. ʌʫʥʢ-

ʮʠʷ ( )yxfz ;= .  ʇʫʩʪʴ ( )yxfz ,=  ï ʬʫʥʢʮʠʷ ʜʚʫʭ ʥʝʟʘʚʠʩʠ-

ʤr ʭ ʧʝʨʝʤʝʥʥʳʭ x  ʠ y, ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ ʚ ʦʙʣʘʩʪʠ ()fD . 
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ʇʨʠʜʘʚʘʷ x  ʠ y  ʧʨʠʨʘʱʝʥʠʷ dxx=D , dyy=D , ʚ ʣʶʙʦʡ ʪʦʯʢʝ 

( ) ()fDyxP Í;  ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʧʦʣʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ 

( ) ( )dyyxfdxyxfdz yx ,, ¡+¡= , 

ʢʦʪʦʨʳʡ ʥʘʟʳʚʘʶʪ ʜʠʬʬʝʨʝʥʮʠʘʣʦʤ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʬʫʥʢʮʠʠ 

( )yxfz ,= . 

ɼʠʬʬʝʨʝʥʮʠʘʣ ʦʪ ʜʠʬʬʝʨʝʥʮʠʘʣʘ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʚ ʣʶʙʦʡ 

ʪʦʯʢʝ ( ) ()fDyxP Í;  ʝʩʣʠ ʦʥ ʩʫʱʝʩʪʚʫʝʪ, ʥʘʟʳʚʘʝʪʩʷ ʜʠʬʬʝʨʝʥ-

ʮʠʘʣʦʤ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ 

( )dzdzd =
2 . 

ʅʘʡʜʝʤ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʚʳʨʘʞʝʥʠʝ ʜʣʷ zd
2
, ʩʯʠʪʘʷ dx ʠ dy  

ʧʦʩʪʦʷʥʥʳʤʠ: 

( ) ( )( ) ( )( ) ( )( ) =¡+¡=¡+¡= dyyxfddxyxfddyyxfdxyxfdzd yxyx ,,,,
2

 

( ) ( )( ) ( ) ( )( ) =¡¡+¡¡+¡¡+¡¡= dydyyxfdxyxfdxdyyxfdxyxf yyyxyxxx ,,,,  

( ) ( ) ( ) 22
,,2, dyyxfdxdyyxfdxyxf yyxyxx

¡¡+¡¡+¡¡= . 

ʇʦʩʪʫʧʘʷ ʘʥʘʣʦʛʠʯʥʦ, ʧʦʣʫʯʘʝʤ ʘʥʘʣʠʪʠʯʝʩʢʦʝ ʚʳʨʘʞʝʥʠʝ 

ʜʣʷ ʜʠʬʬʝʨʝʥʮʠʘʣʘ ʪʨʝʪʴʝʛʦ ʧʦʨʷʜʢʘ zd
3

: 

( )== zddzd
23  

( ) ( ) ( ) ( ) 3223
,3,3,3, dyyxfdxdyyxfdydxyxfdxyxf yyyxyyxxyxxx

¡¡¡+¡¡¡+¡¡¡+¡¡¡= . 

ʀ ʪʘʢ ʜʘʣʝʝ. 

ʆʧʨʝʜʝʣʝʥʠʝ 1. ʌʫʥʢʮʠʷ f  ʥʘʟʳʚʘʝʪʩʷ k  ʨʘʟ ʥʝʧʨʝ-

ʨʳʚʥʦ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ ʚ ʦʙʣʘʩʪʠ G, ʝʩʣʠ ʜʣʷ ʥʝʝ ʩʫʱʝʩʪʚʫ-

ʝʪ k -ʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ʚ ʵʪʦʡ ʦʙʣʘʩʪʠ. 

ʆʙʦʟʥʘʯʘʝʪʩʷ: k

Gf CÍ . 

ɿʘʤʝʯʘʥʠʷ. 1. ɸʥʘʣʠʪʠʯʝʩʢʠʝ ʚʳʨʘʞʝʥʠʷ ʜʣʷ dz, zd
2

 ʠ zd
3

 

ʢʨʘʪʢʦ ʟʘʧʠʩʳʚʘʶʪ ʚ ʚʠʜʝ ʩʣʝʜʫʶʱʠʭ ʩʠʤʚʦʣʠʯʝʩʢʠʭ ʬʦʨʤʫʣ: 

zdy
y

dx
x

dz öö
÷

õ
ææ
ç

å

µ

µ
+

µ

µ
= ,  

zdy
y

dx
x

zd

2

2

öö
÷

õ
ææ
ç

å

µ

µ
+

µ

µ
= ,  

zdy
y

dx
x

zd

3

3

öö
÷

õ
ææ
ç

å

µ

µ
+

µ

µ
= . 
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ʊʦʛʜʘ ʠ ʜʣʷ ʣʶʙʦʛʦ n ʩʧʨʘʚʝʜʣʠʚʦ ʩʦʦʪʥʦʰʝʥʠʝ 

zdy
y

dx
x

zd

n

n

öö
÷

õ
ææ
ç

å

µ

µ
+

µ

µ
= , 

ʧʨʠʯʝʤ ʧʨʘʚʘʷ ʯʘʩʪʴ ʵʪʦʛʦ ʨʘʚʝʥʩʪʚʘ ʨʘʩʢʨʳʚʘʝʪʩʷ ʬʦʨʤʘʣʥɹʦ 

ʧʦ ʙʠʥʦʤʠʘʣʴʥʦʤʫ ʟʘʢʦʥʫ. 

2. ɽʩʣʠ ( )yxfz ,=  ï ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘʷ ʬʫʥʢʮʠʷ ʧʨʦʤʝʞʫ-

ʪʦʯʥʳʭ ʘʨʛʫʤʝʥʪʦʚ x  ʠ y, ʢʦʪʦʨʳʝ, ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ, ʷʚʣʷʶʪʩʷ 

ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʤʠ ʬʫʥʢʮʠʷʤʠ u  ʠ v, ʪʦ xdx Ḑ , ydy Ḑ . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʥʦʚʳʝ ʚʳʨʘʞʝʥʠʷ ʜʣʷ 

( )dzdzd =
2 , ( )zddzd

23
= , é. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʨʠʚʝʜʝʥʥʳʝ ʚʳ-

ʰʝ ʬʦʨʤʫʣʳ ʜʠʬʬʝʨʝʥʮʠʘʣʦʚ ʥʝ ʷʚʣʷʶʪʩʷ ʠʥʚʘʨʠʘʥʪʥʳʤʠ ʜʣʷ 

ʩʣʦʞʥʳʭ ʬʫʥʢʮʠʡ. 

ʇʨʠʤʝʨ. ʅʘʡʪʠ dz ʠ zd
2
, ʝʩʣʠ ( ) xyyxz +-=ln . 

ʈʝʰʝʥʠʝ. ʀʩʧʦʣʴʟʫʝʤ ʬʦʨʤʫʣʫ dyzdxzdz yx
¡+¡= . ʊʘʢ ʢʘʢ 

x

y

yxxy

y

yx
zx

2

11

2

1
+

-
=+

-
=¡ , 

yxy

x

xy

x

yx
zy

-
-=+

-

-
=¡

1

2

1

2

1
, 

ʪʦ 

dy
yxy

x
dx

yxx

y
dz

ö
ö

÷

õ

æ
æ

ç

å

-
-+

ö
ö

÷

õ

æ
æ

ç

å

-
-=

1

2

11

2

1
. 

ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ zd
2

 ʚʳʯʠʩʣʠʤ ʧʨʝʜʚʘʨʠʪʝʣʴʥʦ ʯʘʩʪʥʳʝ 

ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ: 

( ) 32 4

11

x

y

yx
zxx -

-
=¡¡ ,  

( )23

1

4

1

yxy

x
zyy

-
--=¡¡ ,  

( ) xyyx
zxy

4

11
2
+

-
=¡¡ . 

ʊʦʛʜʘ 
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( ) ( )
-

ö
ö

÷

õ

æ
æ

ç

å
+

-
+

ö
ö

÷

õ

æ
æ

ç

å
+

-
= dxdy

xyyx
dx

x

y

yx
zd

4

11
2

4

11
2

2

32

2  

( )
2

32 4

11
dy

y

x

yx ö
ö

÷

õ

æ
æ

ç

å
+

-
- . 

ʉʣʫʯʘʡ 2.  ʌʫʥʢʮʠʷ ()xfu= ,  ( )nxxxx ,...,, 21= .  

ʇʫʩʪʴ ʟʘʜʘʥʘ ʬʫʥʢʮʠʷ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ ()xfu= , 

( )nxxxx ,...,, 21=  ʧʨʦʩʪʨʘʥʩʪʚʘ nR . ʇʨʦʠʟʚʦʜʥʳʝ ʧʦʨʷʜʢʘ ʚʳʰʝ 

ʧʝʨʚʦʛʦ ʦʧʨʝʜʝʣʷʶʪʩʷ ʧʦ ʬʦʨʤʫʣʝ  

ö
ö

÷

õ

æ
æ

ç

å

µµ

µ

µ

µ
=

µµµ

µ
-

kk ii

k

iiii

k

xx

f

xxxx

f

......
2121

1

. 

ɼʠʬʬʝʨʝʥʮʠʘʣ  

() n

n

dx
x

u
dx

x

u
dx

x

u
xdu

µ

µ
++

µ

µ
+

µ

µ
= ...2

2

1

1

, GxÍ , 

ʝʩʪʴ ʬʫʥʢʮʠʷ n2  ʧʝʨʝʤʝʥʥʳʭ, ʘ ʠʤʝʥʥʦ 
nxxx ,...,, 21
 ʠ 1dx , 

2dx , 

... , 
ndx . 

ɽʩʣʠ ʬʠʢʩʠʨʦʚʘʪʴ ʧʝʨʝʤʝʥʥʳʝ 1dx , 
2dx , ... , 

ndx , ʪʦ ʜʠʬʬʝ-

ʨʝʥʮʠʘʣ ()xdu  ʷʚʣʷʝʪʩʷ ʬʫʥʢʮʠʝʡ x , ʠʤʝʶʱʝʡ ʚ ʦʙʣʘʩʪʠ G  ʥʝ-

ʧʨʝʨʳʚʥʳʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ()xdu  ʢʘʢ 

ʬʫʥʢʮʠʷ x  ʠʤʝʝʪ ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ GxÍ  ʜʠʬʬʝʨʝʥʮʠʘʣ ( )dud . 

ʆʙʦʟʥʘʯʠʤ ʧʨʠʨʘʱʝʥʠʷ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ 1xd , 2xd , 

... , nxd . ʊʦʛʜʘ  

( )
( )

äää
= == µµ

µ
=

µ

µ
=

n

k

n

i

ki

ik

n

k

k

k

xdx
xx

u
x

x

du
dud

1 1

2

1

dd . 

ɺʳʨʘʞʝʥʠʝ ( )dud  ʝʩʪʴ ʙʠʣʠʥʝʡʥʘʷ ʬʦʨʤʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʨʠ-

ʨʘʱʝʥʠʡ 1xd , 2xd , ... , nxd . ʇʦʣʘʛʘʷ  

11 xdx d= , 22 xdx d= , ... , nn xdx d=  

ʧʦʣʫʯʘʝʤ ʢʚʘʜʨʘʪʠʯʥʫʶ ʬʦʨʤʫ, ʢʦʪʦʨʘʷ ʥʘʟʳʚʘʝʪʩʷ ʚʪʦʨʳʤ 

ʜʠʬʬʝʨʝʥʮʠʘʣʦʤ ʬʫʥʢʮʠʠ ()xfu=  ʚ ʪʦʯʢʝ x . 

ʆʙʦʟʥʘʯʘʝʪʩʷ: ää
= = µµ

µ
=

n

k

n

i

ki

ik

dxdx
xx

u
ud

1 1

2
2

. 
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ɸʥʘʣʦʛʠʯʥʦ, ʧʨʝʜʧʦʣʘʛʘʷ, ʯʪʦ ʚʩʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʪʨʝ-

ʪʴʝʛʦ ʧʦʨʷʜʢʘ ʥʝʧʨʝʨʳʚʥʳ, ʦʧʨʝʜʝʣʷʝʪʩʷ ʪʨʝʪʠʡ ʜʠʬʬʝʨʝʥʮʠʘʣ 

ʬʫʥʢʮʠʠ ()xfu= : 

äää
= = = µµµ

µ
=

n

k

n

i

jki

jik

n

j

dxdxdx
xxx

u
ud

1 1

3

1

3
. 

ʇʦ ʠʥʜʫʢʮʠʠ ʦʧʨʝʜʝʣʷʝʪʩʷ ʜʠʬʬʝʨʝʥʮʠʘʣ m-ʛʦ ʧʦʨʷʜʢʘ ʚ 

ʧʨʝʜʧʦʣʦʞʝʥʠʠ, ʯʪʦ ʚʩʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ m-ʛʦ ʧʦʨʷʜʢʘ 

ʥʝʧʨʝʨʳʚʥʳ ʚ ʪʦʯʢʝ x . ɽʩʣʠ ʜʠʬʬʝʨʝʥʮʠʘʣ ud
m 1-  ʚʳʯʠʩʣʝʥ ʢʘʢ 

ʦʜʥʦʨʦʜʥʘʷ ʬʦʨʤʘ ʧʦʨʷʜʢʘ 1-m  ʦʪʥʦʩʠʪʝʣʴʥʦ 1dx , 
2dx , ... , 

ndx  

ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʷʚʣʷʶʱʠʤʠʩʷ ʬʫʥʢʮʠʷʤʠ x , ʪʦ ʚʳʯʠʩʣʷʷ 

ʧʝʨʚʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ʦʪ ud
m 1-  ʠ ʧʦʣʘʛʘʷ ʟʘʪʝʤ 

ii xdx d= , 

ni ,...,2,1= ,  ʧʦʣʫʯʠʤ: 

ää
= = µµ

µ
=

n

k

n

i

ii

ii

m
m

m

m

dxdx
xx

u
ud

1 1

...
...

...
1

1

. 

 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ʂʘʢ ʥʘʭʦʜʷʪʩʷ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʳʩʰʠʭ ʧʦʨʷʜʢʦʚ? 

2. ʏʪʦ ʥʘʟʳʚʘʝʪʩʷ ʩʤʝʰʘʥʥʦʡ ʧʨʦʠʟʚʦʜʥʦʡ? ʉʬʦʨʤʫʣʠʨʫʡʪʝ 

ʪʝʦʨʝʤʫ ʦ ʨʘʚʝʥʩʪʚʝ ʩʤʝʰʘʥʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ. 

3. ɼʦʢʘʞʠʪʝ ʬʦʨʤʫʣʫ ʜʣʷ ʜʠʬʬʝʨʝʥʮʠʘʣʘ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ.  
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ʃʝʢʮʠʷ 8. ʊɽʆʈɽʄɸ ʊɽʁʃʆʈɸ ɼʃʗ ʌʋʅʂʎʀʀ  

ʅɽʉʂʆʃʔʂʀʍ ʇɽʈɽʄɽʅʅʓʍ 

 

1. ʌʦʨʤʫʣʘ ʊʝʡʣʦʨʘ ʜʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ. 

2. ʌʦʨʤʫʣʘ ʄʘʢʣʦʨʝʥʘ. 

 

1. ʌʦʨʤʫʣʘ ʊʝʡʣʦʨʘ ʜʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ.  

ʅʘʧʦʤʠʥʘʥʠʝ. ʌʦʨʤʫʣʘ ʊʝʡʣʦʨʘ ʜʣʷ ʬʫʥʢʮʠʠ ʦʜʥʦʡ ʧʝ-

ʨʝʤʝʥʥʦʡ ()xfy=  ʩ ʦʩʪʘʪʦʯʥʳʤ ʯʣʝʥʦʤ ʚ ʬʦʨʤʝ ʃʘʛʨʘʥʞʘ ʟʘ-

ʧʠʩrʚʘʝʪʩʷ ʯʝʨʝʟ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʵʪʦʡ ʬʫʥʢʮʠʠ ʚ ʚʠʜʝ: 
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ʊʝʦʨʝʤʘ 1 (ʊʝʡʣʦʨʘ). ʇʫʩʪʴ ʬʫʥʢʮʠʷ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ 

( )yxfz ,=  ʥʝʧʨʝʨʳʚʥʘ ʩʦ ʚʩʝʤʠ ʯʘʩʪʥʳʤʠ ʧʨʦʠʟʚʦʜʥʳʤʠ ʜʦ 

( )1+n  ʧʦʨʷʜʢʘ ʚʢʣʶʯʠʪʝʣʴʥʦ ʚ ʥʝʢʦʪʦʨʦʡ d-ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯ-

ʢʠ ( ) ()fDyxP Í000 ; . ʊʦʛʜʘ ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ ʬʦʨʤʫʣʦʡ ʊʝʡ-

ʣʦʨʘ ʜʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ 
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Ʒ ʈʘʩʩʤʦʪʨʠʤ ʚʩʧʦʤʦʛʘʪʝʣʴʥʫʶ ʬʫʥʢʮʠʶ  

() ( )ytyxtxftF D+D+= 00 ; , 10 ¢¢t , 

ʢʦʪʦʨʘʷ ʷʚʣʷʝʪʩʷ ʩʣʦʞʥʦʡ ʬʫʥʢʮʠʝʡ ʥʝʟʘʚʠʩʠʤʦʡ ʧʝʨʝʤʝʥʥʦʡ t  

ʠ ʠʤʝʝʪ ( )1+n -ʶ ʧʨʦʠʟʚʦʜʥʫʶ ʧʦ t  ʥʘ ʦʪʨʝʟʢʝ [ ]1;0 . 

ʉʦʛʣʘʩʥʦ ʬʦʨʤʫʣʝ ʊʝʡʣʦʨʘ ʜʣʷ ʬʫʥʢʮʠʠ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ ʩ 

ʦʩʪʘʪʦʯʥʳʤ ʯʣʝʥʦʤ ʚ ʬʦʨʤʝ ʃʘʛʨʘʥʞʘ ʠʤʝʝʤ 
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ʆʪʩʶʜʘ ʧʨʠ 1=t  ʧʦʣʫʯʠʤ 

() ( )=D+D+= yyxxfF 00 ;1  
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ʅʘʡʜʝʤ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʠ ()tF . ʊʘʢ ʢʘʢ x
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dx
D=  ʠ 

y
dt
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D= , ʪʦ ʧʝʨʚʘʷ ʧʨʦʠʟʚʦʜʥʘʷ ʝʩʪʴ: 
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ʇʦʜʩʪʘʚʣʷʷ ʚ ʬʦʨʤʫʣʫ (2), ʠʤʝʝʤ 

() () ( ) ( ) ( ) ( ) ...,
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,,,01 00
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0000 ++=-=- yxfdyxdfyxfyxfFF  
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( )

( )hx,
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00 fd
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yxfd
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nn +

+
++ , 

ʛʜʝ ( )( )yxyyxx ;; 00 =D+D+ qq .ƹ 

ʉʣʝʜʩʪʚʠʝ.  ʇʨʠ ʫʩʣʦʚʠʷʭ ʪʝʦʨʝʤʳ 1 ʠʤʝʝʪ ʤʝʩʪʦ ʬʦʨʤʫʣʘ 

ʊʝʡʣʦʨʘ ʩ ʦʩʪʘʪʦʯʥʳʤ ʯʣʝʥʦʤ ʚ ʬʦʨʤʝ ʇʝʘʥʦ 
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oyxfd
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yxfdyxdfyxfyxf r+++++= 0000
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Ʒ ʆʩʪʘʪʦʯʥʳʡ ʯʣʝʥ ʬʦʨʤʫʣʳ ʊʝʡʣʦʨʘ ʚ ʬʦʨʤʝ ʃʘʛʨʘʥʞʘ ʜʣʷ 

ʬʫʥʢʮʠʠ ( )yxfz ,=  

( )
( )

( )hxhx ,
!1

1
;

1
fd

n
R

n

n

+

+
=  

ʷʚʣʷʝʪʩʷ ʧʨʠ ( ) ( )00;; yxyx ­  ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʡ ʚʝʣʠʯʠʥʦʡ ʙʦʣʝʝ 

ʚʳʩʦʢʦʛʦ ʧʦʨʷʜʢʘ ʤʘʣʦʩʪʠ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ ( )0,PP
nr , ʛʜʝ 

( ) ( )20

2

0 yyxx -+-=r . ʇʦʵʪʦʤʫ ʦʩʪʘʪʦʯʥʳʡ ʯʣʝʥ ( )hx;nR  

ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʬʦʨʤʝ ʇʝʘʥʦ 

( ) ( )n
oyxR r=, . ƹ 

2. ʌʦʨʤʫʣʘ ʄʘʢʣʦʨʝʥʘ. ɽʩʣʠ ʚ ʬʦʨʤʫʣʝ (1) ʧʦʣʦʞʠʪʴ 

000 ==yx , ʧʦʣʫʯʘʝʪʩʷ ʬʦʨʤʫʣʘ ʄʘʢʣʦʨʝʥʘ ʜʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ 

ʧʝʨʝʤʝʥʥʳʭ ( )yxfz ,= : 
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( ) ( ) ( ) ( ) ( ) n

n
Rfd

n
fddffyxf +++++= 0,0

!

1
...0,0

!2

1
0,00,0,

2 . 

ʇʨʠʤʝʨ. ɿʘʧʠʩʘʪʴ ʬʦʨʤʫʣʫ ʊʝʡʣʦʨʘ ʧʨʠ 2=n  ʩ ʦʩʪʘʪʦʯʥʳʤ 

ʯʣʝʥʦʤ ʚ ʬʦʨʤʝ ʇʝʘʥʦ ʜʣʷ ʬʫʥʢʮʠʠ ( ) xy
yxf 2, =  ʚ ʪʦʯʢʝ ()1;10P . 

ʈʝʰʝʥʠʝ. ɼʣʷ ʣʶʙʳʭ x , ( )0;PUy eÍ  ʠʤʝʝʪ ʤʝʩʪʦ ʬʦʨʤʫʣʘ 

ʊʝʡʣʦʨʘ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ: 
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,,, royxfdyxdfyxfyxf +++=  

ʠʣʠ ʚ ʢʨʘʪʢʦʡ ʟʘʧʠʩʠ 
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ɺʳʯʠʩʣʠʤ: 
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2
2 dyPfdxdyPfdxPfPfd yyxyxx  

( ) ( )( )( )( )+--Ö++-Ö= 112ln22ln2212ln2
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xyxyxy  

( ) =-ÖÖ+
0

22
22ln2 P

xy
yx  

( ) ( )( )( ) ( )2222
12ln2112ln22ln212ln2 -Ö+--++-Ö= yyxx . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

( ) ( ) ( )+-Ö+-Ö+-Ö+=
22

12ln12ln212ln222 xyx
xy  

( ) ( )( ) ( ) ( )22
12ln112ln2ln21 royyx +-Ö+--Ö-+ ,  

ʛʜʝ ( ) ( )222
11 -+-= yxr . 

ʉ ʧʦʤʦʱʴʶ ʬʦʨʤʫʣʳ ʊʝʡʣʦʨʘ ʜʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ ʥʝʟʘʚʠʩʠ-

ʤʳʭ ʧʝʨʝʤʝʥʥʳʭ ʤʦʞʥʦ ʥʘʭʦʜʠʪʴ ʧʨʠʙʣʠʞʝʥʥʳʝ ʟʥʘʯʝʥʠʷ 

ʬʫʥʢʮʠʠ ʚ ʪʦʯʢʝ, ʘ ʪʘʢʞʝ ʠʩʩʣʝʜʦʚʘʪʴ  ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥ-

ʥʳʭ ʥʘ ʵʢʩʪʨʝʤʫʤ. 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

 

1. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʪʝʦʨʝʤʫ ʊʝʡʣʦʨʘ ʜʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝ-

ʤʝʥʥʳʭ. 

2. ʂʘʢʦʡ ʚʠʜ ʠʤʝʝʪ ʬʦʨʤʫʣʘ ʄʘʢʣʦʨʝʥʘ ʜʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ 

ʧʝʨʝʤʝʥʥʳʭ? 
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ʃʝʢʮʠʷ 9. ʕʂʉʈɽʄʋʄ ʌʋʅʂʎʀʀ ʄʅʆɻʀʍ  

ʇɽʈɽʄɽʅʅʓʍ 

 

1. ʇʦʥʷʪʠʝ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. 

2. ʅʝʢʦʪʦʨʳʝ ʩʚʝʜʝʥʠʷ ʦ ʢʚʘʜʨʘʪʠʯʥʳʭ ʬʦʨʤʘʭ. 

3. ɼʦʩʪʘʪʦʯʥʳʝ ʫʩʣʦʚʠʷ ʵʢʩʪʨʝʤʫʤʘ. 

 

1. ʇʦʥʷʪʠʝ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ. ʇʫʩʪʴ 

ʜʘʥʘ ʬʫʥʢʮʠʷ ( ) ()Pfxxxfu n == ;...;; 21
, ʦʧʨʝʜʝʣʝʥʥʘʷ ʚ ʥʝʢʦʪʦ-

ʨʦʡ d-ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ ( )00

2

0

10 ;...;; nxxxP . 

ʆʧʨʝʜʝʣʝʥʠʝ 1. ʊʦʯʢʘ ( )00

2

0

10 ;...;; nxxxP  ʥʘʟʳʚʘʝʪʩʷ ʪʦʯʢʦʡ 

ʣʦʢʘʣʴʥʦʛʦ ʤʘʢʩʠʤʫʤʘ (ʤʠʥʠʤʫʤʘ) ʬʫʥʢʮʠʠ ()Pfu= , ʝʩʣʠ 

ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʘʷ d-ʦʢʨʝʩʪʥʦʩʪʴ ʵʪʦʡ ʪʦʯʢʠ, ʯʪʦ ʜʣʷ ʚʩʝʭ 

( ) ( )021 ;;...;; PUxxxP n d
A

Í  ʚʳʧʦʣʥʷʝʪʩʷ ʥʝʨʘʚʝʥʩʪʚʦ 

() ()PfPf >0
 

( () ()PfPf <0
), 

ʟʥʘʯʝʥʠʝ ( )0Pf  ʥʘʟʳʚʘʶʪ ʣʦʢʘʣʴʥʳʤ ʤʘʢʩʠʤʫʤʦʤ (ʤʠʥʠʤʫ-

ʤʦʤ) ʬʫʥʢʮʠʠ. 

ʆʙʦʟʥʘʯʘʝʪʩʷ: 

( )

() ( )0

; 0

max PfPf
PUP

=
Í d
A

 

(
( )

() ( )0

; 0

min PfPf
PUP

=
Í d
A

). 

ʊʦʯʢʠ ʤʘʢʩʠʤʫʤʘ ʠʣʠ ʤʠʥʠʤʫʤʘ ʬʫʥʢʮʠʠ ʥʘʟʳʚʘʶʪ ʪʦʯʢʘ-

ʤʠ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ, ʘ ʤʘʢʩʠʤʫʤʳ ʠ ʤʠʥʠʤʫʤʳ ʬʫʥʢʮʠʠ ï 

ʢɻʩʪʨʝʤʫʤʘʤʠ ʬʫʥʢʮʠʠ. 

ʇʨʠʤʝʨʳ. 1. ʌʫʥʢʮʠʷ ( ) ( )22
111 ----= yxz  ʠʤʝʝʪ ʣʦʢʘʣʴ-

ʥʳʡ ʤʘʢʩʠʤʫʤ ʚ ʪʦʯʢʝ ()1;10P , ()11,1max ==zz . ɼʝʡʩʪʚʠʪʝʣʴʥʦ, 

ʩʫʱʝʩʪʚʫʝʪ ʦʢʨʝʩʪʥʦʩʪʴ ʪʦʯʢʠ ()1;10P  (ʨʠʩ.1), ʚ ʢʦʪʦʨʦʡ ʚʳʧʦʣ-

ʥʷʝʪʩʷ ʫʩʣʦʚʠʝ () ( )yxff ;1;1 >  ( ) ( )0;; PUyxP d
A

Í" . 

2. ʌʫʥʢʮʠʷ ( ) ( )22
21 -+-= yxz  ʠʤʝʝʪ ʣʦʢʘʣʴʥʳʡ ʤʠʥʠʤʫʤ ʚ 

ʪʦʯʢʝ ( )2;10P  (ʨʠʩ.2), ʪʘʢ ʢʘʢ ʚ ʣʶʙʦʡ ʪʦʯʢʝ ( )yxP ; , ʧʨʠʥʘʜʣʝ-

ʞʘʱʝʡ ʜʦʩʪʘʪʦʯʥʦ ʤʘʣʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 0P , ʚʳʧʦʣʥʷʝʪʩʷ 

ʫʩʣʦʚʠʝ ( ) ( )yxff ,2,1 <  ( ) ( )0;; PUyxP d
A

Í" . 
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ʈʠʩ.1.      

    ʈʠʩ.2. 

 

ɿʘʤʝʯʘʥʠʝ. ɽʩʣʠ ʬʫʥʢʮʠʷ ()Pfu=  ʠʤʝʝʪ ʚ ʪʦʯʢʝ 

( )00

2

0

10 ;...;; nxxxP  ʣʦʢʘʣʴʥʳʡ ʵʢʩʪʨʝʤʫʤ, ʪʦ: 

ʚ ʩʣʫʯʘʝ ʣʦʢʘʣʴʥʦʛʦ ʤʘʢʩʠʤʫʤʘ ï () () 00 <D=- uPfPf , 

ʚ ʩʣʫʯʘʝ ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠʤʫʤʘ ï () () 00 >D=- uPfPf . 

ʀʟ ʩʢʘʟʘʥʥʦʛʦ ʚʳʰʝ ʩʣʝʜʫʝʪ, ʯʪʦ ʧʦʣʥʦʝ ʧʨʠʨʘʱʝʥʠʝ ʬʫʥʢ-

ʮʠʠ ʥʝ ʤʝʥʷʝʪ ʟʥʘʢʘ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ( )0;PU d
A

. ʆʜʥʘʢʦ ʜʣʷ ʚʩʝʭ 

ʪʦʯʝʢ ( )0;PUP d
A

Í  ʦʧʨʝʜʝʣʠʪʴ ʟʥʘʢ ʧʨʠʨʘʱʝʥʠʷ uD  ʧʨʘʢʪʠʯʝʩʢʠ 

ʥʝʚʦʟʤʦʞʥʦ, ʧʦʵʪʦʤʫ ʥʘʜʦ ʠʩʢʘʪʴ ʜʨʫʛʠʝ ʫʩʣʦʚʠʷ, ʧʦ ʢʦʪʦʨʳʤ 

ʤʦʞʥʦ ʩʫʜʠʪʴ ʦ ʥʘʣʠʯʠʠ ʠ ʭʘʨʘʢʪʝʨʝ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ ʚ 

ʜʘʥʥʦʡ ʪʦʯʢʝ. 

ʊʝʦʨʝʤʘ 1 (ʥʝʦʙʭʦʜʠʤʳʝ ʫʩʣʦʚʠʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʣʦʢʘʣʴ-

ʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ). ɽʩʣʠ ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxP  ʜʠʬʬʝʨʝʥʮʠʨʫ-

ʝʤʘʷ ʬʫʥʢʮʠʷ ( )nxxxfu ;...;; 21=  ʠʤʝʝʪ ʣʦʢʘʣʴʥʳʡ ʵʢʩʪʨʝʤʫʤ, 

ʪʦ ʝʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚ ʵʪʦʡ ʪʦʯʢʝ ʨʘʚʥʳ ʥʫʣʶ: 

( ) ( ) ( )
0... 0

2

0

1

0 =
µ

µ
==

µ

µ
=

µ

µ

nx

Pu

x

Pu

x

Pu
,  (1) 

ʠʣʠ, ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ, ʦʜʥʘ ʠʟ ʥʠʭ ʥʝ ʩʫʱʝʩʪʚʫʝʪ. 

Ʒ ɼʦʢʘʞʝʤ ʫʪʚʝʨʞʜʝʥʠʝ ʪʝʦʨʝʤʳ ʜʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝ-

ʤʝʥʥʳʭ ( )yxfz ;= . 

ʇʫʩʪʴ ( )000 ; yxP  ï ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ. ʈʘʩ-

ʩʤʦʪʨʠʤ ʚ ( )0; PU d  ʣʠʰʴ ʪʝ ʪʦʯʢʠ, ʜʣʷ ʢʦʪʦʨʳʭ 
0yy= . ʇʦʣʫʯʠʤ 

ʬʫʥʢʮʠʶ ( ) ()xyxfz j== 0,  ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ x. ʕʪʘ ʬʫʥʢʮʠʷ 

ʠʤʝʝʪ ʚ ʪʦʯʢʝ 0x  ʵʢʩʪʨʝʤʫʤ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 
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() ( ) 0, 000 =¡=¡ yxfx xj . 

ɸʥʘʣʦʛʠʯʥʦ ʜʦʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ ( ) 0, 00 =¡ yxf y . ƹ 

ʇʨʠʤʝʨ. ʌʫʥʢʮʠʷ ( ) 22
1, yxyxf +-=  ʠʤʝʝʪ ʤʘʢʩʠʤʫʤ ʚ 

ʪʦʯʢʝ ( )0;00P  (ʨʠʩ.3), ʪʘʢ ʢʘʢ ʜʣʷ ʣʶʙʦʡ ʪʦʯʢʠ ( ) ( )0;; PUyxP d
A

Í  

ʚʳʧʦʣʥʷʝʪʩʷ ʫʩʣʦʚʠʝ ( ) ( )yxff ,0,0 > .  

 
ʈʠʩ.3. 

 

ʏʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʬʫʥʢʮʠʠ ʨʘʚʥʳ 

22
yx

x
f x

+
-=¡ , ( )

22
,

yx

y
yxf y

+
-=¡  

ʠ ʚ ʪʦʯʢʝ ( )0;00P  ʥʝ ʩʫʱʝʩʪʚʫʶʪ. 

ʉʣʝʜʩʪʚʠʝ. ɽʩʣʠ ʬʫʥʢʮʠʷ ( )nxxxfu ;...;; 21=  ʠʤʝʝʪ ʚ ʪʦʯʢʝ 

( )00

2

0

10 ;...;; nxxxP  ʣʦʢʘʣʴʥʳʡ ʵʢʩʪʨʝʤʫʤ, ʪʦ ʝʝ ʜʠʬʬʝʨʝʥʮʠʘʣ ʚ 

ʵʪʦʡ ʪʦʯʢʝ ( )0Pdu  ʨʘʚʝʥ ʥʫʣʶ ʠʣʠ ʥʝ ʩʫʱʝʩʪʚʫʝʪ. 

ʊʦʯʢʘ ( )00

2

0

10 ;...;; nxxxP , ʚ ʢʦʪʦʨʦʡ ʚʳʧʦʣʥʷʝʪʩʷ ʫʩʣʦʚʠʝ (1), 

ʥʘʟʚrʘʝʪʩʷ ʪʦʯʢʦʡ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ʠʣʠ ʩʪʘʮʠʦʥʘʨ-

ʥrʤʠ (ʢʨʠʪʠʯʝʩʢʠʤʠ). 
ʈʘʚʝʥʩʪʚʦ ʥʫʣʶ ʯʘʩʪʥʳʭ ʧʨʦʠʟʚʦʜʥʳʭ ʧʝʨʚʦʛʦ ʧʦʨʷʜʢʘ ʥʝ 

ʷʚʣʷʝʪʩʷ ʜʦʩʪʘʪʦʯʥʳʤ ʫʩʣʦʚʠʝʤ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʵʢʩʪʨʝʤʫʤʘ 

ʬʫʥʢʮʠʠ ( )nxxxfu ;...;; 21=  ʚ ʪʦʯʢʝ ( )00

2

0

10 ;...;; nxxxP . 

ʇʨʠʤʝʨ. ʌʫʥʢʮʠʶ 2
xyz= . ʆʥʘ ʟʘʜʘʥʘ ʥʘ ʚʩʝʡ ʯʠʩʣʦʚʦʡ 

ʧʣʦʩʢʦʩʪʠ 
2

R . ʊʦʯʢʘ ( )0;0O  ʙʫʜʝʪ ʢʨʠʪʠʯʝʩʢʦʡ, ʧʦʩʢʦʣʴʢʫ 

ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚ ʥʝʡ ʨʘʚʥʳ ʥʫʣʶ. ʊʘʢ ʢʘʢ ʬʫʥʢʮʠʷ ʨʘʚʥʘ 

ʥʫʣʶ ʚ ʪʦʯʢʝ O, ʘ ʚ ʣʶʙʦʡ ʩʢʦʣʴ ʫʛʦʜʥʦ ʤʘʣʦʡ ʦʢʨʝʩʪʥʦʩʪʠ 

( )0; PU d  ʦʥʘ ʧʨʠʥʠʤʘʝʪ ʢʘʢ ʧʦʣʦʞʠʪʝʣʴʥʳʝ, ʪʘʢ ʠ ʦʪʨʠʮʘʪʝʣʴ-
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ʥʳʝ ʟʥʘʯʝʥʠʷ, ʪʦ ʬʫʥʢʮʠʷ 2
xyz=  ʥʝ ʠʤʝʝʪ ʚ ʪʦʯʢʝ O  ʵʢʩʪʨʝ-

ʤʫʤʘ. 

 

2. ʅʝʢʦʪʦʨʳʝ ʩʚʝʜʝʥʠʷ ʦ ʢʚʘʜʨʘʪʠʯʥʳʭ ʬʦʨʤʘʭ. 
ʆʧʨʝʜʝʣʝʥʠʝ 2. ʌʫʥʢʮʠʷ ʚʠʜʘ  

( ) +++++= 1221112112

2

11121 ...;...;; xxaxxaxxaxaxxxQ nnn  

ää
= =

==+++++
n

i

n

j

jiijnnnnn xxaxaxxaxa
1 1

2

22

2

222 ......  

ʥʘʟʳʚʘʝʪʩʷ ʢʚʘʜʨʘʪʠʯʥʦʡ ʬʦʨʤʦʡ ʦʪ ʧʝʨʝʤʝʥʥʳʭ 1x , 2x , 

... , nx , ʯʠʩʣʘ ija , nji ,...,2,1, = , ʥʘʟʳʚʘʶʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 

ʢʚʘʜʨʘʪʠʯʥʦʡ ʬʦʨʤʳ, ʤʘʪʨʠʮʘ  

ö
ö
ö
ö
ö

÷

õ

æ
æ
æ
æ
æ

ç

å

=

nnnn

n

n

aaa

aaa

aaa

A

...

........

...

...

21

22221

11211

 

ʥʘʟʳʚʘʝʪʩʷ ʤʘʪʨʠʮʝʡ ʢʚʘʜʨʘʪʠʯʥʦʡ ʬʦʨʤʳ. 

ɽʩʣʠ jiij aa =  ʜʣʷ jiji ¸"; , ʪʦ ʢʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ʥʘʟʳʚʘ-

ʝʪʩʷ ʩʠʤʤʝʪʨʠʯʥʦʡ. 

ʆʧʨʝʜʝʣʝʥʠʝ 3. ʆʧʨʝʜʝʣʠʪʝʣʠ  

111 a=D , 
2221

1211

2
aa

aa
=D ,é, 

nnnn

n

n

n

aaa

aaa

aaa

...

........

...

...

21

22221

11211

=D  

ʥʘʟʳʚʘʶʪʩʷ ʛʣʘʚʥʳʤʠ ʤʠʥʦʨʘʤʠ ʤʘʪʨʠʮʳ A .  

ʆʧʨʝʜʝʣʝʥʠʝ 4. ʂʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ( )nxxxQ ;...;; 21
 

ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʦʞʠʪʝʣʴʥʦ ʦʧʨʝʜʝʣʝʥʥʦʡ (ʦʪʨʠʮʘʪʝʣʴʥʦ 

ʦʧʨʝʜʝʣʝʥʥʦʡ), ʝʩʣʠ ʜʣʷ ʣʶʙʳʭ ʟʥʘʯʝʥʠʡ ʧʝʨʝʤʝʥʥʳʭ 1x , 2x , 

... , nx , ʦʜʥʦʚʨʝʤʝʥʥʦ ʥʝ ʨʘʚʥʳʭ ʥʫʣʶ, ʦʥʘ ʧʨʠʥʠʤʘʝʪ ʧʦʣʦʞʠ-

ʪʝʣʴʥʳʝ (ʦʪʨʠʮʘʪʝʣʴʥʳʝ) ʟʥʘʯʝʥʠʷ. 

ʇʨʠʤʝʨ. ʂʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ( ) 2

2

2

121; xxxxQ +=  ʷʚʣʷʝʪʩʷ ʧʦ-

ʣʦʞʠʪʝʣʴʥʦ ʦʧʨʝʜʝʣʝʥʥʦʡ ʢʚʘʜʨʘʪʠʯʥʦʡ ʬʦʨʤʦʡ, ʪʘʢ ʢʘʢ 

( ) 0; 21 >xxQ  ʚʦ ʚʩʝʭ ʪʦʯʢʘʭ ( )21;xx , ʢʨʦʤʝ ʪʦʯʢʠ ( )0;0O . 



 69 

ʆʧʨʝʜʝʣʝʥʠʝ 5. ʂʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ( )nxxxQ ;...;; 21
 

ʥʘʟʳʚʘʝʪʩʷ ʟʥʘʢʦʦʧʨʝʜʝʣʝʥʥʦʡ, ʝʩʣʠ ʦʥʘ ʷʚʣʷʝʪʩʷ ʧʦʣʦʞʠʪʝʣʴ-

ʥʦ ʦʧʨʝʜʝʣʝʥʥʦʡ ʠʣʠ ʦʪʨʠʮʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʝʥʥʦʡ. ʂʚʘʜʨʘʪʠʯʥʘʷ 

ʬʦʨʤʘ ( )nxxxQ ;...;; 21
 ʥʘʟʳʚʘʝʪʩʷ ʢʚʘʟʠʟʥʘʢʦʦʧʨʝʜʝʣʝʥʥʦʡ, ʝʩʣʠ 

ʦʥʘ ʧʨʠʥʠʤʘʝʪ ʣʠʙʦ ʪʦʣʴʢʦ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʝ, ʣʠʙʦ ʪʦʣʴʢʦ ʥʝʧʦ-

ʣʦʞʠʪʝʣʴʥʳʝ ʟʥʘʯʝʥʠʠ, ʧʨʠ ʵʪʦʤ ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ ʥʝ ʪʦʣʴʢʦ 

ʧʨʠ 0...21 ==== nxxx . ʂʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ( )nxxxQ ;...;; 21
 

ʥʘʟʳʚʘʝʪʩʷ ʟʥʘʢʦʧʝʨʝʤʝʥʥʦʡ, ʝʩʣʠ ʦʥʘ ʧʨʠʥʠʤʘʝʪ ʢʘʢ  ʧʦʣʦʞʠ-

ʪʝʣʴʥʳʝ, ʪʘʢ ʠ ʦʪʨʠʮʘʪʝʣʴʥʳʝ ʟʥʘʯʝʥʠʷ. 

ʇʨʠʤʝʨʳ. 1. ʂʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ( ) 2

221

2

121 2; xxxxxxQ ++=  

ʷʚʣʷʝʪʩʷ ʢʚʘʟʠʦʧʨʝʜʝʣʝʥʥʦʡ ʢʚʘʜʨʘʪʠʯʥʦʡ ʬʦʨʤʦʡ, ʪʘʢ ʢʘʢ 

( ) 0; 21 ²xxQ  ʚʦ ʚʩʝʭ ʪʦʯʢʘʭ ( )21;xx , ʧʨʠ ʵʪʦʤ ( ) 0; 21 =xxQ  ʥʝ 

ʪʦʣʴʢʦ ʚ ʪʦʯʢʝ ( )0;0O . 

2. ʂʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ( ) 21

2

121 2; xxxxxQ +=  ʷʚʣʷʝʪʩʷ ʟʥʘʢʦ-

ʧʝʨʝʤʝʥʥʦʡ. 

ʊʝʦʨʝʤʘ 2 (ʢʨʠʪʝʨʠʡ ʉʠʣʴʚʝʩʪʨʘ). 1) ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ 

ʢʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ( )nxxxQ ;...;; 21
 ʙʳʣʘ ʧʦʣʦʞʠʪʝʣʴʥʦ ʦʧʨʝ-

ʜʝʣʝʥʥʦʡ, ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ ʚʩʝ ʝʝ ʛʣʘʚʥʳʝ ʤʠ-

ʥʦʨʳ ʙʳʣʠ ʧʦʣʦʞʠʪʝʣʴʥʳ: 

0111 >=D a , 0
2221

1211

2 >=D
aa

aa
,é, 0

...

........

...

...

21

22221

11211

>=D

nnnn

n

n

n

aaa

aaa

aaa

. 

2) ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʢʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ( )nxxxQ ;...;; 21
 ʙʳʣʘ 

ʦʪʨʠʮʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʝʥʥʦʡ, ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘʪʦʯʥʦ, ʯʪʦʙʳ 

ʟʥʘʢʠ ʛʣʘʚʥʳʭ ʤʠʥʦʨʦʚ ʝʝ ʤʘʪʨʠʮʳ ʯʝʨʝʜʦʚʘʣʠʩʴ ʩʣʝʜʫʶʱʠʤ 

ʦʙʨʘʟʦʤ: 

01<D , 02 >D , 03 <D , 04 >D , ... . 

ɹʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ. 

 

3. ɼʦʩʪʘʪʦʯʥʳʝ ʫʩʣʦʚʠʷ ʵʢʩʪʨʝʤʫʤʘ. 

ʊʝʦʨʝʤʘ 3 (ʜʦʩʪʘʪʦʯʥʳʝ ʫʩʣʦʚʠʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʣʦʢʘʣʴ-

ʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ). ʇʫʩʪʴ ʬʫʥʢʮʠʷ ( ) ()Pfxxxfu n == ;...;; 21
 

ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 

( )00

2

0

10 ;...;; nxxxP  ʠ ʜʚʘʞʜʳ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʘ ʚ ʩʘʤʦʡ ʪʦʯʢʝ 0P , 
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ʧʨʠʯʝʤ 0P  ï ʪʦʯʢʘ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ, ʪ.ʝ. () 00 =Pdu . 

ʊʦʛʜʘ 1) ʝʩʣʠ ʚʪʦʨʦʡ ʜʠʬʬʝʨʝʥʮʠʘʣ ()0

2
Pud  ʷʚʣʷʝʪʩʷ ʧʦʣʦʞʠ-

ʪʝʣʴʥʦ ʦʧʨʝʜʝʣʝʥʥʦʡ (ʦʪʨʠʮʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʝʥʥʦʡ) ʬʦʨʤʦʡ ʦʪ 

ʧʝʨʝʤʝʥʥʳʭ 1dx , 
2dx , ... , 

ndx , ʪʦ ʬʫʥʢʮʠʷ ()Pfu=  ʠʤʝʝʪ ʚ 

ʪʦʯʢʝ 0P  ʣʦʢʘʣʴʥʳʡ ʤʠʥʠʤʫʤ (ʤʘʢʩʠʤʫʤ); 

2) ʝʩʣʠ ()0

2
Pud  ʷʚʣʷʝʪʩʷ ʟʥʘʢʦʧʝʨʝʤʝʥʥʦʡ ʢʚʘʜʨʘʪʠʯʥʦʡ 

ʬʦʨʤʦʡ, ʪʦ ʬʫʥʢʮʠʷ ()Pfu=  ʚ ʪʦʯʢʝ 0P  ʵʢʩʪʨʝʤʫʤʘ ʥʝ ʠʤʝʝʪ. 

ɹʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ. 

ɿʘʤʝʯʘʥʠʝ. ɽʩʣʠ () 00 =Pdu , ʘ ()0

2
Pud  ʷʚʣʷʝʪʩʷ ʢʚʘʟʠʦʧʨʝʜʝ-

ʣʝʥʥʦʡ ʢʚʘʜʨʘʪʠʯʥʦʡ ʬʦʨʤʦʡ, ʪʦ ʬʫʥʢʮʠʷ ()Pfu=  ʤʦʞʝʪ ʠʤʝʪʴ 

ʚ ʪʦʯʢʝ 0P  ʣʦʢʘʣʴʥʳʡ ʵʢʩʪʨʝʤʫʤ, ʘ ʤʦʞʝʪ ʠ ʥʝ ʠʤʝʪʴ. 

ɼʣʷ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ( )yxfz ;=  ʜʘʥʥʘʷ ʪʝʦʨʝʤʘ 

ʬʦʨʤʫʣʠʨʫʝʪʩʷ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. 

ʊʝʦʨʝʤʘ 4 (ʜʦʩʪʘʪʦʯʥʳʝ ʫʩʣʦʚʠʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʣʦʢʘʣʴ-

ʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ). ʇʫʩʪʴ ( )000 ; yxP  ï ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ, 

ʜʚʘʞʜʳ ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʦʡ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ( )0; PU d  ʬʫʥʢʮʠʠ 

( )yxfz ;= . ʀ ʧʫʩʪʴ 

( )
( ) ( )

( ) ( )
2

00

00

0 BAC
CB

BA

PfPf

PfPf
P

yyxy

xyxx
-==

¡¡¡¡

¡¡¡¡
=D .  (2) 

ʊʦʛʜʘ ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ ( )000 ; yxP  ʷʚʣʷʝʪʩʷ: 

1) ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ ʤʘʢʩʠʤʫʤʘ, ʝʩʣʠ () 00 >DP  ʠ 

( ) 0, 00 <¡¡ yxfxx
; 

2) ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠʤʫʤʘ, ʝʩʣʠ () 00 >DP  ʠ 

( ) 0, 00 >¡¡ yxfxx
; 

3) ʝʩʣʠ () 00 <DP , ʪʦ ʚ ʩʪʘʮʠʦʥʘʨʥʦʡ ʪʦʯʢʝ 0P  ʵʢʩʪʨʝʤʫʤʘ 

ʥʝʪ,  

4) ʝʩʣʠ ( ) 00 =DP , ʪʦ ʣʦʢʘʣʴʥʳʡ ʵʢʩʪʨʝʤʫʤ ʤʦʞʝʪ ʙʳʪʴ, ʘ 

ʤʦʞʝʪ ʠ ʥʝ ʙʳʪʴ. 

Ʒ ʀʟ ʦʧʨʝʜʝʣʝʥʠʷ ʣʦʢʘʣʴʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʝʩʣʠ 

ʬʫʥʢʮʠʷ ( )yxfz ,=  ʠʤʝʝʪ ʚ ʪʦʯʢʝ ( )000 ; yxP  ʣʦʢʘʣʴʥʳʡ ʤʘʢʩʠ-

ʤʫʤ, ʪʦ ʧʨʠʨʘʱʝʥʠʝ 0<Dz  ( )0;PUP d
A

Í" ; ʝʩʣʠ ʞʝ ( )000 ; yxP  ï 

ʪʦʯʢʘ ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠʤʫʤʘ, ʪʦ 0>Dz  ( )0;PUP d
A

Í" . 
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ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʟʥʘʢʘ ʧʨʠʨʘʱʝʥʠʷ zD  ʚ d-ʦʢʨʝʩʪʥʦʩʪʠ ʩʪʘ-

ʮʠʦʥʘʨʥʦʡ ʪʦʯʢʠ ( )000 ; yxP  ʨʘʟʣʦʞʠʤ ʬʫʥʢʮʠʶ ( )yxfz ,=  ʧʦ 

ʬʦʨʤʫʣʝ ʊʝʡʣʦʨʘ 

( ) ( ) ( )++++=D 0000

2

00 ,
!

1
...,

!2

1
, yxfd

n
yxfdyxdfz

n  

( )
( )hx,

1

1 1
fd

n

n+

+
+ , 

ʛʜʝ ( )00, yxdf , ( )00

2
, yxfd , ...  ï ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ 

ʧʝʨʚʦʛʦ, ʚʪʦʨʦʛʦ ʠ ʙʦʣʝʝ ʚʳʩʦʢʠʭ ʧʦʨʷʜʢʦʚ ʬʫʥʢʮʠʠ ( )yxfz ,= , 

ʚʳʯʠʩʣʝʥʥʳʝ ʚ ʪʦʯʢʝ ( )000 ; yxP ; ( )hx,
1
fd

n+  ï ʜʠʬʬʝʨʝʥʮʠʘʣ 

( )1+n -ʛʦ ʧʦʨʷʜʢʘ ʬʫʥʢʮʠʠ ( )yxfz ,= , ʚʳʯʠʩʣʝʥʥʳʡ ʚ ʥʝʢʦʪʦ-

ʨʦʡ ʪʦʯʢʝ ( ) ( )yyxxPP D+D+= qqhx 00 ;, , ʛʜʝ 10 <<q . ʇʦʵʪʦʤʫ 

xx <<x0
, yy <<h0

.  

ʉʦʭʨʘʥʠʤ ʚ ʬʦʨʤʫʣʝ ʊʝʡʣʦʨʘ ʪʦʣʴʢʦ ʧʝʨʚʳʝ ʜʚʘ ʯʣʝʥʘ, ʪ.ʝ. 

ʧʦʣʦʞʠʤ 

( ) ( )00

2

00 ,
2

1
, yxfdyxdfz +ºD . 

ʊʘʢ ʢʘʢ 0P  ï ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ, ʪʦ 0
0
=Pdz . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, 

( )=ºD 00

2
,

2

1
yxfdz  

( ) ( ) ( )( )20000

2

00 ,,2,
2

1
yyxfyxyxfxyxf yyxyxx D¡¡+DD¡¡+D¡¡= . 

ɼʣʷ ʫʜʦʙʩʪʚʘ ʟʘʧʠʩʝʡ ʦʙʦʟʥʘʯʠʤ ʚʪʦʨʳʝ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜ-

ʥʳʝ ʚ ʪʦʯʢʝ ( )000 ; yxP  ʯʝʨʝʟ A , B , C :  

( ) Ayxfxx =¡¡
00, , ( ) Byxf xy =¡¡

00, , ( )Cyxf yy =¡¡
00, . 

ʊʦʛʜʘ, ʩʯʠʪʘʷ, ʯʪʦ 0̧Dy , ʠʤʝʝʤ: 

( ) ( )( )CBtAt
y

C
y

x
B

y

x
A

y
z ++

D
=
ö
ö

÷

õ

æ
æ

ç

å
+öö
÷

õ
ææ
ç

å

D

D
+öö

÷

õ
ææ
ç

å

D

DD
=D 2

2
2

2

2
222

. 

ʀʟ ʧʦʩʣʝʜʥʝʛʦ ʨʘʚʝʥʩʪʚʘ ʚʠʜʥʦ, ʯʪʦ ʟʥʘʢ zD  ʦʧʨʝʜʝʣʷʝʪʩʷ 

ʟʥʘʢʦʤ ʪʨʝʭʯʣʝʥʘ CBtAt ++2
2 , ʛʜʝ 

y

x
t
D

D
= .  

ɼʠʩʢʨʠʤʠʥʘʥʪ ʜʘʥʥʦʛʦ ʪʨʝʭʯʣʝʥʘ ʨʘʚʝʥ ACB -
2 . 
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1. ɽʩʣʠ 0
2

<-ACB  ʠʣʠ () 0
2

0 >-=D BACP , ʪʦ ʜʣʷ ʣʶʙʦʛʦ 

0>A  ʧʨʠʨʘʱʝʥʠʝ 0>Dz  ʠ ( )000 ; yxP ï ʪʦʯʢʘ ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠ-

ʤʫʤʘ, ʘ  ʜʣʷ ʣʶʙʦʛʦ 0<A  ʧʨʠʨʘʱʝʥʠʝ 0<Dz  ʠ ( )000 ; yxP  ï ʪʦʯʢʘ 

ʣʦʢʘʣʴʥʦʛʦ ʤʘʢʩʠʤʫʤʘ. 

2. ɽʩʣʠ 0
2

>-ACB , ʪʦ ʪʨʝʭʯʣʝʥ CBtAt ++
2  ʠʤʝʝʪ ʜʚʘ ʜʝʡ-

ʩʪʚʠʪʝʣʴʥʳʭ ʢʦʨʥʷ, ʠ ʚ ʧʨʦʤʝʞʫʪʢʝ ʠʟʤʝʥʝʥʠʷ 
y

x
T
D

D
=  ʧʨʠʨʘ-

ʱʝʥʠʝ zD  ʤʝʥʷʝʪ ʟʥʘʢ. ʇʦʵʪʦʤʫ ʧʨʠ 0
2

>-ACB  ʠʣʠ 

() 0
2

0 <-=D BACP ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ ( )000 ; yxP  ʥʝ ʷʚʣʷʝʪʩʷ 

ʪʦʯʢʦʡ ʵʢʩʪʨʝʤʫʤʘ. 

3. ɽʩʣʠ 0
2

=-ACB , ʪʦ ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ ( )000 ; yxP  ʙʫʜʝʪ 

ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠʤʫʤʘ ʧʨʠ 0>A  ʠ ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ 

ʤʘʢʩʠʤʫʤʘ ʧʨʠ 0<A . 

ɽʩʣʠ 0
2

=-ACB  ʠ 0==BA , ʪʦ ( )2
2

1
yCz DºD  ʠ ʟʥʘʢ zD  

ʦʧʨʝʜʝʣʷʝʪʩʷ ʟʥʘʢʦʤ C. ʇʦʵʪʦʤʫ ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ ʙʫʜʝʪ 

ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠʤʫʤʘ ʧʨʠ 0>C  ʠ ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ 

ʤʘʢʩʠʤʫʤʘ ʧʨʠ 0<C . ƹ 

ɿʘʤʝʯʘʥʠʷ. 1. ɽʩʣʠ () 00 =DP , ʪʦ ʥʝʣʴʟʷ ʦʧʨʝʜʝʣʝʥʥʦ ʦʪʚʝ-

ʪʠʪʴ ʥʘ ʚʦʧʨʦʩ ʦ ʩʫʱʝʩʪʚʦʚʘʥʠʠ ʵʢʩʪʨʝʤʫʤʘ ʚ ʪʦʯʢʝ 0P . ɺ ʵʪʦʤ 

ʩʣʫʯʘʝ ʥʝʦʙʭʦʜʠʤʦ ʧʨʦʠʟʚʝʩʪʠ ʜʦʧʦʣʥʠʪʝʣʴʥʳʝ ʠʩʩʣʝʜʦʚʘʥʠʷ 

ʟʥʘʢʘ ʬʫʥʢʮʠʠ ( )yxfz ,=  ʚ ( )0; PU d . ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ 

0
2

=-ACB  ʠ 0=== CBA , ʪʦ 0
2
=zd  ʠ 

0

3

!3

1
PzdzºD , ʪ.ʝ. ʚ 

ʵʪʦʤ ʩʣʫʯʘʝ ʟʥʘʢ zD  ʦʧʨʝʜʝʣʷʝʪʩʷ ʟʥʘʢʦʤ 
0

3

Pzd . ʉʣʝʜʦʚʘʪʝʣʴ-

ʥʦ, ʪʨʝʙʫʶʪʩʷ ʜʦʧʦʣʥʠʪʝʣʴʥʳʝ ʠʩʩʣʝʜʦʚʘʥʠʷ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ 

ʟʥʘʢʘ zD  ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʩʪʘʮʠʦʥʘʨʥʦʡ ʪʦʯʢʠ 0P . 

2. ʇʨʠ ʚʳʚʦʜʝ ʜʦʩʪʘʪʦʯʥʳʭ ʫʩʣʦʚʠʡ ʵʢʩʪʨʝʤʫʤʘ ʧʨʝʜʧʦʣʘʛʘ-

ʣʦʩʴ, ʯʪʦ 0̧Dy . ɽʩʣʠ 0=Dy  ʜʣʷ ʣʶʙʦʛʦ 0̧Dx , ʪʦ ʧʦʣʫʯʘʝʤ 

ʵʢʩʪʨʝʤʫʤ ʬʫʥʢʮʠʠ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ ( )yxfz ,= . ɸʥʘʣʦʛʠʯʥʦ 

ʝʩʣʠ 0=Dx  ʜʣʷ ʣʶʙʦʛʦ 0̧Dy , ʪʦ ( )yxfz ,0= . 

ʇʨʠʨʘʱʝʥʠʷ xD  ʠ yD  ʥʝ ʤʦʛʫʪ ʨʘʚʥʷʪʴʩʷ ʥʫʣʶ ʦʜʥʦʚʨʝʤʝʥ-

ʥʦ, ʧʦʩʢʦʣʴʢʫ ʚ ʧʦʜʦʙʥʦʤ ʩʣʫʯʘʝ ʪʦʯʢʘ ( )yyxxP D+D+ ;  ʩʦʚʧʘʣʘ 
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ʙʳ ʩ ʪʦʯʢʦʡ ( )000 ; yxP  ʠ ʬʫʥʢʮʠʷ ( )yxfz ,=  ʥʝ ʧʦʣʫʯʠʣʘ ʙʳ ʥʠ-

ʢʘʢʦʛʦ ʧʨʠʨʘʱʝʥʠʷ. 

ʇʨʠʤʝʨʳ. 1. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʵʢʩʪʨʝʤʫʤ ʬʫʥʢʮʠʶ 

( )22 yxez

x

+= . 

ʈʝʰʝʥʠʝ. ɺʳʯʠʩʣʠʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜ-

ʢʘ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ: 

( )2
2

1 22 ++=¡ yxez

x

x , 22

x

y yez =¡ . 

ʅʘʭʦʜʠʤ ʪʦʯʢʠ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ. ɼʣʷ ʵʪʦʛʦ ʨʝʰʠʤ ʩʠ-

ʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ:  

ý
ü
û

=

=++
Ý

ý
ü
û

=¡

=¡

0

02

0

0 2

y

yx

z

z

y

x
. 

ʆʪʩʶʜʘ 20 -=x , 00=y . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʫʱʝʩʪʚʫʝʪ ʪʦʣʴʢʦ ʦʜʥʘ ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ 

( )0;20 -P , ʚ ʢʦʪʦʨʦʡ ʬʫʥʢʮʠʷ z  ʤʦʞʝʪ ʜʦʩʪʠʛʘʪʴ ʵʢʩʪʨʝʤʫʤʘ. 

ʀʩʩʣʝʜʫʝʤ ʟʥʘʢ ʧʨʠʨʘʱʝʥʠʷ zD  ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʩʪʘʮʠʦʥʘʨʥʦʡ 

ʪʦʯʢʠ ( )0;20 -P . ɼʣʷ ʵʪʦʛʦ ʚʳʯʠʩʣʠʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦ-

ʨʦʛʦ ʧʦʨʷʜʢʘ ʬʫʥʢʮʠʠ z  ʚ ʪʦʯʢʝ 0P : 

( ) ( )( )
e

yxePzA

x

xx
2

1
4

4

1
1;2

22
0 =++=¡¡= - , 

() ( ) 01;2
2

0 ==¡¡= -

x

xy yePzB , 

( ) ( )
e

ePzC

x

yy

2
2 1;2

2
0 ==¡¡= - . 

ʊʘʢ ʢʘʢ 

( ) 0
1
20 >==D

eCB

BA
P  

ʠ 0>A , ʪʦ ʪʦʯʢʘ ( )0;20 -P  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠʤʫ-

ʤʘ: 

( )
e

zz
2

0,2min -=-= . 

2. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʵʢʩʪʨʝʤʫʤ ʬʫʥʢʮʠʶ ( )2yxez
x
+=

- . 

ʈʝʰʝʥʠʝ. ɺʳʯʠʩʣʠʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜ-
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ʢʘ ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ: 

( )21 yxez
x

x --=¡
- , x

y yez
-

=¡ 2 . 

ɼʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʪʦʯʝʢ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ʨʝʰʠʤ ʩʠ-

ʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ: 

ý
ü
û

=

=--
Ý

ý
ü
û

=¡

=¡

0

01

0

0 2

y

yx

z

z

y

x
. 

ʆʪʩʶʜʘ 10 =x  ʠ 00=y . 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʬʫʥʢʮʠʷ ʠʤʝʝʪ ʪʦʣʴʢʦ ʦʜʥʫ ʩʪʘʮʠʦʥʘʨʥʫʶ 

ʪʦʯʢʫ ( )0;10P .  

ʀʩʩʣʝʜʫʝʤ ʟʥʘʢ ʧʨʠʨʘʱʝʥʠʷ zD  ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʩʪʘʮʠʦʥʘʨʥʦʡ 

ʪʦʯʢʠ. ɼʣʷ ʵʪʦʛʦ ʚʳʯʠʩʣʠʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʚʪʦʨʦʛʦ ʧʦ-

ʨʷʜʢʘ ʬʫʥʢʮʠʠ z  ʚ ʪʦʯʢʝ 0P : 

() ( )
( ) e

yxePzA
x

xx

1
2

0;1

2

0 -=-+=¡¡=
- , 

( ) ( ) 02 0;10 =-=¡¡=
-x

xy yePzB , 

( ) ( )
e

ePzC
x

yy

2
2 0;10 ==¡¡=
- . 

ʊʘʢ ʢʘʢ ( ) 0
2
2

2

0 <-=-=D
e

BACP , ʪʦ ʚ ʪʦʯʢʝ ( )0;10P  ʥʝʪ ʵʢʩ-

ʪʨʝʤʫʤʘ, ʪ.ʝ. ʚ ʦʢʨʝʩʪʥʦʩʪʠ ( )0; PU d  ʠʩʩʣʝʜʫʝʤʘʷ ʬʫʥʢʮʠʷ ʤʝʥʷ-

ʝʪ ʟʥʘʢ. 

3. ʀʩʩʣʝʜʦʚʘʪʴ ʥʘ ʵʢʩʪʨʝʤʫʤ ʬʫʥʢʮʠʶ 44
yxz += . 

ʈʝʰʝʥʠʝ. ɺʳʯʠʩʣʠʤ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ ʧʝʨʚʦʛʦ ʧʦʨʷʜ-

ʢʘ ʬʫʥʢʮʠʠ z : 
3

4xzx =¡ , 
3

4yzy =¡ . 

ʈʝʰʘʷ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ 
ý
ü
û

=¡

=¡

0

0

y

x

z

z
 ʥʘʭʦʜʠʤ ʩʪʘʮʠʦʥʘʨʥʫʶ 

ʪʦʯʢʫ ( )0;00P  ʜʘʥʥʦʡ ʬʫʥʢʮʠʠ. 

ʀʩʩʣʝʜʫʝʤ ʟʥʘʢ ʧʨʠʨʘʱʝʥʠʷ zD  ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʩʪʘʮʠʦʥʘʨʥʦʡ 

ʪʦʯʢʠ ( )0;00P . ʊʘʢ ʢʘʢ 

() 00 =¡¡= PzA xx , () 00 =¡¡= PzB xy , () 00 =¡¡= PzC yy , 

ʪʦ () 0
2

0 =-=D BACP . ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʥʝʣʴʟʷ ʦʧʨʝʜʝʣʝʥʥʦ ʦʪ-

ʚʝʪʠʪʴ ʥʘ ʚʦʧʨʦʩ ʦ ʩʫʱʝʩʪʚʦʚʘʥʠʠ ʵʢʩʪʨʝʤʫʤʘ ʚ ʪʦʯʢʝ ( )0;00P . 
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ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʩʪʘʮʠʦʥʘʨʥʘʷ ʪʦʯʢʘ ( )0;00P  ʷʚʣʷʝʪʩʷ ʪʦʯʢʦʡ 

ʣʦʢʘʣʴʥʦʛʦ ʤʠʥʠʤʫʤʘ, ʧʦʩʢʦʣʴʢʫ 0>Dz  ( )0;PUP d#Í" ; 

( ) 00,0min ==zz . 

 

ɺʦʧʨʦʩʳ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ 

1. ɼʘʡʪʝ ʦʧʨʝʜʝʣʝʥʠʝ ʣʦʢʘʣʴʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ. 

2. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʠ ʜʦʢʘʞʠʪʝ ʪʝʦʨʝʤʫ ʦ ʥʝʦʙʭʦʜʠʤʦʤ ʫʩʣʦ-

ʚʠʠ ʣʦʢʘʣʴʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ . 

3. ʂʘʢʠʝ ʪʦʯʢʠ ʥʘʟʳʚʘʶʪʩʷ ʪʦʯʢʘʤʠ ʚʦʟʤʦʞʥʦʛʦ ʵʢʩʪʨʝʤʫʤʘ 

ʬʫʥʢʮʠʠ? 

4. ʂʘʢʘʷ ʬʫʥʢʮʠʷ ʥʘʟʳʚʘʝʪʩʷ ʢʚʘʜʨʘʪʠʯʥʦʡ ʬʦʨʤʦʡ? ʏʪʦ ʪʘ-

ʢʦʝ ʤʘʪʨʠʮʘ ʢʚʘʜʨʘʪʠʯʥʦʡ ʬʦʨʤʳ ʠ ʝʝ ʛʣʘʚʥʳʝ ʤʠʥʦʨʳ? 

5. ʂʘʢʘʷ ʢʚʘʜʨʘʪʠʯʥʘʷ ʬʦʨʤʘ ʥʘʟʳʚʘʝʪʩʷ 1) ʧʦʣʦʞʠʪʝʣʴʥʦ 

ʦʧʨʝʜʝʣʝʥʥʦʡ, 2) ʦʪʨʠʮʘʪʝʣʴʥʦ ʦʧʨʝʜʝʣʝʥʥʦʡ, 3) ʟʥʘʢʦʦʧʨʝʜʝ-

ʣʝʥʥʦʡ, 4) ʢʚʘʟʠʟʥʘʢʦʦʧʨʝʜʝʣʝʥʥʦʡ, 5) ʟʥʘʢʦʧʝʨʝʤʝʥʥʦʡ? 

6. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʢʨʠʪʝʨʠʡ ʉʠʣʴʚʝʩʪʨʘ. 

7. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʵʢʩʪʨʝʤʫʤʘ ʬʫʥʢʮʠʠ 

ʤʥʦʛʠʭ ʧʝʨʝʤʝʥʥʳʭ ( )nxxxfu ;...;; 21= . 

8. ʉʬʦʨʤʫʣʠʨʫʡʪʝ ʠ ʜʦʢʘʞʠʪʝ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʵʢʩʪʨʝ-

ʤʫʤʘ ʬʫʥʢʮʠʠ ʜʚʫʭ ʧʝʨʝʤʝʥʥʳʭ ( )yxfz ;= . 
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ʃʝʢʮʠʷ 10. ʅɽʗɺʅʓɽ ʌʋʅʂʎʀʀ  

 

1. ʅʝʷʚʥʳʝ ʬʫʥʢʮʠʠ, ʟʘʜʘʚʘʝʤʳʝ ʦʜʥʠʤ ʫʨʘʚʥʝʥʠʝʤ. 

2. ɼʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʥʝʷʚʥʦʡ ʬʫʥʢʮʠʠ, ʟʘʜʘʚʘʝʤʦʡ ʦʜʥʠʤ 

ʫʨʘʚʥʝʥʠʝʤ. 

3. ʅʝʷʚʥʳʝ ʬʫʥʢʮʠʠ, ʦʧʨʝʜʝʣʷʝʤʳʝ ʩʠʩʪʝʤʦʡ ʫʨʘʚʥʝʥʠʡ. 

4. ɼʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʥʝʟʘʚʠʩʠʤʦʩʪʠ ʬʫʥʢʮʠʡ 

 

1. ʅʝʷʚʥʳʝ ʬʫʥʢʮʠʠ, ʟʘʜʘʚʘʝʤʳʝ ʦʜʥʠʤ ʫʨʘʚʥʝʥʠʝʤ. ʀʟʚʝʩʪ-

ʥʦ, ʯʪʦ ʬʫʥʢʮʠʷ ()xfy=  ʤʦʞʝʪ ʙʳʪʴ ʟʘʜʘʥʘ ʥʝʷʚʥʦ ʫʨʘʚʥʝʥʠʝʤ, 

ʩʚʷʟʳʚʘʶʱʠʤ ʧʝʨʝʤʝʥʥʳʝ x  ʠ y : 

( ) 0, =yxF .       (1) 

ʇʨʠʤʝʨʳ. 

1. ʋʨʘʚʥʝʥʠʝ 012 =-- yx  ʦʧʨʝʜʝʣʷʝʪ ʬʫʥʢʮʠʶ ( )1
2

1
+= xy ; 

() () R== yEyD .  

2. ʋʨʘʚʥʝʥʠʝ 022
=+yx  ʚʳʧʦʣʥʷʝʪʩʷ ʪʦʣʴʢʦ ʧʨʠ 0==yx  ʠ 

ʟʘʜʘʝʪ ʪʦʯʢʫ ( )0;0O . 

3. ʋʨʘʚʥʝʥʠʝ 04
22

=++yx  ʥʝ ʦʧʨʝʜʝʣʷʝʪ ʥʠʢʘʢʦʡ ʬʫʥʢʮʠʠ 

ʥʘ R, ʪʘʢ ʢʘʢ ʦʥʦ ʥʝ ʠʤʝʝʪ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʢʦʨʥʝʡ, ʘ ʟʥʘʯʠʪ, 

ʥʝʣʴʟʷ ʨʘʩʩʤʘʪʨʠʚʘʪʴ y  ʢʘʢ ʬʫʥʢʮʠʶ ʦʪ x .  

ʀʪʘʢ, ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ (1) ʥʝ ʚʩʝʛʜʘ ʟʘʜʘʝʪ ʬʫʥʢʮʠʶ ()xfy= . 

ɺʦʟʥʠʢʘʝʪ ʚʦʧʨʦʩ, ʧʨʠ ʢʘʢʠʭ ʫʩʣʦʚʠʷʭ ʫʨʘʚʥʝʥʠʝ ( ) 0, =yxF  

ʦʧʨʝʜʝʣʷʝʪ ʦʜʥʫ ʠʟ ʧʝʨʝʤʝʥʥʳʭ ʢʘʢ ʬʫʥʢʮʠʶ ʜʨʫʛʦʡ. 

ʊʝʦʨʝʤʘ 1 (ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʥʝʷʚʥʦʡ ʬʫʥʢʮʠʠ). ʇʫʩʪʴ 

ʬʫʥʢʮʠʷ ( ) 0, =yxF  ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʩʣʝʜʫʶʱʠʤ ʫʩʣʦʚʠʷʤ: 

1) ʩʫʱʝʩʪʚʫʝʪ ʪʦʯʢʘ ( )000 ; yxP , ʚ ʢʦʪʦʨʦʡ ( ) 0, 00 =yxF ; 

2) ( ) 0, 00 ¸¡ yxFy ; 

3) ʬʫʥʢʮʠʠ ( )yxFx ,¡  ʠ ( )yxFy ,¡  ʥʝʧʨʝʨʳʚʥʳ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪ-

ʥʦʩʪʠ ʪʦʯʢʠ ( )000 ; yxP . 

ʊʦʛʜʘ ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʘʷ ʬʫʥʢʮʠʷ ()xfy=  ʦʧʨʝʜʝ-

ʣʝʥʥʘʷ ʥʘ ʥʝʢʦʪʦʨʦʤ ʠʥʪʝʨʚʘʣʝ, ʩʦʜʝʨʞʘʱʝʤ ʪʦʯʢʫ 0x , ʠ ʫʜʦ-

ʚʣʝʪʚʦʨʷʶʱʘʷ ʧʨʠ ʣʶʙʦʤ x  ʠʟ ʵʪʦʛʦ ʠʥʪʝʨʚʘʣʘ ʫʨʘʚʥʝʥʠʶ 

( ) 0, =yxF , ʪʘʢʘʷ, ʯʪʦ () 00 yxf = . 

ɹʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ. 
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ɿʘʤʝʯʘʥʠʝ. ʋʩʣʦʚʠʝ ( ) 0, 00 ¸¡ yxFy ʷʚʣʷʝʪʩʷ ʜʦʩʪʘʪʦʯʥʳʤ, ʥʦ 

ʥʝʦʙʭʦʜʠʤʳʤ ʫʩʣʦʚʠʝʤ ʜʣʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʚ ʥʝʢʦʪʦʨʦʡ ʦʢʨʝʩʪ-

ʥʦʩʪʠ ʪʦʯʢʠ ( )000 ; yxP  ʝʜʠʥʩʪʚʝʥʥʦʡ ʥʝʷʚʥʦʡ ʬʫʥʢʮʠʠ ()xfy= , 

ʦʧʨʝʜʝʣʷʝʤʦʡ ʫʨʘʚʥʝʥʠʝʤ (1). 

ʇʨʠʤʝʨ. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʫʨʘʚʥʝʥʠʝ 042
43

=-++ xxyy  ʟʘʜʘʝʪ 

ʥʝʷʚʥʫʶ ʬʫʥʢʮʠʶ. 

ʈʝʰʝʥʠʝ. ʆʙʦʟʥʘʯʠʤ ʣʝʚʫʶ ʯʘʩʪʴ ʜʘʥʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʯʝ-

ʨʝʟ ( )yxF , . ʀʤʝʝʤ: 

1) () 01,1 =F ; 

2) () 01,1 =F ; ()( )( ) 05231,1 1;1

2
¸=+=¡ xyFy ; 

3) ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ 3
42 xyFx +=¡  ʠ xyFy 23

2
+=¡  ʷʚʣ̫-

ʪʁʩʷ ʥʝʧʨʝʨʳʚʥʳʤʠ ʬʫʥʢʮʠʷʤʠ ʚ ʣʶʙʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ 

()1,1P . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʘʷ ʬʫʥʢʮʠʷ ()xfy= , 

ʫʜʦʚʣʝʪʚʦʨʷʶʱʘʷ ʫʨʘʚʥʝʥʠʶ 042
43

=-++ xxyy  ʠ ʫʩʣʦʚʠʶ  

. 

ʅʝʷʚʥʘʷ ʬʫʥʢʮʠʷ ʜʚʫʭ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ ʦʧʨʝʜʝʣʷʝʪ-

ʩʷ ʫʨʘʚʥʝʥʠʝʤ , ʩʚʟ̫ʳʚʘʶʱʠʤ ʪʨʠ ʧʝʨʝʤʝʥʥʳʝ. 

ʉʧʨʘʚʝʜʣʠʚʘ ʪʝʦʨʝʤʘ, ʘʥʘʣʦʛʠʯʥʘʷ ʧʨʠʚʝʜʝʥʥʦʡ ʚʳʰʝ. 

ʊʝʦʨʝʤʘ 2. ʇʫʩʪʴ ʬʫʥʢʮʠʷ  ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʩʣʝʜʫʶ-

ʱʠʤ ʫʩʣʦʚʠʷʤ: 

1) ; 

2) ; 

 3) ,  ʠ  ʥʝʧʨʝʨʳʚʥʳ ʚ ʥʝʢʦ-

ʪʦʨʦʡ ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ . 

ʊʦʛʜʘ ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʘʷ ʬʫʥʢʮʠʷ  ʦʧʨʝʜʝ-

ʣʝʥʥʘʷ ʚ ʥʝʢʦʪʦʨʦʡ -ʦʢʨʝʩʪʥʦʩʪʠ ʪʦʯʢʠ , ʫʜʦʚʣʝ-

ʪʚʦʨʷʶʱʘʷ ʫʨʘʚʥʝʥʠʶ  , ʪʘʢʘʷ, ʯʪʦ 

. 

ɹʝʟ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ. 

 

2. ɼʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʥʝʷʚʥʦʡ ʬʫʥʢʮʠʠ, ʟʘʜʘʚʘʝʤʦʡ ʦʜʥʠʤ 

ʫʨʘʚʥʝʥʠʝʤ. ʇʫʩʪʴ ʫʩʣʦʚʠʷ 1ï3 ʪʝʦʨʝʤʳ 1 ʚʳʧʦʣʥʝʥʳ ʠ ʫʨʘʚ-


